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PEEFACE 


This book is a revised form of my Theory of Electricity publislied 
in 1918 Its somewhat smaller size is due to the omission of the 
applications of the theory in special problems — adequately dealt 
with in other books — and also of redundancies employed in the 
previous text to emphasise certain neglected aspects of the theory. 
The point of view of the older text has been entirely maintained but 
it is hoped that it is now presented in a somewhat more mature form. 

As in the first edition the object has been to present a complete 
account of the purely theoretical side of the subject in the only 
form in which it appears to be satisfactory from the point of view 
both of mathematical consistency and of physical completeness. 
Particular attention has been given to the rigorous formulation of 
the underlying physical principles and to their translation into a 
mathematical theory V arious alternative points of view which have 
arisen in the development of the different aspects of the subject are, 
however, discussed when discrimination in the present stage of our 
knowledge seemed out of the question, but more emphasis has 
been laid on certain points where discrimination has been rather 
unjustifiably employed by other writers 

I have kept in the mam to the usual and now almost classical 
nomenclature and symbolism of the subject; but one change — and 
a rather drastic one — I have been forced to make in the interests 
of physical consistency. The magnetic quantity denoted elsewhere 
and here also by B has been designated, not the magnetic induction^ 
but the magnetic force, which is what it is in fact. The quantity 
usually denoted by H then appears as the derived or induced vector 
and IS thus here called the magnetic induction (of mechanically 
effective force) 

My thanks are due to a few encouraging critics of the first edition, 
to those whose writings on this subject have come into my hands 
since that manuscript was completed, and to the ojBS.cials of the 
University Press for the manner m which they have again produced 
the book 

G H L 

University College, Cardiff 


June Itlh, 1926 
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CHAPTER I 

THE ELECTRIC FIELD 

1 Eilectrification and electricity. A piece ot glass and a piece 
of resin on being rubbed together will be found on separation to 
attract one another Also if a second piece of glass be rubbed by 
a second piece of resin, and if the pieces be then separated and 
suspended in the neighbourhood of the former pieces of glass and 
resin, it will be observed that (i) the two pieces of glass repel each 
other, (ii) each piece of glass attracts each piece of resin, and 
(ui) the two pieces of resin repel one another These phenomena 
of attraction and repulsion are called electrical ^phenomena, and the 
bodies which exhibit them are said to be electrified or charged with 
elect) icity The electrical properties of the two pieces of glass are 
similar to one another but opposite to those of the two pieces of 
resin If a body electrified in any manner behaves as glass does, 
that IS, it repels the glass and attracts the resin, that body is said 
to be positively electrified, and if it attracts the glass and repels 
the resin it is said to be negatively electrified No force either of 
attraction or repulsion can be observed between an electrified body 
and a body not electrified When in any case bodies not previously 
electrified are observed to be acted on by an electrified body it is 
because they have been electrified by induction. 

If a long metallic rod is suspended by silk threads so that one 
of its ends is near but does not touch a small body charged with 
electricity it will be found that this end of the rod has become 
charged with electricity opposite in sign to that on the small 
charged body, whilst the other end is found to be charged with 
electricity of the same sign as that on the given body On the 
subsequent removal of the small electrified body it will be found 
thatit has itself lost none of its charge, and that the rod has returned 
to its neutral state without electrification If however the rod is 
so arranged that it can be divided into two parts we can separate 
the two parts before removing the inducing charge, and it will then 
be found that each part of the rod has actually retained its charge. 
The electrification of the metal rod which depends on the presence 
in its neighbourhood of an electrified body and which vanishes 
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wken that body is removed is called electnficaUon by 
t%on, 

2. If two metallic bodies, one of which, is charged with electricity, 
be suspended by silk threads at some distance apart and then 
connected by a thin metallic wire, it will be found that the electrifi- 
cation on the charged body has diminished and the uncharged 
body has acquired a charge of the same sign In other words, the 
electrical condition has been transferred from the first to the second 
body by means of the wire The wire is on this account called a 
conductor of electricity, and the second body is said to be electnjied 
by conduction. 

If a glass rod, a stick of resin or gutta-percha, or even a silk 
thread, had been used instead of the metal wire, no transfer oJ 
electricity would have taken place These latter substances are 
therefore called non-conductors of electricity or insulators, and they 
are always used in electrical experiments as supports for electrified 
bodies. Although it is convement in practice to draw this dis- 
tinction between conductors and non-conductors, we shall find that 
in reahty all substances resist the passage of electricity and all 
substances allow it to pass, although in very different degrees 

Of all substances the metals are by far the best conductors 
Next come solutions of salts and acids, and lastly as very bad con- 
ductors, and therefore good insulators, come oils, waxes, silk, glass, 
and such substances as seahng-wax, resin, shellac, india-rubber, etc 
Gases under ordinary conditions are good insulators Flames 
however conduct well and, for reasons which will appear later, all 
gases become good conductors when m the presence of radium or 
other so-called radio-active substances. Distilled water is almost 
a perfect insulator, but any other satnple of water will contain 
impurities which usually cause it to conduct tolerably well, so 
that a wet body is generally a bad insulator. 

3 Previous to the researches of Faraday the generally accepted 
explanation of the phenomena of electrical action involved the 
fundamental concept of the two electric fluids, these two fluids 
were assumed to be composed of very small particles of a non- 
gravitative subtile matter of a more refined and penetrating kind 
bhan ordinary hquids and gases, and two particles of the same 
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fluid repel each other whilst two particles of diflerent fluids attract 
each other It was then supposed that all bodies in their ordinary 
conditions contained equal amounts of both positive and negative 
electricity, and that in rubbing two bodies together as described 
above a diflerenoe in the quantities of each of the fluids in the two 
bodies IS produced, so that the one has an excess of positive fluid 
and IS positively charged and the other has the corresponding excess 
of negative fluid and is negatively charged The theory thus efiec- 
tively explains the phenomena of electrification by friction and 
also the forces of abtraction and repulsion between electrified bodies 
it would also account for the phenomena of conduction and induc- 
tion if it IS assumed that either or both the electric fluids are freely 
movable through good conducting media, being however more oi 
less rigidly fixed to the elements of matter in good insulating media 

This view of the nature of electricity has remained to the present 
day with but little modification of its essential details We know 
liow that electricity is a fundamental constituent, if not the whole 
content, of all matter, although the two types occur in very diflerent 
ways The negative electricity always consists of elect) ons or indi- 
visible atoms of electricity, which are apparently always of the 
same uniform size and with the same charge But the positive 
electricity behaves differently There is no evidence of the existence 
of carriers of positive electricity of less than atomic mass, and 
generally the nature of the carriers varies according to the sub- 
stance with which we are deahng Evidence is accumulating 
however that these positive charges are themselves multiples of 
the smallest yet discovered, viz the hydrogen atom, carrying a 
charge equal to that of one electron 

4 On this theory then every atom contains a certain number 
(roughly equal to half its atomic weight) of electrons grouped 
together in more or less stable congeries round a positive nucleus 
whose charge is ]ust suflQ.cient to neutralise the charge on the 
electrons In every body there will be a continuous process of 
dissociation going on, the electronic configuration inside the atom 
being sufficiently unstable in many cases to be capable of breaking 
up on small provocation, with the consequent hberation of one or 

* Their mass is 9 042 x 10“28 gm. and the charge on them is 4 774 a 10”^® 
electrostatic units 
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more electrons and occasionally of positive elements as well The 
result IS that mixed up with the atoms of chemical matter com- 
prising a body we have a greater or less percentage of negative 
electrons and perhaps also a few positive elements freely movable 
in the interstices between the atoms An electrically charged body 
IS one in which there is an excess (or deficit) of negative electrons. 
The distinction between insulators and conductors as regards the 
phenomena of induction and conduction depends essentially on 
the fact that in the conductors there is a large numbei of tlie fiee 
dissociated electrons which can be pulled about from one ])art of 
the medium to another under the action of forces exerted from 
other electrified bodies, whereas m insulators there is such an 
extremely small number of these free electrons that the phenomena 
depending on them can under most circumstances be neglected 

In the majority of our future discussions we shall have no special 
necessity to use this defimte conception of electricity which now 
underhes practically the whole of modern physical theory, and we 
shall occasionally ofier tentative illustrative explanations based on 
a less exphcit conception We shall however frequently find it 
conducive to clearness to adopt this concrete view and even to 
elaborate various details in the theory based upon it 

5 The law of action in electrical theory. The actual law for 
the interaction of electrified bodies was first experimentally deter- 
mined by Coulomb, who measured the force by means of a torsion 
balance The result he obtained may be stated in the following form. 

If we suppose the dimensions of two bodies on which charges 
q and q' are placed to be small compared with the distance between 
them so that the result is not afiected by any inequality of dis- 
tribution of electrification on either body, and if also the bodies 
be supposed to be suspended in air at a considerable distance from 
other bodies, then the force between them is radial and of amount 



when they are at a distance ^ apart The constant y is a physical 
constant depending on the umt of distance chosen and also on the 
provisional umt adopted for measuring the charges q' 

This law of force is essentially an empirical one and no absolute 
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proof IS possible, although very strong theoretical evidence can be 
adduced in its favour Experimental proofs, involving no direct 
measurement of the force as is done by Coulomb, have however 
been given and they show that the law must certainly be 


where p is less than 10“''*, so that for all practical purposes the 
evidence is conclusive 

6. We have said that the constant y which enters into the 
equation , 


IS a physical constant depending on the umts adopted The reason 
IS of course that the expression of a physical law must be inde- 
pendent of the units of measurement of the quantities involved 
and the dimensions of the quantities on the two sides of the above 
equation must be the same. 

If we use [m], [Z], [^], [g'] to denote the respective dimensions of 
the chosen arbitrary units of mass, length, time and electric charge, 
the dimensional equation for the above law is 


so that 




defines the dimensions of y Now the defimtion of dimensions 
implies that the umt of any quantity is increased in the ratio of its 
dimensions when these are increased, so that the actual measure 
of a given quantity is reduced m the same ratio Thus if we had 
chosen new arbitrary umts for the fundamental quantities, which 
have respectively measures M, L, T, Q in terms of the former 
units, the new value T of the constant of the physical law of action 
between electric charges would be given by 


and this relation defines completely the way in which this constant 
depends on the fundamental units. 
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7. We have so far assumed a knowledge of some arbitrary but 
definite unit of electric charge which does not depend on the other 
fundamental umts employed We can, however, simplify the 
matter by regarding the physical law of action as defining an unit 
of electric charge and then the constant y can be chosen at will, 
provided that the electric charge is measured properly For some 
purposes the simplest plan is to take, after Gauss, y = 1 so that 
the equation for the law of action is 



In this case the dimensions of an electric charge must clearly be 

[g] = 

and the unit charge is such that if condensed at unit distance 
vacuo from a similar quantity it would exert unit force on it This 
is Gauss’ absolute electrostatic unit of charge For purely theoretical 
purposes it appears, however, more convenient to take slightly 
different units of the same dimensions In fact if we take y = 
we shall find that an otherwise frequently repeated factor irr dis- 
appears entirely from our analysis 

The idea of the concentration of a chaige at a point involved m 
the defimtion of our unit charge is of course merely a technical 
device introduced to simplify the mathematical expression of the 
law of action. We ought to say that the charges are on small bodies 
whose dimensions are infinitesimal in a physical sense compared 
with the distance at which the forces are investigated In this 
sense we regard a ‘point charge’ in our theory much as we do a 
‘mass particle’ in ordinary mechanics, and the proved real exist- 
ence of the minute electron provides a direct physical picture for 
such a procedure. 

8. The definition of the electric field of a system of point 
charges*. If an electrified body is brought into the space sur- 
roimdmg any system of charges it will in general produce a sensible 
disturbance m the electrification of the system by induction But 
if the body is very small and its charge also very small the electrifi- 
cation of the other bodies will not sensibly be disturbed The force 
acting on the body as a result of the action from the charges on 

* J Lagrange, Par sav ) vn (1773) ((Emres, vr. p. 349). 
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the other bodies will then be proportional to its charge and will 
be reversed if the sign of the charge is reversed That is if 8F be 
the force and Sq the charge, then when Bq is an infinitesimal 8F 
IS proportional to Bq ox 

oF = Eog', 


where E is a vector function of the position of only, which is 
determinate when the system of charges is given. We thus may 
regard E as a property of the point 

The space in and around the given system of charges is called 
the electnc field of those charges, and the vector E, which represents 
the force ‘ per unit charge ’ at the point in the field, is called the 
intensity of the electric fo7 ce at that point in the field 

In the neighbourhood of a single point charge q and at a distance 
} from it the electric force intensity is along the direction of i and 
of amount yqjy ^ If we refer to ordinary rectangular coordinates 
with the point charge q-^oX the point {Xj , yi , %), then the components 
of the force intensity along the coordinate axes at the point 
{x, y, z) are 




fx-Xi y-Vi z-z. 




where 

These are simply 


= {x- + (y - Vxf +{z- Zxf 

_ /'A A z?i 

\,dx’ dy' dz) 


In a similar manner it can be seen that if we have any system of 
point charges q^, q^, qn at the points {x^^, Vi, ^ 2 , Vi, » 

Vn^ ^n) respectively, then the components of the total electric 
force at the point (a?, y, z) of the field are 


(Ejg, Ej,, Eg) 


n 

; y S 


n r, 

S ■ 
=1 . 


q, (x - X,) q, [y - y,) q, (z - z,_ 


wkere 


= (a: - + (y - y.)® + (z - 




The function 


^ = r 

S 



from which the components of the force intensity at any point of 
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the field are obtained by simple differentiation along the axes, is 
called the ^otenhaP" of the electric field at the point {x, y, z) It 
has an important physical significance which we shall discuss later: 
for the present it is merely defined so that 

(E*, E„, E,) = - (gj, g- ) 

and thus 

„ dx dy ^ dz ^ d^dx d<j> dy d<^ (k 
^d^'^ ^ds'~ dljds^ dz ds 

dcf) 

”” ds * 

The component of the force intensity in any direction at a point is 
the space rate of fall or the negative gradient of the potential at 
that point and in that direction. 

9 If we choose rectangular axes with the origin 0 conveniently 
near the system of charges, and if we write 

Tq^ = 0^2 + 2 /^ + 25 ^ + Vs^ + 

and denote by 0, the angle between the radii Vq and from the 
origin, then 

== ^0® + cos 6^, 

so that = S —7 ^-- — - . , 

cos dg 


and so also 


and similarly 






'(l-^cosg,) 


l + ( — 1 -2^( 


= - Syg, [l + 2 ^ COS g, + 3 + ■. 


* Tins functioxi was used first in the theory of attractions by Laplace TIio name 
potential was given to it by Green and independently by Gauss, AUgemeim Lehr* 
satze uber .Anziehungs- und Ahstosmngahrafte, § 3 (OoUecUd Worhs, v. p 200) 
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There are now two particular cases of special importance to 
which we must refer. 

(i) When is not zero so that there is a defimte resultant 
charge in the group, the potential at a great distance from the 
origin IS to a first approximation equal to 



whilst the force is radial and of amount 

dra ^ ro® 

The second term in the approximation for both of these results 
vanishes if Sg-argo cos dg = 0, that is if the origin is at the centroid 
of the charges We may thus conclude that to a second order of 
approximation the action at a distance of the series of point charges 
IS just the same as if they were all collected at their mean centre 

(ii) If = 0 there is no mean electrical centre at a finite dis- 
tance, but then the resultant charge is zero In this case 

9 = y — yz — > 

whilst for the radial force we have 

^ cos dg 

In our mam application of these results we shall treat the case 
where the point charges are confined within a very small volume 
The above approximate results will then apply at distances from 
these volume elements which are large compared with the linear 
dimensions of the element 

10 The definition of the electric field at points outside a 
continuous distribution of charge*. The discussion of the 
previous paragraph applies only to a system of discrete point charges 
or electrons, and it is only in this sense that the analytical functions 
have any meaning In actual practice however the distributions 

* The points here briefly dealt with are discussed at length by Leathern, Volume 
and Sutface Integrals used vn Physics (Ist ed Cambndge, 1905). Of. also J. Bous- 
smesq,, Jown de math [3] (1880), p 89, H Pomcar^, Amer Journ of Math, 12 
(1890), p 284. 
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of charge with which we deal include such an enormous number of 
electrons that the expression of their field by functions of the type 
discussed above, even if it were possible, would be quite untract- 
able Fortunately however any such complete atomic analysis is 
useless in a physical theory, whose results can only be tested by 
observation and experiment on matter in bulk, for we are unable 
to take oogmsance of the single molecule of matter, much less of 
the separate electrons inside it to which this analysis has regard 
The development of the theory which is to be in line with experience 
must instead concern itself with an effective differential element 
of volume containing a crowd of molecules numerous enough to 
be expressible continuously, as regards their average relations as 
a volume density of matter 

Thus in any physical theory all that we are directly concerned 
with as regards the charge in any ‘physically’ small element of 
volume dvi is its total amount dq^, and the ratio of those two magni- 
tudes defines the density of the charge at the point, viz p, , where 

dq^ = Pidvi 

The distinction here introduced between physically, as distinct 
from mathematically, small differential elements of volume is 
important and must be emphasised In the speculations of pure 
mathematics there is no limit to the fineness of the subdivision 
of a region into volume elements, but in the physical theoiy there 
comes a limit when the element is so small that the number ol 
elements of mass or charge in it is so small that the total mass 
included in the element depends appreciably upon its sliape, so 
that the definition of density as the ratio of this total mass or 
charge to the volume ceases to have any meaning Tlic passage to 
the hunt involved in a strict mathematical definition is thus not 
possible in a physical theory 

11 Now the element of charge pidvx acts effectively at all 
points which are at a distance from it large compared witli the 
linear dimensions of the element of volume dv-y containing it, 3 ust 
hke a charged particle, so that its field at such points is defined by 
the force vector SE and potential h(j> which are determined by the 
relations ^ , 

8E = ^ yp, dv^ grad ~ , 8<^ - y . 
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In these expressions denotes the distance of the volume element 
cZ-y. at the point (xj, y-^, z-^ from the point (x, y, z) at which the 
functions are calculated Thus for the whole system of charges 
grouped together in this way the field is defined by 

E= - y j/)i«i'yigradp 
whilst ^ = yj£^* 

the integrals in each case being extended over the whole charge 
distribution 

The use of the definite integral expressions necessarily implies 
the possibility of endless subdivision m the strict mathematical 
sense of the electric charge, and attributes to the density p at any 
point the value obtained by passing to a limit in the usual way 
This inconsistency is however removed by the simple device of 
replacing the actual distribution of electric charge by a hypothetical 
perfectly continuous distribution with the same density at each 
point and referring the integral expressions to this distribution 
Such a continuous distribution is effectively the same as the actual 
one, at least as regards its effect at all points which are not too 
near the distribution, the actual distribution of charge in any 
physically small volume element being then quite irrelevant 


12 So far the field-point at which the force and potential are 
calculated is restricted to be at a distance from the nearest charge 
element which is large compared with the linear dimensions of the 
physically small element of the charge distribution; it is however 
easy to see that the definitions remain valid up to a distance com- 
parable with the dimensions of the physically small element Let 
us consider the potential integral the difference between the sum 



r 


for the elements of charge in any physically small element 


of 


volume of linear dimensions I and the integral 


^ taken through- 


out the same element will be of the same order of magmtude as 


either quantity separately so long as r for al] points of the element 
is of the same order of magnitude as but that the difference will 


* J. Lagrange, Par sav, {itr ) vn (1773) {(Euvres, vr. p 46) 
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dimimsh to a quantity smaller in the ratio ^ when r becomes great 

compared with L Thus for purposes of estimating the order of 
magmtude it is reasonable to represent the difference between these 
two expressions for the element under consideration as 



where a: is a finite number Thus the difierence between the repre- 
sentation by a sum or by an integral of the potential at any point 
due to the charge between the spheres of radii Z and a (> 1) is 

ra 

<4'7ra/>'Z I dr, 

< 4^ap'l (a — Z), 

where p' is the maximum value of p in the region this difierence is 
negligibly small if a is not too big (say 1 cm ) on account of the 
smallness (physical) of Z. A similar proof also appliCvS to the other 
integral. 

It thus appears that the defimtions of the potential and force 
intensity by means of mtegrals extended throughout the hypothetical 
continuous distribution of charge, which replaces the actual or 
discrete one, are completely elective and valid without sensible 
error not only for points well outside the charge, but also for points 
whose distance from the nearest portion of charge is small of the 
order of the physically small length L This includes the case when 
the point is so close to the apparent outer surface of the charged 
body as to be sensibly ]ust not in contact with it, and also the case 
where the point is in a small but not imperceptibly small cavity 
of such a size that the piece excavated would have the properties 
of matter in bulk rather than the properties of a few molecules or 
electrons Moreover the integrals involved in these definitions give 
rise to no mathematical difficulties The subjects of integration are 
fimte at all points of the region of integration, and the integrals 
themselves are fimte and differentiable with respect to the co- 
ordinates {x, y, z) of the external point by the method known as 
differentiation under the sign of integration. It thus follows that 
we still have on the modified defimtions 

E = — gradt^, 
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SO that the electric force intensity at an external point in the field 
IS still equal to the negative gradient of the potential at that point, 

13 The definition of the electric field at points inside the 
continuous charge distribution. The generalised specification 
of the electric field of a continuous charge distribution given in 
the previous paragraph is perfectly definite, but applies only to 
points external to the charge distribution As however we shall 
want to extend our analysis also to points inside the continuous 
charge distributions we must see whether the definitions still hold 
for such points* 

Let us first assume, without preliminary justification, that the 
hypothetical continuous distribution with which the real distribu- 
tion of charge was replaced, efiectively represents this actual charge 
at any point of the field however near to the actual charge it may 
be The force and potential at a point inside the distribution will 
then be defined by the same integral expressions if these have any 
meaning at all although the integrands in both cases become 
infinite the two integrals are however absolutely convergent in all 
cases if p IS everywhere finite, so that there is a definite value to 
both integrals and there would be no difficulty in the application 
of these expressions in this case 

We can regard the matter physically in the following manner. 
Imagine a small volume cut out of the charge distribution around 
the internal point at which it is desired to calculate the functions 
The potential and force due to the remaining distribution have 
then definite values which may however be large The question is 
now do the values of the functions at this point depend appreciably 
on the size and shape of the cavity, if it is made very small *2 If 
they do, the integrals given are either divergent or semi-convergent 
and no meamng can be attached to the functions they represent. 
If on the other hand, as is the case in the present instance, they 
do not depend on the shape or size of the cavity, if it is only made 
small enough, the integrals, although of the type called improper, 
have distinct values and the definitions remain 

* Of Allgemeine Lehraatze etc § 6 (footnote 7) (If v p 202), 0 Holder, 

Dissertation (Tubingen, 1882), p 6, J Wemgarten, Acta math 10 (1887), p 303; 
C Neumann, Leijpz B&r 42 (1890), p 327. 
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Thus if we can assume that the continuous charge clistubution 
effectively replaces the real one at all points of the field, the defi- 
nitions of the force intensity and potential at an internal point are 
consistent and definite, and moreover the removal of a pliysically 
small portion of this charge round the point does not appreciably 
affect the values of the functions at the point, so that in their 
definition it is immaterial whether this small portion of the charge 
IS present or not But any attempt to justify the use of this cfli^ctive 
distribution in calculating the field at a point whose distance Irom 
the nearest element of charge is of a higher order ol smallness than 
a physically small differential length (Z, of our previous analysis) 
can only result in failure For now the single electron contributes 
to the potential, for example, a term qjr which ni spite ol the 
smallness of q may become very great as r diminishes, so that the 
presence of a few such electrons might easily become so impoitant 
as to make the potential quite different from the value obtained 
from the continuous distribution and expressed by 



to which, as we have just mentioned, the part of the distribution 
near the point contributes only a negligible amount. But tliero is 
from the physical point of view no real motive for pursuing the 
enquiry further as we have in fact obtained a formulation of oui 
field which is completely effective in a physical theory, and foi the 
following reasons 

14. The real charge distribution may, as regards its action at 
any point inside the medium, be divided into two distinct portions 
by a physically small closed surface dra'^vn round the point The 
first part of the charge, viz that outside the elementary surface, 
may be replaced by the continuous distribution as above which is, 
as regards its action at the point under consideration, effectively 
equivalent to it. to this we may also add, without appreciable 
modification, the continuation of this distribution throughout the 
interior of the small volume round the point The second is the 
purely local distribution of charge elements inside the surface 
drawn. The contributions to the force and potential m the field at 
the internal point due to the former part of the charge are perfectly 
defimte and are m fact expressed by the convergent integrals given 
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above , but the local contribution from the elements of charge near 
the point IS entirely unknown and may be continually changing. 
The only possible expressions for these functions are therefore the 
ones that omit altogether the contribution of these neighbouring 
elements 

If it were not possible thus to separate the physical functions 
into a molar and a molecular part a dependence would be involved 
between mechamcal change and molecular structure, so that 
mechanical causes would alter the constitution of the medium and 
might even undermine its stabihty, whereas it is a postulate in 
oidinary mechanical theory that the physical properties of the 
medium are not afiected by small forces ^ 

Thus for the purposes of a physical theory the force and potential 
at points inside the medium are pioperly defined as the correspond- 
ing quantities belonging to the field of the hypothetical distribution 
of charge which is thus concluded to be a completely effective 
rejnesentation of the real distribution. We have therefore both at 
external and internal points 



Moreover since the integrals in these expressions are both absolutely 
convergent, it is legitimate in all cases to derive the former from 
the latter by the process of differentiation undei the sign of inte- 
gration so that we have 

E — — grad </>. 

Thus the components of the force intensity at any point of the field 
in any direction is the space rate of fall of the potential in that 
direction. 

* Cf Larmoi, Aethet and Matter (particularly the footnote on p 265), also Phil 
Tians 190 A (1897) “The pimciple of D’Alembert, which is the basis of the 
dynamics of finite material bodies, necessarily involves this older of ideas That 
pait of the aggregate forcive on the molecules in the element of volume which is 
spent in accelerating the motion of that element as a whole is written off, and the 
regular part of the remainder must mechamoally equilibrate But the wholly 
irregular parts of the nioleculai motions and forces are left to take caie of them- 
selves, which they are known to do foi the simple reason that the constitution of 
the material body is observed to remam permanent ” 
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15. On surface distributions and double sheets. We must 
now pass to the consideration of certain important types of dis- 
contmmty m tbe volume charge distribution with which we shall 
have to deal in our future work. Such cases actually occur m 
nature, and it seems necessary to consider what modifications are 
needed in the above definitions in order that they may apply to 
them. 

The first example leads us to the idea of a surface density If 
the volume density becomes very large in the neighbourliood of a 
surface / in the field, we may separate the comparatively infinite 
values from the rest by drawing two surfaces parallel and very 
close to /one on each side. The layer between these surfaces is then 
of very small thickness An, but the volume density p is so large that 

rAn 

<7 = pdn 
' 0 

is finite when integrated across the common noimal at any point 
of the surface We then regard this part of the charge distribution 
as a surface distribution of density a (i e amount per unit area) 
on the surface / It is of course merely a big volume density con- 
centrated in a shell of small thickness, but as we do not as a rule 
wish to be bothered about the constitution of the layer we treat 
it m this way 

The potential function associated with this part of the charge 
distribution is 

and since the shell is very thin this is practically 



extended over the surface/, r denoting the distance of the element 
d/from the point at which the potential is calculated 

The components of force are expressed in an analogous manner. 

16. The second case of infimties in the volume density appears 
at first sight rather an artificial one, but as a matter of fact it 
actually exists m nature and the analysis associated with it is of 

* G Green, Essay, etc Art. 4. 
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immense importance for other branches of the work Imagine a 
surface / ' placed parallel and infinitely near to a surface / so that 
the small normal distance between them is An Now suppose the 
surface/' has a charge distribution of surface density a' and the 
surface / one of density — o*. The potential of this distribution 
would be , 

and if we make or^df' = adf so that there are equal and opposite 
charges on opposing elements of the surfaces and also put 

1 1 ■ ifiy 

dn \rj 


~ Z + : 


I An, 


we get 






We are therefore no longer concerned with the surface distributions 
separately, but must treat them together They form what is called 
a double sheet distribution. The quantity which mathematically 
specifies the sheet is the product aAn, which is called the moment 
of the sheet and is denoted by r We must have a very large a to 
get a fimte r for r = An . a: the surface densities involved are 
therefore large compared with the usual ones which occur separately. 

The potential of this double sheet is 

and the components of force analogously 

These represent the only types of distribution with which we 
have to deal in our theories Other types may occur in nature, but 
they are of little importance, if they occur at allf 


17 If there are surface densities and double sheets in the field 
the ordinary considerations as to convergence and continuity of 
the integrals expressing the force and potentials still apply provided 
the point under consideration does not he on any of the surface 
infimties If the point is on an ordinary distribution of surface 
density the potential is quite defimte, the integral expressing it 

* Helmholtz, Ann PJiys Ghenne, 89 (1863), Collected Works, i p 491 
t Cf however W. Voigt, Lelvrbuch der KT%slall>plvys%lc, ch m (Leipzig, 1910). 
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being convergent, but tkere is a certain indeiSniteness in the 
expression of the force, which is given by a conditionally convergent 
integral. The significance of these results in the physical theory is 
however obvious from our former discussions and need not now be 
further elaborated. 

There are certain discontinuities introduced as we approacli the 
surface distributions thus specified, but these are best attacked by 
the indirect method as discussed in the next sections 

18, Green’s analysis of the electric field. We can now ])io- 
ceed to a discussion of the more important properties characteristic 
of the general electrostatic field in which the f orce, . and ])otential 
are defined by the i ntegrals given in the preceding sections The 
most direct method of approach is that provided by Green’s 
analysis, an account of which must first be given 

Let <!>, xjs be any two scalar functions. From them we can deduce 
a vector A of the form 

A = — \jN<j> 

and thus div A = <^7^^ — 

where, as always, we understand by the differential operator 
02 02 02 

it is to be noticed that it is precisely the square of the Hamiltonian 
operator treated according to the ordinary rules. 

Now suppose that the functions (j> and ^ are continuous and have 
contmuous derivatives inside the space v enclosed by the surface/ 
A simple application of Green’s lemma then gives 

o I 

where we use ^ as the component of the gradient of </> along the 

outward normal at the element df of the surface. This is Green’s 
Theorem 

The more important forms of this theorem are however obtaiiH»d 
by adopting a special form for one of the functions. 

If P IS a variable point in the region v with coordinates (a', y, z) 
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and Pi any fixed point with coordinates 2 : 1 ), then if we 

use 7*1 for the distance PPi we have 

7-2 = (a; - a;i)2 + (^ - ^/i)® + ( 2 ^ - 

and consequently 

1. 1 = (x-a?!, -2/1, g-^i) 

\0a;’ 02/’ 7*^ ’ 

and therefore also 

02 ^1^_ 1 , 3( a;-^i)2 
dx^ \rl 7-2 y6 ’ 

02 /]^\ 02 /2\ 

and sinularly for j and j . We therefore see that 


If now the point Pi lies outside the region v we can put 



and the above theorem takes the form 





= 0. 


19 If however Pi lies inside the region v, then ^ regarded as a 

function of the position of P will be infinite at Pi , and if we wish to 

use our formula with ^ ^ we must exclude Pi by putting a small 

surface round it We shall do this by taking a small sphere of 
radius r-^ round the point Pi as centre The space between this and 
the surface / we call 2 ;'. We can now apply our theorem to this 
region v\ so that 




where/' includes, in addition to the surface / also the surface of 
the small sphere. 


If now we denote by the element of solid angle, the element 
of spherical surface of radius r is r^doi and the element of volume 
IS r'^drdo^. It is also to be noticed that on the surface of the small 


2-3 
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sphere the normal n coincides with the chrectiou of r (but is in the 
opposite sense) and so 


dn \rj 


^ + 


and therefore the part 
the sphere is 


of the surface integral due to tlic surface of 



where the integrations are over the surface of the unit sj)here If 
at the point the function cf> and its differential coelHcicuts are 

continuous, then — is finite, and thus if we make the sphere infinitely 

small the second integral 


fd6 


dw 


tends to zero, and if the value of cf) has the value at Pi the first 
integral tends to 

4 * 71^1 

In the volume integral the part due to the inside of the sphere 
IS excluded but this is 

1 1 V^cfjrdrdoj, 

and obviously vamshes with if is finite We have thus in all 



where the integral with respect to v is now over the whole legion 
inside/ and the surface integral is over/ only , all traces of the cavity 
drawn about the point Pi have disappeared 


20 The analysis so far is limited to the case in which the 
functions involved are continuous over the whole region v AVe 
can however immediately extend it to include the most important 
cases involving discontinuity. Supposing that ^ and its first dif- 
ferential coefficients are discontinuous over the surface /' lying 
in this region, otherwise having determinate continuous values 
throughout the region Draw a normal n at each point of tlie 
surface f' and regard directions in it as positive when in some 
definite chosen sense The side of the surface /' on the side of 
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increasing n we call the positive side and the other the negative 
side, and we distinguish the values of functions on the two sides by 
suffices + and e g and 


We can then apply our previous formula if we include in the 
boundary of v the two sides of the surface/' as well as the surface/ 
On the positive side of /' din is negative and on the negative side 
it is positive The point is assumed not to lie on the surface/'. 
We thus get 




. f r - f^) 1 

J/'i[dnJ+ [dnj^j 



a formula which will hold even if /' consists of several separate 
surfaces. 


This IS the general result In apphcations however one often has 
to apply it to indefimtely extended fields from which certain finite 
spaces are excluded In such cases a detailed discussion of the 
behaviour of the infinite integrals becomes necessary, and each case 
must be treated on its merits The following general result is how- 
ever easily deduced if the theorem is applied as though the field 
were bounded by a very large enclosing surface which is ultimately 
extended indefimtely in all directions, and it provides a sufficient 
criterion in most cases 


21 Suppose the function now given throughout all space, 
IS such that Lt,t = 0 


and 


dn 


Lt ^ IS finite, 


then the part of the surface integral corresponding to the infiimte 
boundary will be zero in the hmit and the formula can be written as 

- 1,. [(II - (I).] f + k (f) 

where the volume integral is extended over the whole of space 
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outside certain specified regions, the first surface integral over the 
boundaries of these regions and the second over all discontinuity 
Surfaces in the region investigated. 

A function cf) hmited by the usual conditions of continuity as 
well as the above conditions at infinity will be said to be regular 
in the space investigated. 

This general result shows that a function <f) which fulfils the 
conditions, and which apart from the surfaces/' is with its deriva- 
tives continuous in the whole of space, is uniquely determined in 
the whole region if the values of are given at each point and 
also the discontinuities in and its normal gradient on all the 
surfaces /'. 

The continuity of is not involved 

If we write V^<f> = — 47rp, 



and <f>^ 47rT, 

then our formula shows that 



where we now consider the whole of space without any excluded 
regions 

If we consider the values of p, a and r to be those as defined 
above, then this formula is merely the expression of an identity. 
It contains an expression by definite integrals of a general function 
(j> subject merely to the specified continmty conditions. 

22. If however we regard the question from the other point of 
view and consider the quantities p, a and r as given a prion, then 
we want to know whether the function <f> defined in the same way 
satisfies the same conditions It is easily proved that it does. 

We define <f> at any point P by the relation 

the first integral being taken over the whole of space and the second 
and third over those surfaces on which a and r have finite values. 



21 - 23 ] 


green’s theorem 


23 


If the point P IS at an external point, i.e at a point in space in 
the immediate neighbourhood of which p = 0, then we can dif- 
ferentiate each of these integrals with respect to the coordinates of 
P under the sign of integration. We get 

w - 1 ,v« (i) * + /.V (i) i/'+ f 4v. (1) if. 

and since = 0 we have 

VV = 0. 

If however P is at anv other point where the value of p is not 
zero, we must proceed in a different manner Notice that it is only 
possible for discontinmties in cf> or its derivatives to occur near one 
of the surfaces /' , we may therefore from our previous theorem 
write 

+ df, 

and thus on elimination of <f> we get 

Thus we see that, on account of the arbitrariness of the position 
of the point P, we must have’** 

V2<^ + 4-77^ = 0, 

and — </>_ — 477T = 0, 

which are precisely the same as the previous conditions 

23 The physical application of these purely analytical results 
is now obvious and we may directly conclude that the potential 
function of any electric field defined in the manner previously 
specified must be subject to the following conditions 

* At any point of the field we can choose an infinite number of vanations of the 
position of P such that along them any two of the integrals together are constant 
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(i) It must be such tbat 

+ AiTTyp = 0 

at all points of the field where there is a finite volume density p: 
and where p = Q V^,!, = 0 

The first of these equations contains Poisson’s extension’^ of the 
second, which is Laplace’s equation! It expresses the general 
characteristic property of the potential function in its differential 
form and provides us with a test that any stated function is a 
potential function 

(u) At any point on the surface distributions of charge 

and — 4'7ryT = 0§, 

where cr is the density of the surface distribution and t the moment 

of the double sheet at the point of the surfaces 

These two conditions are in reality merely the particulai lorins 
which the general property expressed by Poisson’s equation assumes 
when applied to the respective limiting forms of (hstributioii 
Notice that in crossing a simple surface distribution a tlie normal 
force only is discontinuous, the potential and tangential forces 
being continuous, whereas m crossing a double sheet the potential 
and tangential forces are discontinuous, but the normal force is 
continuous 

(m) <j> must be an otherwise continuous function regular every- 
where in the field, and also if the charge distribution is a finite 
one it satisfies the conditions that the limiting values ol 

B4 and 

* Nouveau Bulletin des Sciences par la Soci4U Philomathiqm dc Pans, 3 (1813), 
p. 388 Gauss gave the first correct proof, Allgememe Lchr&atze etc , 0, 10 

t Par Hist [85], pp 135, 252 (1782) {(Eumes, x pp 302, 278 ) C£ also Mdcnniqiie 
Celeste, t n 

t Poisson, Par Mem [xn ], p 30 (1811) Cauchy, Bull Soc Phil (1815), p 53 
Green, Essay, etc § 4. 

§ Helmholtz, Ges Abh i p 489 

II These conditions are quoted by Lejeune-Diriclilet, Joiirn f Math, 33 (184()), 
p 80 {Werhe, n p 40) 



23, 24] THE SOLUTION FOR THE POTENTIAL 25 

remain finite when iS, the distance of the field-point from the fimte 
origin of coordinates, increases indefimtely 

We might sum this last condition up by saying that the function 
cfy IS regular everywhere and at infimty***. 

Moreover the analysis shows that there is only one solution of 
these conditions and that is the one we have found 


24 If therefore we can by any means obtain a solution of these 
conditions for given values of />, o- and t, then we have a complete 
specification of the field of the given charges The inverse problem 
in electrostatics is the determination of such solutions It is easily 
seen that the solution required assumes the form 


4> = y 



o. 


where O is an appropriate solution of the difierential equation of 

V=cl>=0 


which must be so chosen that satisfies the specified boundary 
conditions at the surface infinities in the charge distribution 

Now it appears that the first part of the complete solution thus 
obtained is a perfectly continuous function of position with con- 
tinuous first derivatives The complementary function O has there- 
fore to take full account of the discontinuities in and it is in fact 
the potential of the surface distributions which give rise to these 
discontinuities 


The problem thus resolves itself into a determination of the 
function O which satisfies the equation 

at all points of the field, and 

0+ — O- — 47ryT = 0 
at the surface distributions 


* I am reminded that this last expression is not a usual one it appears however 
a useful and concise method of expressing a defimte property of such functions and 
saves detailed repetition of the conditions m every case where they occur. 
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The nature of the solution reqiured will of course depend essen- 
tially on the type of surface or surfaces on which the charge in- 
finities exist j and it is in fact only in the cases where these surfaces 
are of the simplest geometrical form that a solution can be obtained at 
alP It IS moreover clear that any desired solution will be obtained 
in its simplest form in terms of those coordinates in which the 
equation to the surface or surfaces to which it is to be appropriate 
is in its simplest form. Thus in dealing with any particular type 
of surface it is desirable to begin by transferring the fundamental 
difierential equation to coordinates suitable lor that surface, and 
then to tabulate the different types of solution We can then 
choose the particular solution appropriate to the problem in hand 
by bringing m the surface conditions 


25 Gauss* analysis of the electric field. So far our basis 
is purely analytical, and as a consequence the physical significance 
of the results is not very clear In order to obtain a better 
insight into this other side of the matter we shall proceed fiom 
a different standpoint and along more elementary lines 

The chief characteristic property of the electric field contained 
in Poisson’s equation is expressed m an integral form by a theorem 
usually ascribed to Gaussf but which was probably first stated 
by Faraday m a physical manner 


If any closed surface / is taken in the electric field, and if E,, 
denote the component of the electric force intensity at any point 
of the surface in the direction of the outward normal dn, then 




where the integration extends over the whole of the surface and Q 
is the total charge enclosed by it. 

This theorem is a mere mathematical verification for a single 
point charge q. for at any point of the closed surface distant r 

from q vq 

^ cos (nr). 


* Gf Heine, Eandbuch der EugelfuThkHonen (2nd ed. Berlin, 1878), Byorly, 
Fourier^ s Senes and Sphenml, Cylindrical and Ellipsoidal Harmonics (HoHt,on 
(USA), 1893), Whittaker, Modern Analysis (2nd ed Cambndge, 1915) 
t Allg Leh/rsatze The theorem was also given by Kelvin in 1842, of Papers on 
Electricity and Magnetism, The present demonstration is due to Stokes 
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where (nr) denotes the angle between the positive directions of 
n and r, but if dco is the element of solid angle subtended by the 
surface element df at the point charge q, then 

A. 

d/cos (nr) = r^dco, 

'^n^f=yqd<o, 
j^’^ndf=- yq j do> 

= Afiryq if q is inside/ 

= 0 if g IS outside 

If there are any number of charges , g'2 , qn present in the field, 
E„ = E,„+E^+.. 


and thus 
so that 


is the sum of the normal components of force due to the separate 
point charges, and thus we get by simple addition 


j "Et^df — iTry (total charge inside/) 

Moreover, although we have proved this theorem for a system of 
point charges it remains valid when the charges are merged into 
continuous volume or surface distributions as the following analysis, 
which exhibits the theorem as an immediate consequence of 
Poisson’s equation, proves If we consider the integral 

div E dv 
J V 


taken throughout the space v inside the surface /, its value is 



but by Green’s lemma it also consists of 

together with the surface integrals arising at the surface distribu- 
tions of charge. These are simply 

f (E„^^E,_)d/', 

Jf' 
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the surfaces on which the charge infinities are dis- 
= - iTrycr, 


so that this latter integral is 


4:7Ty I crdf', 

and we have 473y ^ pdv ^df'^ =J E^df, 
which IS precisely Gauss’ theorem If we use 



then the equation may be written in the form 

which exhibits it as the integral form of the characteristic property 
of the potential function of an electrostatic field 


26 The integral j E^df over any closed surface is de fined as 

the total normal induction through that surface By the above 
theorem this is equal to times the total charge inside the 
surface 


We see here the great simplicity which would follow the adoption 
of a value for y which would make 

ivy == 1 

That IS, if we take V = 

437 

then the normal induction over any such closed surface would be 
equal to the charge inside 


On account of this fact we shall in future assume this value for 
y and then the potential function of a volume distribution of density 

' r,* 




and it will satisfy the equation 

4“ p = 0 
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Taking this value for y implies increasing the unit of electricity in 
the ratio A/47r . 1 , the value of the force between two charges of 
q and q' umts respectively, which is now 

477 / 2 ’ 

remaining of necessity the same value in all umts. 

27 Lines of force and equipotential surfaces*. The electric 
field due to any static system of charges is completely specified if 
we know the magmtude and direction of the electric force intensity 
at any point of the field. The direction of the force at any point is 
understood to be the direction in which a small point charge 
would be displaced if put there If we follow this direction from 
point to point we obtain curves which are called lines offo'tce, 

A line of force in an electric field is a curve such that along it the 
force IS always tangential It follows that the positive direction of 
the line is always that of decreasing potential Hence a line of 
force cannot return into itself, but must have a begmmng and an 
end. We shall prove presently that it can only begin on a positively 
charged surface and end on a negatively charged one. 

If ds is a vector element of arc of the line of force which passes 
through the point P (cc, y, z) m the field, its direction must be the 
same as that of the electric force E at the point This implies that 

ds = AE, 

where A is a scalar quantity, the ratio of the measures of ds and E. 
This vector equation is equivalent to the three cartesian equations 

dx _dy _ dz 
E^-E.-E/ 

which are the usual differential equations of the lines in these co- 
ordinates 

Now suppose an electric field to be given and all the lines of 
force drawn in it At any position P in the field where there is no 
electricity we place a small surface element df, perpendicular to 
the lines of force at that place Then all the lines of force which pass 
through the edges of this surface element will form the sides ,of a 
tube called a tube offeree 

* Paiaday, Roy Soo Trans 141 (1831), p. 2. 



30 


THE ELECTBIO EIELD 


[CH. I 

The inside of a tube of force is also filled with hues ot force, 
1 e through each point in its interior we can draw one hue of force 
but only one If there were seveial they would cut at this ])oiiit, 
and this IS impossible because at each point tlxe line of force gives 
the direction of the resultant force intensity ot the field, and this 
is umquely determinate unless the force is zero, an exceptional case 
which IS reserved for future consideration Thus as a general rule 
hues of force cannot cut one another and none of them can pass 
through the sides of a tube of force. 

At another point P' of our tube of force let us draw another 
surface element df' also per- 
pendicular to the direction of 
the lines of force there. Now 
apply Gauss’ theorem to the 
portion of the tube PP'. In 
summing up the induction 
over the surface we can neg- 
lect the curved sides of the 
tube, smce the electric force 
intensity is at each point 
tangential and thus has no normal component Let now E, E' 
be the force intensities at P and P' respectively, their directions 
are along tangents to a mean axis in the tube and may therefore 
be considered normal to the end surfaces df, df', both of which are 
very small A simple apphcation of Gauss’ theorem thus gives 

Ed/= E'(f/', 

provided there is no electricity in the part of the tube between P 
and P\ 

The intensity of force at every point of the tube is inversely 
proportional to the cross-section of the tube at the point We have 
thus a oonvement method of graphically representing the intensity 
of a field of electric force We fill up the space of the field by drawing 
tubes of force, choosing then cross-sections so that the constant 
value of Ed/ along each is the same for all The density of the 
tubes, or merely their thickness, would then give a graphical 
measure of the strength of the field. The tubes are thickest in the 
positions of small intensity. 
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28. A still simpler method of representing the field is obtained 
by considering the potential function* The force intensity is a 
vector with three components at each point of the field and it 
IS much easier if we notice that this vector is always the gradient 
of the scalar quantity, which we have called the potential, so that 
instead of having three things to consider we have only one The 
field of force is completely specified by this one function We 
could therefore map out the field by plotting the function <f>, the 
simplest method being to draw the surfaces over which is con- 
stant such surfaces are called eqm-^otenhal surfaces, level surfaces 
or simply eqm-jpotentials 

Since the potential is as a general rule a one-valued function of 
position we see that two eqm- 

potentials cannot in general cut / / 

one another Now let us choose / / 

two adjacent eqm-potentials / / 

whose potential difference is / / 

and let As be a small line drawn / ^ ^7 

from a point on the surface of / 

higher potential to a point on 
the other surface We know x / 


then that is in 
As 


the limit the 


force intensity in the direction 

of As, but ^ IS a maximum Fig 2 

As 

when As is a minimum Since we may regard the two adjacent 
surfaces as parallel, at least when we confine ourselves to small 
opposing regions on them, As will be a mimmum when it is the 
normal distance Aw between the surfaces Thus the resultant force 


intensity is 


® “ An’ 


and is normal to the eqm-potential surfaces 

The lines of force are therefore everywhere normal to the eqm- 
potentials Conversely, of course, we may conclude that if we can 
find a surface everywhere normal to the hnes of force, it must be 
a level surface 

* Maclaunn, Treatise on Fluxions, § 640 (Edmb 1742) Clairaut, Figure de la 
terre (Par 1743) 
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Thus if we draw all the level surfaces in the field so that the 
potential difference for any two succeeding ones is the same, the 
density of the surfaces so drawn is everywhere proportional to the 
force intensity in the field We thus obtain another very real 
representation of the field. If we draw the tubes of force as well 
we notice that the cross-sections of the tubes are proportional to 
the distances between the level surfaces This would provide a good 
test as to whether the field had been correctly mapped. The tubes 
are thickest where the surfaces are widest apart. 

The equi-potential surfaces are mathematically the integral 
surfaces of the total differential equation 

-f "B^dz = 0 

in the usual cartesian form In fact in the statical field where a 
potential exists we have 

E - V9S, 

and so B^dx + E^c^z/ 4- = — dcf}, 

and so ^ = c 

are the integrals of the equation. 

29 As an illustration of the usefulness of the conceptions here 
introduced we may discuss in terms of them some of the more 
important properties of the fields m question* 

The potential cannot be a maximum or mimmum at a point of 
the field where there is no charge. For supposing that at any point 
P there is a true maximum value of then at all other points in 
the immediate neighbourhood of P the value of <f> is less than its 
value at P Hence P will be surrounded by a series of closed equi- 
potential surfaces, each outside the one before it, and at all points 
of any one of these surfaces the electrical force will be directed 
outwards so that the total normal induction through the surface 
will be positive and cannot be zero it follows then that there must 
be a positive charge inside the surface, and since we may take the 
surface as near to P as we please, there is a positive charge at P 

In the same way we may prove that if ^ is a mimmum at P there 
must be a negative charge at P. 

* Gauss, Allg Lehosafze etc (1840) Stokes, Ca7nb and Dubhn Math Journal^ rv 
(1849) See also papers by Lord Kelvin m tbe same journal (1842-3) and a memoir 
by Cbasles, Comiaismnces dea Temps (184S) 
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This enables us also to complete the proof of the statement 
made above that hnes ol force must start from a place where there 
IS positive electricity and end at a place where there is negative 
electricity, for it can only begin at a position of maximum potential 
and end at a position of minimum potential. 

It is of course possible for a hne of force to begin on a positive 
charge and go to infimty, the potential decreasing aU the way, in 
which case the line of force has, strictly speaking, no second end 
at all. So also a hne may come from infimty and end on a negative 
charge. 

30 The field of a system of conductors A very important 
class of electrostatic problem is concerned with the field of a system 
of charged metallic conductors, as we may gather from the 
experiments described at the beginmng of this chapter. The field 
surrounding such a system possesses certain characteristic pro- 
perties which we can very easily interpret in terms of lines of force 
and equi-potential surfaces Metallic conductors as we know them 
are chiefly characterised by the presence in them of an exceedingly 
large number of electrons (about 10^® per c.c ) which are freely 
movable in the space between the atoms Thus as long as any 
electric force acts on a free electron inside a conductor equilibrium 
is not possible 

Thus if such a body be brought into an electric field the electric 
force will act in opposite directions on the positive electricity (in 
the atoms of the body) and the negative electrons at each point 
of the metal and separate them so that they no longer cancel one 
another’s eflects A number of the negative electrons in any 
volume element A will be driven by the electric force into a neigh- 
bouring element the consequence of this is that the element A 
becomes positively charged whilst the element B is negatively 
charged, the total quantity of electricity remaimng the same 

Between the two neighbouring elements A and B a new field will 
arise due to their charge This new field is superposed on the old 
one, but is in the opposite direction to it, as lines of force always 
go from a positive to a negative charge In this way the field in 
the interior of the metal will tend to annul itself, and moreover 
this process will go on until the field in the whole of the body is 
zero. 


L 
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We may now enquire as to the whereabouts of the charges which 
arise from the separation in each element and which give rise to 
the field which when superposed on the original field makes the 
resultant intensity zero throughout the whole of the interior of 
the conductor Now since the force intensity at every point of the 
interior of the conductor is zero, the total normal induction, in 
Gauss’ sense, through any closed surface entirely m the metal must 
also be zero and therefore this surface can contain no electricity 
There is therefore no charge in the interior of the conductor The 
charge is concentrated on its surface. Thus any conductor intro- 
duced into a field of intensity Eq will have induced on its surface 
a charge which gives rise to a field of intensity Ej^ which must be 
such that at every point in the conductor 

Eg -{- Ejl = 0. 

Moreover at a point on the surface of the conductor the total 
electric force Eg + E^ can have no component tangential to the 
surface, as otherwise an unending separation of charge would take 
place in the surface itself The electric force intensity of the total 
field just outside the conductor is therefore entirely normal to the 
surface. 

Even if we introduce a charge to the metallic body from any 
source, this charge must distribute itself over the surface of the 
body so that the above conditions are still satisfied 

31. In the interior of the conductor the force intensity of the 
total field IS everywhere zero. Therefore the potential of the field 
must be constant throughout the interior : this is the potential of 
the conductor The surface of the conductor is therefore an equi- 
potential surface in the field This is another reason why the lines 
of force just outside a conductor are normal to its surface and it 
also shows the great importance of the potential function intro- 
duced on general hnes as above. 

Smce there are no hnes of force inside a conductor, the tubes of 
force of the external field must end on the conductors We can now 
show qmte sitnply that they must begin on positive electricity and 
end on negative and also that the quantities of electricity on the 
two ends of the tube are equal and opposite. Consider the portion 
of a small tube of force from a conductor up to the cross-section 
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df of it and apply Gauss’ theorem to the tube closed by a slight 
extension into the metalb c con- 
ductor We see at once that 

where hq is the charge on the 
portion of the conductor included 
in the tube Similarly from the 
other part of the tube 
-Ed/=8^'. 

Thus Bq = — hq' = Ti df 

We may thus regard an elec- 
trified system as consisting always 
of positive and negative electri- 
city in equal amounts, each ele- pig 3 

ment of electricity being associat- 
ed with an equal and opposite element and connected with it by 
a tube of force runmng through the dielectric medium. 

Moreover since along a tube of force 
Edf = const , 

we see that a hne of force is always a line of ascending or of descend- 
ing potential throughout its length, the sign of E cannot change 
along any one hne From this we conclude that the potential 
cannot be an absolute maximum or mimmum in free space The 
greatest potential in the field must occur on a conductor (among 
the conductors we must include the earth, or infimty, as we say, 
if necessary). Moreover this conductor must have its charge all 
of the positive kmd because if there were negative electricity at 
any point of its surface hues of ascending potential would pass from 
the conductor and this is impossible. 

Similarly the least potential must occur on a conductor on which 
the electricity is wholly negative 

32. We also see that if the potential in a field is constant over 
any surface not enclosing any charge, it must be the same constant 
value throughout the interior of that surface, because if it were 
not we could draw lines of force from one point of the surface to 
another and we should then have an ascending and descending 
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potential (the initial and final values at tlie ends are the same) m 
the same line. There can therefore be no charge on the interior 
surface of a hollow in a charged conductor unless of course there 
were a charge placed somewhere mside the hollow 

As may be gathered from the experiments described above, 
this last exceptional case is of great practical importance and 
therefore deserves special examination. 

We can easily show that if any number of charged bodies exist 
in a hollow in a closed conductor the charge on the inner surface of 
the conductor (i e. round the hollow) will be equal in magnitude 
but opposite in sign to the total charge on the system of bodies 
inside. This can be seen in various ways we can draw a closed 
surface entirely inside the material of the conductor and sur- 
rounding the hollow, the normal force at every point of this surface 
being a pomt m the interior of the metal must be zero so that the 
total normal induction through the surface is zero , the total charge 
inside the surface must therefore also be zero The total charge is, 
however, the sum of the charge induced on the inner surface of 
the conductor and the charges on the bodies in the hollow these 
must therefore be equal and opposite 


But in the experiments mentioned the total charge of the metallic 
vessel into which the charged bodies were inserted was zero, so 
that the charge on the outer surface of the vessel must be equal 
and opposite to that on the inner surface, it will therefore be equal 
to the total charge on the bodies inserted in the interior. This is 
the result deduced experimentally 


Eeferring back again to the result just established, that the 
quantity of electricity at the end of the tube of force is numerically 
equal to the induction along the tube, we may conclude that the 
density of the charge at any point of a conductor in any field is 
given by 


o-^E 


dn^ 


where E,^ — — determines the normal component of the electric 
force at a pomt in the field just outside the conductor near the 
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point where the density is examined This is ol course a particular 
ease of the more general result estabhshed above that 

because is zero, the potential inside the conductor being 

constant 


The total charge on the conductor is 



taken over its surface 


33 On the nature of the potential. The important analytical 
function called the potential has a fundamental physical signifi- 
cance which we must now examine 

Lagrange* and von Helmholtzf have given mathematical proofs 
of the existence of the potential function in electrostatic and allied 
theories, associating it with the potential energy function of any 
ordinary dynamical system, on the assumption that the action 
forces involved consist merely of attractions or repulsions in the 
direct hnes of the particles and according to some function of the 
distance There is however no reason at all why all mutual physical 
actions of this kind should be bmlt up of direct attractions, and 
one case of a different kind is known, the action of a magnetic pole 
on a current filament discovered by Oersted, where the forces are 
certainly not radial attractions^ 

The difficulties may however be avoided and at the same time a 
far wider idea of the meamng of the potential obtained by con- 
necting it with the doctrine of the conservation of energy. Let us 
examme a general problem from this point of view. 

Suppose we have a number of physical systems ikfg, 
actmg upon one another across space and suppose also that we have 
a small element Sm of a similar system 
* Par sa'o {itr ) vn (1773) {CEuvrea, vi p 349) 

t Uber d'le Erhaltung der Kraft (Berlin, 1847) Of Planck, Das Prinzip der 
Erhaltung der Energie (Leipzig, 1913) 

X See chapter iv, where this particular case is discussed m detail 
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We shall first suppose either that Bm is so small that it does not 
disturb the fimte systems when moved about in their neighbour- 
hood, or that these fimte systems are held rigid during the motion 
of 8m, so that they are not thereby disturbed When the element 
8m receives a small displacement 8s work from some external 
agency is required of amount T^Bs, where is the component of 
the force exerted on Bm in the direction of its displacement which 
is ]ust sufficient to balance the action of the systems . 

The work done in any fimte displacement from the initial position 
1 to a second position 2 is 

2 r2 

S T,8s = T,ds 
1 Ji 

But this work ought to be the same for all paths, if the general 
path IS reversible, i e. if the work done by external agency in any 
displacement is equal to the work done on the external agent by 
8m in the same displacement taken the reverse way If the paths 
are aU reversible and the work not equal for all of them we could 
take the element Bm down one path and bring it back along another, 
so that the work lost in taking it down is less than that gained m 
bringing it back and thus on the whole there would be a gam of 
work Where could this work come from*^ M^, are all 

effectively rigid and so the work must have been created from 
nothing ! This might be so but for the fact that we could repeat 
the process as often as we please and thus get an unlimited quantity 
of work, and all out of nothing. This is reasonably taken to be 
incredible as it involves the idea of perpetual motion the essence 
of the matter is the unlimited extent 

34 Thus the argument from perpetual motion shows that for 
any natural law of action across space 

is independent of the path described in going from position 1 to 
position 2- The only other assumption involved is that of the 
reversibility of each path In general this condition is satisfied. 

The above argument is restricted to the case in which the systems 
Ml, M 2 , . . were supposed to be uninfluenced by the motion of 
Bm. We can however easily remove this restriction and consider 
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for example the case where are systems of charged con- 

ductors, when the moving of a small charge hq about alters the 
distribution on the conductors by influence However, even in this 
case, if we take hq round a closed path so that at the end the dis- 
tribution IS everywhere the same as the original one, the work 
done m the complete cycle must still be zero. There cannot be any 
loss of work, for if it is reversible we could promptly turn it into a 
gam. 

Thus in the most general case 

r2 

Jl 

IS independent of the path from position 1 to 2 That is, there must 
be a function O of the position of ^yn such that 

O2 — Oi = T^ds 
'1 

IS true for any two positions of the points 1 and 2. If we can find 
this function O, then 



The function O represents for a definite position of the element 
8m the work done on it by external agency against the action of 
the systems Jfi, M 2 , m bringing the element from a standard 
position assumed to correspond to the value 0 — 0, and this work 
may be regained by the external agents for any ulterior purpose 
that may be desired if the reverse path is traversed. This is inter- 
preted in the usual way by saying that the element 8m possesses 
a store of potential energy in virtue of its position relative to the 
systems M^, M 2 , , the amount in the typical position being O 

more than that in the standard position for which 0 = 0 


35 If we now regard the physical systems as the system or 
systems of charged bodies acting across space in the manner speci- 
fied, or in fact in any manner, and if 8m is a small charged body 
carrying the quantity 8q of electricity, then since is the force 
which balances the electrical action on 8m we know that 

O = — -f const. 


and thus 
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and the existence of the potential energy function <I) implies the 
existence of the analytical potential function (f> and vice versa. 

This proof of the existence of the potential function of our ana- 
lytical theory rests on a physical basis. It assumes nothing about 
the method of transmission of the force, but merely that the effects 
are reversible and that perpetual motion does not exist If there 
were friction effects or if the charge were moved about rapidly, 
electric currents and perhaps also electromagnetic waves would be 
excited, which would result in heat production, and the essential 
condition of reversibility would then be lost 

In the whole of this discussion we have neglected altogether the 
store of energy possessed by every system in the form of heat 
Why should not work come out of this store of heat '2 Such a 
question is easily answered by an appeal to Carnot’s principle 
The Carnot Axiom states that if we have systems in thermal equi- 
librium then it IS impossible for work to be done at the expense of 
the heat they contain The test of thermal equilibrium is equality 
of temperature Thus to make the above argument correct we must 
put in the criterion of equal temperatures If two bodies were at 
different temperatures they could be used as a heat engine from 
which work could be obtained 

36 The energy in the electrostatic field . We have found that 
in order to establish an electric field by bringing the charges which 
define it into position (by friction, conduction, etc ) a certain amount 
of work has to be done but that when once the field is established 
its maintenance requires the expenditure of no work, provided of 
course there is no leakage to be counteracted Thus there is a certain 
amount of work associated with each electric field, and this amount 
must be independent of the method of establishing the field in 
order that the energy principle may be verified it measures the 
amount of energy in the electrostatic field relative to the same group 
of masses in their uncharged state, which would be transformed into 
other forms of energy if the charges were removed or cancelled 

A theory of the present type regards the electrical conditions in 
any field as characteristic of the electnc charges in the field, the 
distribution of these charges being the most essential thing required 
for the specification of the system. In such a theory we therefore 
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require a definition of the electric energy which makes it depend 
on the charges and potentials. This is readily obtained m the 
following way 

The work required to bring up a small charge Sg' to any place 
where the potential is <f> is, by the generalised defimtion of the 
potential function, equal to 

This statement is vahd and consistent whatever the complexity 
of the field. 


Thus the work reqmred to increase the density of the volume 
charge at any point of the field by hp and the density of any surface 
charge by 8a is 

STFj = J <f>8pdv-i- j" cf)8adf, 

the first integral being extended to all points of space where there 
IS a volume charge p and the second over all surfaces / on which 
there is a surface charge a"^ 


This IS the fundamental differential equation of the subject, 
representing as it does, in a differential form, the characteristic 
equation of energy for the system If we can by any process 
succeed m integrating this equation we shall be in a position to 
know the complete mechanical circumstances of the system 


But in bringing up these charges the potential at each point of 
the field is increased by 8<f> so that the potential energy of the 
charges already existing in the field is increased by the amount 
81^2 where 

SWq — J p8<^dv -j- J a8cf>df 

But if the mechanical process of establishing the charges in the 
field IS a reversible one so that all operations involved in it can be 
reversed — and this is essential to the existence of a potential 
function — the work which is done in charging the system must all 


* Double sheets are excluded as they are of relatively small importance in the 
present aspects of the theory. It is however quite easy to geneialise the discussion 
to include them 
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be stored up as potential energy of a purely electrical nature in 
tlie field so that 

and thus each of these is equal to the half of their sum or 

SPFi = STF2 = i + 31^2) 

= 78 || {pB<f> -f (f>Bp) dv + j (<l>Sa + aS</>) c^j 
= iB ^j(f>pdv + 

We have therefore in such a case 

= ^2 = i [ + i * 

Thus if we multiply each element of charge by half the potential 
at its position and add up over the whole distribution we get the 
general value for the potential energy of the electrical system 
referred to the state in which p = cr= 0 everywhere as the zero state 

37. The result here deduced m a physical manner can also be 
obtained analytically as follows We know that 



Thus if we use dashed letters to denote these integrals in <f> we see 
that 

4^8Wi=J + J + j'l' j^So-dfdf' 

where r' denotes the distance between the typical elements of the 
double integrations over the volume of the field and the surfaces 
of discontinuity in it. 

It follows immediately from this form of the expression, by 
integrating with respect to the undashed elements first — a process 
that is fully justified in view of the absolute convergence of the 
integrals concerned — ^that 

8 F 1 = I p'B<f>'dv' + \^a'Bi>'df’, 

* Kelvin, Glasgow Phil Soc, Proc, 3 (1853), Helmholtz, I c p, 55; Clausius, JDte 
Potential Punktion, §§ 63 and 64 (Leipzig, 1859) 
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IS tlie increment of the potential at the typical field-point conse- 
quent on the addition of the charges Bp and 8a We thus see that 

and the result deduced above now follows immediately by the same 
argument. 

38. We have thus succeeded in establishing the existence of a 
mechanical potential energy function associated with our electrically 
charged system of a type similar to that with which we are familiar 
in ordinary mechamcs and the usual properties of this function now 
follow as a matter of course A system of charges on a rigid system 
of masses will adjust themselves m such a way as to make the 
electrical potential energy function Wi stationary subject only to 
the constancy of the total charge and the conditions implied by 
the natural restraints of the system In fact the mutual forces 
exerted between the various charge elements tend to produce 
motion of these elements and if the energy of such motions can 
be obtained at the expense of the internal store of potential energy 
they are almost certain to take place Thus equilibrium is possible 
only in those configurations in which the potential energy has a 
stationary value as regards small displacements from the con- 
figuration, because it is only then that the small initial displacement 
from the configuration results in no appreciable change in the store 
of potential energy from which the kinetic energy of any further 
motions that take place must be derived 

Moreover it appears that if any configuration of the system is a 
configuration of stable equihbrium as regards the charge distribution 
throughout it, the stationary value of the potential energy must 
be an absolute minimum value, for it is only in such a case that 
the system will not, if slightly disturbed, depart widely from the 
configuration by the action of its own internal forces Thus it is 
only when the natural restraints* of the system prevent any 
further runmng down of the electrical potential energy that equi- 
hbnum among the charges is permanently possible. 

* The insulation of a conductor acts as a ‘restraint’ to prevent the charge on it 
getting across to another conductor. 
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39. If we apply tHs condition for the equilibrium of a system 
of charges, some or all of the elements in which are capable of free 
movement within certain limited spaces, we see that the potential 
function <l> must be constant throughout any space in which the 
charges are freely movable. This follows at once because the con- 
dition for equilibrium is that the variation of the potential energy 
consequent on a slight rearrangement of the charges, which is 

SWi= j </>Spdv-i- I <f>Bcrdf, 

must vamsh subject to the condition that the total charge in each 
partial space must be constant, or that 

j Bp dv + j* Badf^ 0, 

where the volume integral is taken throughout the partial space 
and the surface integral over the boundary of that space and any 
surfaces of discontinuity inside it This leads to the result that (f> 
has a constant value throughout the partial space 

40 The importance of this last result lies in its application to 
the field of a number of charged conductors The elements of a 
charge on a conductor are, effectively speaking, freely movable 
throughout the material of the conductor but not beyond its outer 
surface Thus in order that the charge distribution may be one of 
stable equihbrium it must be such that the potential cj> is constant 
throughout the volume of each conductor We have already seen 
that this means that the charge on the conductor exists entirely 
on its outer surface, this of course also results from the fact that 
the greatest dispersion then exists m the group of elements con- 
stituting the charge and the least value of the potential energy is 
attained 

41 There is an important reciprocal theorem due to Gauss* 
which is worth quoting at this stage * we shall first give it in terms 
of discrete charge elements and then indicate its extension to the 
more general case. 

Let q be an element of charge in any distribution and cf> the 

* Allgsmeine Lehrsatze ubear Amiehunga- und Abstossungskrafte, § 19 {Collected 
WcyrJc8f V. p 200) 
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potential of that distribution at any point and in a second system 
let these be q' and , we have then 

where in ^qcf>' every element of the first distribution is multiplied 
by the potential of the second distribution at the position of the 
element, and similarly in 

The usual proof of this theorem in the present case is that each 
sum IS equal to the double sum 

477 r ’ 

wherein the summation extends to each element of charge of the 
one system with each element of the other system and r is the 
distance between them 

A more fundamental interpretation of the relation is obtained 
by noticing that 

IS the work reqmred to bring up the first charged system supposed 
rigidly fixed in its final relative configuration into its position 
relative to the second, and that therefore this must be equal to the 
work required to bring up the second charge system into its position 
relative to the first which is expressed by the second sum 
these are in fact merely two difierent ways of establishing the 
combined field 


In this sense we see that it must also be true in the more general 
case with effectively continuous charge distributions, or in other 
words if the two systems of charges are specified by their charge 
densities p and p' at the typical point of space and if the potentials 
of their respective fields are <f> and <f>' then 


j p<f)'dv = jp'(/)dv, 


the integrals m each case being taken throughout the entire charge 
distribution 


If the second system of charges is the first increased by very 
small increments Sp, then <f>' differs from <f> only by a differential 
amount and thus we may put 

p' = p + Sp, ^ -j- B<f>, 
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and on substituting these values in the above relation we see at 
once that ^ 

p8(^dv= I <l>hpdv, 

a relation deduced above from the energy principle 

42 The mechanical forces on the matter in the field. The 

analytical theory up to the present stage has been concerned merely 
with the electromotive forces of the field, the question of the 
ponderomotive forces has so far not arisen we have only explained 
how charges are separated and not how electrified bodies attract 
one another 

It IS however at once evident that such forces must exist. The 
electromotwe force acting on a charge connected with a material 
body and in equilibrium must be counterbalanced by an equal and 
opposite force resulting from the action of the material body on 
the same charge and the reaction to this latter force will be an 
equal and opposite force exerted from the charge on the material 
medium with which it is rigidly connected Thus any material body 
carrjang a charge and in equilibrium will be acted upon by a force 
equal to and in the same direction as the resultant electromotive 
force on the system of charges contained in it. Thus if p denote the 
density of the charge distribution at the point {x, y, z) in the body 
where the intensity of the electric force is E, then there will be a 
ponderomotive force on the body determined by 

Fi = j pEdv, 

tie integral being extended througiout tie volume of tie body at 
no pomt of which is p infimte 

This IS the general form, but it is convenient to have the 
speciahsation of it apphcable when there are surface distributions 
associated with the body. This is easily obtained by considering 
such a surface distribution as the limiting case of a volume density 
concentrated in a thin layer. On this view the force on the small 
element df of the surface is practically 

J Epdv, 

this integral being taken throughout the small volume of the sheet 
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standing on df. Now E varies continuously throughout the sheet 
from a value Ej on one side to a value Eg on the other, and thus the 
average value throughout the sheet is | (E^ + Eg)* and with this 
the force on df is 

^2^ = i (^1 + ^ 2 ) ^ i (El + Eg) (jdf , 
and thus for the whole surface charge 

F, = iJ(E,+ E,)Gd/, 

and a proper combination of the forces and Fg will give the 
correct form of the force on any electrified body or at least the 
hnear components of the resultant force The angular components 
can be obtained in an analogous manner or they may be calculated 
in a general way from the results deduced below where the question 
of these forces is regarded from another and more general point of 
view. 

43 The mere existence of mechamcal forces on the matter in 
the field is involved in the idea of the energy of the charged system. 
When two charged bodies are moved relative to each other, the 
total electrical energy in the field is altered and if the charges are 
kept constant the loss (or gain) of energy is due to some other system 
hnked with the electrical one It reappears in fact as a gam (or loss) 
in the mechamcal energy of the charged bodies, which determines 
the mechamcal forcive between them Thus to obtain the forces 
we need only give the bodies small virtual displacements and include 
the virtual work in these displacements in the general expression 
of the work done on the system during a general virtual change in 
its configuration 

If the positions of the material bodies of the system are deter- 
mined by the generalised coordinates d^, in the usual 

* This statement and the 'whole proof depending on it is perhaps not as ngoioua 
as might be desired The usual argument divides the force close up to the surface 
mto a local and a general part, the local part is due to the small portion of the 
surface charge near the point and the general part to the remamder For two near 
points equidistant from the surface but on opposite sides the local parts are equal 
in magnitude but opposite in direction 'whilst the general parts are the same at 
both pomta The general part of the force which alone is mechanically effective is 
then equal to the mean of the total forces at the two pomts. 
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Lagrangian sense and if tlie force components applied by external 
agency corresponding to the coordmates are ©i ^ ©2 j respectively, 
then the work done by external agency during a displacement is 

©j^S^l + ©2Si92 + 

This IS the generalised Lagrangian definition of a force component 
in statics it is defined so that the force multiplied into the small 
change in the coordinate is the work done, provided none of the 
other coordmates vary 


The work done in increasing the charge distribution of the sys- 
tem is - . 

(^8pdv-j- I cf>Sadf, 


if the bodies are fiixed , if however in addition the matter receives 
a small virtual displacement as above we must add the work done 
against the forces acting in these displacements The general form 
for the work done on the system during the most general virtual 
change in its configuration (a complete definition of a configuration 
involving a knowledge of the charge distribution and the positions 
of the material bodies) is thus 

STF = l'<^Spdv-i- j* <f>Badf H- ©28^1 + ©28^2 "k > 

and again the usual argument based on the assumption of reversi- 
bility and the negation of perpetual motion requires that 3Tf should 
be a complete difierential of some function W which ultimately 
measures relative to some standard configuration the potential 
energy which the electrified system possesses in virtue of its charge 
In other words W is the electrical potential energy of the system 


We know however from the discussions of the previous section 
that the electrical potential energy of the system can be expressed 
m the form - - 

= 2 I + i 

so that as soon as these integrals can be ejected W is known and 
the complete mechamcal relations of the system are theoretically 
determinate 


44 If the charge distribution on the system of masses is main- 
tamea constant during the slight displacement of the system, the 
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first part of the total expression for STF does not occur and the 
increase in the electrical potential is simply given by 

BW c = + 02^^2 " 1 " ? 

where Wc denotes exactly the same quantity as W above but the 
suffix implies that the charge distribution throughout each body 
is maintained constant during a displacement of that body In 
this case the work of the external forces, viz. 

which IS extracted from a machine outside the system, is added to 
the store of internal energy which the system of masses possesses 
in virtue of the charges rigidly attached to them. 

We have also in this case 


so that the force in any one of the material coordinates under the 
specified conditions is determinate. 


45 In some important cases the total charge and its distribution 
are altered in such a way as to maintain the potential distribution 
throughout the various masses constant In this case the work 
done on the system during a small virtual displacement will involve 
the complete expression given above, but this is not now in a con- 
vement form as it reqmres a knowledge of the distribution of Bp 
and So- necessary to secure the maintenance of the potential dis- 
tribution To obtain a more suitable form for such cases we have 
only to rewrite it in the form 

S j p<f>dv + jcj<f)df — = j pB(f}dv 4- aB(J)df — &iBd^ — , 

and then notice that since in the present instance 
i \p4>dv + if^cr<f>df= W, 
the term on the left is still BW, so that 

SfF = [ pS4,dv + l^crS<f,df - - . 

We now see immediately that when the potential distribution 


I. 


4 



50 


THE ELECTRIC FIELD 


[CH I 


througliout the various masses is maintained constant throughout 
the displacement the change of the internal potential energy is 

where we have used to denote the value of W in which the 
potential distnbution m the vanous masses is maintained constant. 

A«am,a.»bove, 

represents the energy expended by the external system in the 
mechamcal work of shiftmg the masses and 

IS the increase m the internal potential energy of the system of 
charged masses These quantities are now of opposite sign so that 
some other outside source must be involved in the action The only 
other available source of energy is, generally speaking, that which 
IS used to maintam the potential distribution, and the amount of 
energy denved from it must be double the amount of the mechanical 
work gained from the system, the other half of the total supply 
goes to increase the mternal potential energy of the charge dis- 
tribution 

We have also in this case 


so that 


.Ll» = _ 0 5-12 

w, ~ ' 00 , 


Thus a variation of the configuration of the system which increases 
the internal energy when the charge distnbution is maintained 
constant decreases this energy when the potential distribution is 
maintained constant 



CHAPTER II 

DIELECTRIC THEORY 

46 Introduction*. The fact that certain bodies after being 
rubbed appear to attract other bodies at a distance from them 
was known to the ancients In modern times a great variety of 
other phenomena have been observed and found to be related to 
these phenomena of attraction at a distance The first defimte 
formulation of this distance action between two bodies was given 
by Newton in his law of gravitational attraction, which states that 
one piece of matter attracts another according to a simple law, 
not affected by any intervemng matter. This law of gravitation 
proved so successful in astronomy that it was made the pattern 
for the solution of more abstract problems in physicsf , especially 
after it was discovered that the laws of electric and magnetic 
attraction were of precisely the same type, and attempts were made 
to model the whole of natural philosophy on this one principle, by 
expressing all kinds of material interaction in terms of laws of 
direct mechanical attraction across space Of course if material 
systems are constituted of discrete atoms, separated from each 
other by many times the diameter of any one of them, this simple 
plan of exhibiting their interactions in terms of direct forces 
between them would probably be exact enough to apply to a wide 
range of questions, provided we could be certain that the laws of 
force depended only on the positions and not also on the motions 
of the atoms 

The doctrine of action at a distance, which thus expresses the 
view that our knowledge in such cases may be completely represented 
by means of laws of action at a distance expressible in terms of 
the positions (and possible motions) of the interacting bodies 
without taking any heed of the intervening space, was specially 

* Of the article “Aether” by Sir J Larmor m the Encyclopaedia Brilannica 
(1911) Also the book Aether and Matter by the same author. 

t The most successful of these apphcations has been in the theory of capillary 
action elaborated by Laplace, though even here it appears that the defimte results 
attainable by the hypothesis of mutual atomic atti actions really leposed on much 
wider and less special pimciples- — ^those, namely, connected with the modem 
doctrine of energy 


4-3 
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favoured by tbe Prencli and German scientific schools and in 
W. Weber’s hands an almost complete electric theory was built up 
on it*. The doctrine was however strongly repudiated by Newton 
himself and hardly ever became influential in the English school of 
abstract physicists 

The modern view of these things, according to which the hypo- 
thesis of direct transmission of physical influences expresses only 
part of the facts, is that all space is filled with physical activity 
and that while an influence is passing across from a body A, to 
another body B, there is some dynamical process in action in the 
inter vemng region, though it appears to the senses to be mere 
empty space The problem is of course whether we can represent 
the facts more simply by supposmg the intervening space to be 
occupied by a medium which transmits physical actions, after the 
manner that a continuous material medium, solid or liquid, trans- 
mits mechamcal disturbances The object of the following pages is 
to answer this question in the affirmative along the lines laid down 
by Earaday in his experimental researches 

47 Faraday ’sf ideas on the nature of the electric action 
between charged bodies. The theory of electric actions developed 
in the previous chapter is essentially a distance action theory, 
inasmuch as it depends merely on the concept of the electric charge 
with a definite law of action between point charges No reference 
whatever is made to the medium between the charges and in fact 
our theory is true only if one single homogeneous medium pervades 
the whole of space Such is in general not the case and the theory 
thus needs generalisation on the lines suggested by Faraday and 
worked out mathematically by Maxwell. Faraday firmly believed 
that the action between two charged bodies was transmitted 
through and by the medium between them To test his ideas experi- 
mentally he tried to alter the medium by interposing between the 
charges different dielectric substances. The procedure actually 
adopted to obtain the exact effect was to use two equal spherical 
condensers, one with an air dielectric and the other with some other 

* An histoncal account of the developments of electrical theory on this basis i9 
given with full references by Reiff and Sommerfeld m der math W isseTisch^ 

V 12, pp 1-62 

t Of. Bxpenmental ItesearcheSf especially i 1231, 1613-16, m 3070-3299. 
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substance, such as sulphur By connecting the two inner spheres 
of the condensers together and the outer ones to earth any charge 
IS divided between them. If the condensers are of exactly the same 
size the charge should be divided equally if the presence of the 
sulphur makes no difference Faraday found however that they 
were not equally divided , but were in a definite ratio € 1 , the 

presence of the sulphur increases the capacity of the one condenser 
e times This constant e was found to be typical of the substance 
used in the second condenser and is therefore called the specific 
inductive capacity (sic ) of the substance or simply its dielectiic 
constant 

The value assumed by the dielectric constant for certain standard 
substances will appear from the hst appended where approximate 
values are given 


Glass (ciown) 

6 

Watei 

81 

„ (flint) 

85 

Benzene 

23 

Ice 

93 9 

Peti oleum 

2 1 

Rubber 

22 

Alcohol (methyl) 

35 4 

Paper 

22 

„ (ethyl) 

26 8 

Ebomte 

28 

Glycerine 

39 1 


Shellac, oils, rubber and ebomte have values of the constant 
between 2 and 3 , glass and the micas have a value between 6 and 9 
Many hquids are much higher, water being about 80 at ordinary 
temperatures , but at low temperatures the value seems to become 
constant at about 2 or 3 for a variety of liquids which are widely 
different at ordinary temperatures. The value vanes also largely 
with the purity and constitution generally of the specimen under 
examination 


48 In attempting to find some cause or theory of this new 
effect Faraday was induced to a closer investigation of the electric 
field in the cases when the otherwise simple circumstances are com- 
phcated by the presence of some dielectric material, his method 
being to trace out experimentally the hnes of force and to form 
them into tubes of force in the manner indicated m the previous 
chapter He intmtively got the idea that the amount of electricity 
at one end of the tube was the same as that at the other and he 

* Dielectno constants were independently determined by Cavendish in 1773 Of. 
Maxwell, Treatise, i p 54 
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then succeeded in verifying this experimentally even in the case 
when dielectric media of great complexity were present in the 
field. Moreover he discovered that the other important property 
of tubes of force, viz that the product of the force intensity at 
any point in a tube by the cross-section at that point is constant 
all along, still held in the general case 

Such obviously fundamental results naturally led Faraday to 
think that there must be some physical cause for this equality and 
he put it down to some physical action in the tube He imagined 
the tube to be full of an incompressible fluid so that if the liquid 
were pushed along the tube, whatever excess is produced at one 
end has an equivalent diminution at the other, both being equal 
to the amount crossing any section of the tube during the establish- 
ment of the displacement 

The essential point in this idea of Faraday’s is that an electric 
field arises through an electric displacement or induction along the 
curved lines of force, resulting in an accumulation of positive 
charge at one end and negative at the other. The term 'electric 
displacement’ thus introduced is however not to be taken too 
literally in this sense The idea that survives is that it is some 
vector of the same nature as the displacement of a fluid which is 
related in the usual manner to the lines of force which experiment 
maps out 

49, In the mathematical formulation of this scheme it is first 
necessary to define the electric force independently of the idea of 
simple attraction We define the electric force intensity E at a 
point in the field so that ESg is the force on a small charge Sg' 
placed there. Before however we put the charge there we must 
make room for it, we must remove the matter inside a small cavity 
surrounding it. The question as to whether this removal aflects 
the force at the point is reserved for future consideration, and for 
the present we shall assume that the force intensity thus defined 
is a mathematically defimte vector quantity. 

The force E as thus defined is still the gradient of a potential 
function (j> A simple justification of this statement could be based, 
in the manner previously indicated, on the perpetual motion idea, 
the argument being that, under steady conditions, carrying a 
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charge romid a closed circuit ought to involve no work on the 
whole, assuming that the conditions are the same at the end as 
at the beginmng We shall therefore assume the existence of a 
potential function (j> at each point of the field 

We must next define the electric displacement or something akin 
to an electric displacement The intensity of the displacement 
m any direction at a point is such that the total amount displaced 
across any small area df^ perpendicular to the direction during the 
establishment of the field is 

Suppose now we consider that 
the field is estabhshed by slowly 
increasing all charges proportion- 
ally the configuration of the field 
at each instant as regards the lines 
of force and displacement will 
then be similar to the final one 
Now consider a tube formed by 
the lines of displacement drawn 
through any small area df, which 
is perpendicular to its mean axis, 4 

and let dfg be any adjacent slanting 

cross-section making an angle 9 with df This tube is a tube of 
displacement at each instant during the establishment of the field 
and thus the totality of displacement across any section of it is 
the same all along that is 

= -Ddf, 

but df^ cos 9 = df and therefore 

= D cos 9y 

and thus the quantity D so defined is an ordinary vector, its direc- 
tion being at each point along the line of displacement through that 
point 

It IS easily verified that the final result of any more complicated 
method of estabhshing the field would be expressible by the same 
quantity D 

50 Thus in our electric field we have at each point two kinds 
of vectors 
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(i) tlie force intensity E winch is the gradient of a potential 
function, and 

(ii) the flux intensity D. 

Now our theory implies that E is the cause of D, the displace- 
ment at a point is conditioned by the force intensity there. The 
simplest possible law of causality we can have is that in which 
there is a simple proportionality, so that if we double the cause 
we double the eflect In this case the components (D^, D^) of 

the displacement would be linear functions of the components 
(E^, E^, Eg) of the electric force, i e 

+ ^12^2/ + ^13^3 s 
” 1 " ^ 22 ^ 2 / ^ 23 ^ 3 » 

^3 = + ^32^v "1" ^33^3 j 

or m symbolic vector form 

D = (c) E. 

For isotropic media, i e for those having the same properties in 
all directions, this would be more simply expressed by the vector 
relation ^ ~ 

This IS the simplest possible form of the theory Subsequent 
developments will show that it is very approximately the correct 
one Let us now follow it to some of its more important conse- 
quences, confimng ourselves however to the case of isotropic media. 

51. Now suppose all the lines of displacement drawn out in the 
field and formed into tubes The total displacement across any 
cross-section of a tube is constant along the tube Moreover the 
displacement at one end of a tube where it abuts on a charge is 
equal to that along the tube and on the simplest assumption is 
measured by the charge there If we are dealing only with con- 
ductors carrying charges and if a tube ends at a place where the 
surface density is a and the cross-section there is dfi, then if df 
is the cross-section at any other part of the tube where the flux 
density is D _ , * , « 

On this idea the surface density, or charge at the ends of a dis- 
placement tube, is merely the terminal aspect of the displacement 
in the tubes. The way the displacement reveals itself is by piling 
up surface density 



50-52] THE POTENTIAL EQUATION 57 

In this theory the ordinary Gaussian surface integral theorem 
has a distinct physical significance Our notion of the displacement 
means that if we take a closed surface of any kind in the field and 
integrate the normal displacement over it, then the total thus 
obtained must be equal to the total charge inside Thus if is 
the normal component of the displacement at the position of the 
element df of this surface 

f = 

’f 

where Q is the total charge inside the surface / This means that 
if the charge inside is a volume charge of finite density p, then 

[ [ pdv, 

which by Green’s lemma reduces to 

I divDdv = j pdv, 

and as this is true for any volume / we must have 

div D = p 

at each point of space if p = 0, as is usually the case in all electro- 
static problems, then 

div D = 0, 

and as much is displaced out of any region as flows into it, i e the 
displacement is like the flux of an incompressible fluid, as assumed 
by Faraday and Maxwell, D then satisfies the conditions for a 
St) earn vectoi 

52 We have already seen that the electric force intensity at 
each point of the field is a vector whose components are 

(E^, E„, E,) = - g^, gj) si. 

moreover our assumptions imply that the displacement D is con- 
ditioned by the electric force E and the relation adopted was 

D = (6)E = - (e)grad9?», 

hence we have the characteristic equation of the field in the form 
div ((e) grad ^)= - p, 

which IS the equation that replaces Poisson’s equation for our 
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theory. It is the characteristic equation of the potential i unci ion 
on the new generalised method of procedure invented by Faraday 

If the dielectric medium is isotropic this equation rciluces 1o 


d_ 

dx 





and if it IS homogeneous as well it becomes 



a modified form of Poisson’s equation This lesult stated in woids 
implies that the result of having the dielectric tliioughoiit the 
region is that the same distribution ol potentiaJ ie([iiires ,i. dis- 
tribution of charge € times larger than in iioe s[»ace Thus the 
constant e of homogeneous isotropic medium whicli has been lu‘r(‘ 
introduced merely as the physical constant in tlie lelation between 
the electric force and displacement, is identiCMl with Faraday's 
dielectric constant € 


53 As in the previous method of analysis of the elect iic field it 
IS essential that we consider the alterations in the above analytical 
procedure necessitated by singularities in the distnlnition ol chaig(‘, 
so that we may know how to deal with them when they turn u|) 
m any applications The most im])ortant case is tha-t in w^hich p 
IS infinite along a surface so that there is a surhice distribution of 
density a, we shall confine our attention to tins example. 

In the first place it is obvious that discontinuities can arise only 
in the neighbourhood of the surface distiibution hloreovi^r <l> must, 
be continuous as we cross the surface as otherwise its gradumt. 
across would be infimte If we now apply our generalised Gainss’ 
theorem to a small flat cylinder enclosing a jiaTt- of th<^. surfaci^ of 
area dfwe can conclude at once that the normal component* of tiie 
displacement across the surface is discontinuous liy a,n amount 
4- 0 -, i.e, if T>n IS the component of D normal to the surface on which 
the surface density is situated and if also suffices 1 and 2 denote 
the values of the functions at near points on the same normal one 
at each side of the surface 

= O', 
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but, as above, in the case of isotropic media 


'ni ■ 


» 


D — — IT rf 2 


dn 


where we have also 
different values of € 
surface. Thus 


included for generality the possibihty of 
for the substance on the two sides of the 


_ 

^ dn ^ dn 


<T, 


If the surface is one 
medium, without any 


of discontinuity in the isotropic dielectric 
charge, <t = 0 and thus 


'0?^ ■ 


g 9-^2 _ 0 

du 


and these equations give the form of the boundary conditions to 
which (f) IS subject in the present torm of the theory 


54 It must now be noticed that the theory here given agrees 
perfectly with that deduced from the old attraction ideas for a 
vacuum We have only to put € = 1 to get all the results of our 
previous theory We have however gone deeper into the matter, 
instead of talking of mere attractions we have attempted to see 
what is going on and have generahsed the theory to include the 
properties of the medium conveying the action Instead of a simple 
theory of attractions we have now a theory of flux stimulated by 
electric force The exposition is of course merely of the nature of 
an explanation, no proof can be given that it is the correct view 
of the affair We have merely invented a consistent scheme whose 
continued existence depends only on the test of its reality 


55 Electric displacement. The whole of the present scheme 
turns on the electric displacement. What is this displacement^ 
Why is it different when a dielectric substance is present^ The 
first question has not yet been satisfactorily answered, but the 
second question was at least explained when Kelvin apphed to 
such media Poisson’s analysis for magnetically polarised media in 
combination with Faraday’s idea of dielectric polarisation. 

If there be brought near to a charged body A a rod composed 
of some dielectric or conducting material, the usual phenomena 
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of electric induction are observed the ends of the rod near to and 
remote from the charged body behave just as if they carried lesjiec- 
tively charges of the opposite and of the same kind as li tlie 
rod is made of conducting material it can be charged ])oi inanontly 
in this way on cutting the rod at any point between its two ends 
and removing it from the neighbourhood ot A the sc})anitod 
fragments are found to retain the charges whicli they appeared to 
carry under the influence of the charge on A But li the lod is 
made of insulating material the separated hagments will be witliout 
charge at whatever point the rod be cut The old-fashioned ex[)l<ina- 
tion of this fact is that the neutral rod is supposed to contain in 
each of its elements or particles equal quantities (comparatively 
large) of electricity of opposite sign which noimally counter- 
balance one another. When the body is brought into the neigh- 
bourhood of the charged body A the electricity on that body attracts 
that one of the two charges in each element of the neutral body 
which IS of the opposite sign and repels the other, the result being 
a separation of the charges In a conductor the charges are (pute 
free to move about as they like and the disjdaceincnt may be of 
fimte extent In a dielectric on the other hand tlic chaiges aj)pear 
to be bound to the molecules of the body by icstraiiung loices ot 
some kind-^, quasi-elastic forces we may say, and the (l]s[)lacenu‘nt 
IS thereby limited to very small molecular dimensions, the chaiges 
each settling down into an equilibrium position wdiere tlie elect iic 
forces of the field balance these quasi-clastic foices. 

This theory has been completely substantiated by the discovery 
of the atomic structure of electricity and the conseejueut devidop- 
ments of experimental science in the elucidation of the 'electron 
theory’ to which this discovery gave rise According to this theoi y 
every atom contains as an essential element of its constitution a 
certain number of electrons more or less tightly bound in it, in 
addition to the necessary positive charge to make it neutral. The 
application of an electric field will then as above (lis}>lace the lu^ga- 
tive electrons relative to the positive ones and thus render each 
atom bi-polar in the above sense, 

* Mossotti assumes that the molecules are hko small conduotorH xnHulal<‘<l from 
one anothei Cf Sur lea forces qm rigi^amt la constifution intiine dea corps (I’linii, 
1836) 
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56 Tlie tlieory of polarised dielectric media is a molecular one , 
the polarisation is supposed to belong to the individual molecules 
of the dielectric substances or perhaps to molecular groups, the 
essence of the affair is that the physical element (the smallest thing 
we are concerned with) is a bi-polar one, i e it has two equal and 
opposite poles of electric charge Each molecule of a substance 
contains one or more elements of electrical charge of each sign, 
which are originally practically coincident, the application of an 
electric field would then tend to pull them about until some elastic 
resilience (supposed for the present to be proportional to the dis- 
placement) balances the electric pull 

There is another theory of polarised media which assumes that 
the separate molecules are permanently polarised (i e the charges 
never coincide) but are usually arranged in all sorts of directions 
It is owing to the fortuitous distributions of the directions that 
the total statistical effect is null in the normal condition The 
application of an electric field would then turn each molecule 
round, all towards a definite direction, against elastic resilience and 
their separate fields would no longer cancel 

Either of these theories would do for the present purposes but 
we prefer the first for reasons which will afterwards appear The 
statistical view of the two is the same, and this is, after all, all that 
we are concerned with at present There are certain facts which 
suggest that there is, at least in some cases, a certain justification 
for the second view but these will be dealt with separately 

The essential fact in any such theory is that all electric excite- 
ment IS accompamed by electric separation In a conductor the 
opposite charges present at each point will be pulled right apart 
and as the supply is practically unhmited the separation will go 
on while the electric force exists , in an insulator or dielectric sub- 
stance on the other hand the extent of the separation is limited by 
certain elastic resihences tending to hold the separate charge 
elements to the matter. 

57 Mathematical formulation of the theory. We start by 
analysing the electric field of a polarised dielectric mass The 
element of the analysis is the simple bi-pole consisting of two 
point charges (+ g', — g^) placed at a small distance apart. The law 
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of inverse s(juares is assumed for each coustitueiit. If tlie ]>ole 
+ ^ IS at ^ and ~ at then the potential due to this eh^nient at 
any point P in the field is <56 where 

^ 4 > = ya~ fb 



Let 0 be the mid-point of AB and d be the angle AOP, also put 
AB = Ss, OP = 7, then since Ss is very small wo have 

PA == r — ^ cos 6 , PB = M cos 9 , 

A A 

so that 8 .^ 

I r — ^ cos 9 » -h cos 9 / 

qBs cos 9 ^11 

= ' — ^2 “ practically. 

In dealing with elements of this nature we do not as a rule know 
either q or 35, only the product qBs, but this is all we are concenuHl 
with in the investigation We therefore use a sj)ecial name for it n nd 
call it the moment of the element, the line AB is called the axis ot 
the bi-pole and since the direction of this axis is an essential part 
of the specification of the bi-pole we shall find it convenient to 
treat the moment as a vector quantity, for then it will take account 
of the direction as well as the magnitude of the electric moment. 
We use the symbol e to denote such a moment*. 

* The mode of presentation here adopted i& due to l^armor Of A Hfie) and , 
App A, “On the pnnciples of the theoiy of magnetic and electno polansation ” 
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If we put the bi-pole at the origin of coordinates, then the poten- 
tial of the element at the (x, y, z) point is 

^ (er) 

47rr® 

so that the potential of the element is the sum of the potentials of 
its separate components 

58 The molecule or element of a dielectric medium may consist 
of a whole system of simple doublets of the kind here examined 
The molecule may contain a whole lot of positive and negative 
elements and if we group them in pairs (positive and negative) we 
have a system of bi-polar elements We could find the resultant 
of the moments of all these separate elements and we should then 
define this as the moment of the molecule If we are considering 
their efEects at ordinary distances the different positions of the 
centres of all these bi-poles in the molecule will not concern us, 
for all practical purposes we can regard the centres as coincident 
on account of the extreme smallness of the molecule. It thus appears 
that we can treat each molecule, however complicated it may be, 
]ust as if it were a simple bi-pole with a definite moment, obtained 
perhaps by considering the positive charges as practically equiva- 
lent to a positive charge at its mean centre and similarly with the 
negative The essential point is thus that we can treat the molecule 
as a simple element and we need not for the present trouble ourselves 
with details of how it is built up 

Now suppose we have a whole lot of these bi-polar molecules 
forming a finite mass We must then treat the thing as a whole and 
take as the element of our analysis a volume element Sv The 
aggregate of the moments of all the bi-poles in this element is 
again obtained by combimng them all vectorially without regard 
to their different positions m the element The resultmg moment 
must be proportional to Sv if that volume is small* , suppose it is 
P8v, where of course P is a vector This quantity P expresses the 
way in which the body is polarised, it is the polarisation per umt 
volume at the position, and in the language of physics is called 


* ‘Physically small ’ 
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the intensity of the polarisation This vector expresses all that we 
can know or recognise experimentally about the polarisation of 
the body 

If the bi-polar elements or molecules are distributed anyhow in 
all different directions, P == 0, but if there is any degree of con- 
vergence of their axes to a definite direction, then P has a definite 
value different from zero 


69. Having now defined this quantity P which comjiletely 
specifies the electric state of the polarised body, we can by its 
means determine the electric field m the neighbourliood of the body, 
without at present stopping to consider the actual method by which 
this polarisation is produced 

Each volume element S^i of the body is like a little bi-polo of 
moment PiS% and thus its potential at the point P is evidently 




denoting the unit vector along the direction of the radius from 
the position of the element to P. The potential of the whole 
body at any point P is therefore 







wherein S denotes a sum taken over all the elements hv of the body 
This may also be written in the form of an integral 
, 1 r(PirO , 


which IS the same as ^ 

477 

the vectorial operator V involving differentials with respect to the 
coordinates of P. 



The intensity of force at the point P in the field can now be 
written down m an analogous manner. It appears as a vector — the 
negative gradient of the potential ^ 

E = — grad <f> 

One proviso, and an important one, has been omitted in the above 
statement* the 'point P 'must he 'well outside the dielectric substance. 
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60 The integral definitions here given necessarily involve some 
sort of continuity in the distribution of the polarisation intensity, 
and rather more than is actually the case in a real medium con- 
stituted of discrete molecules To give them a defimte sense in a 
strict mathematical theory we can however replace as in the first 
chapter the real medium by a perfectly contmuous distribution of 
polarisation with the proper intensity P at each point This hypo- 
thetical distribution is effectively equivalent to the real one at all 
points of space which are not too near it. 

We may next enquire as to how close to the distribution does 
this representation of the force and potential by integrals remain 
vahd. In this connection it must first be noticed that since we have 
assumed the nucleus of the bi-pole which forms the basis of this 
theory to be entirely confined within a molecule or atom it may 
reasonably be supposed that the law of its action as defined above 
remains valid up to within a physically small differential distance 
from the molecule, which is a length defined so as to include a 
large number of molecular diameters, in other words the effective 
combination of positive and negative elements of charge in the 
molecule into doublets in the manner specified above is vahd up 
to within this small distance from the molecule But the substitu- 
tion of an effectively continuous charge distribution for the dis- 
tribution of both positive and negative elements thus combined 
is vahd to the same extent, so that we may conclude that the hypo- 
thetical distribution of polarisation effectively replaces the actual 
discrete one as regards its field up to within a physically small 
differential distance from the polarised body, this being the distance 
at which the actual distribution of the charge in any small volume 
element ceases to be irrelevant 

61. The next process in the development of the mathematical 
theory is to specify the electric field at points in the interior of the 
polarised medium Waiving for the present any other difficulties 
involved m the extension, let us assume that the hypothetical 
continuous distribution of polarisation effectively replaces the old 
one at all points of the field however near to the medium it may 
be and let us examine the force and potential at the internal point. 
We might ]ump to the conclusion that m this case the force and 
potential are correctly represented by the integrals as given above 
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for external points; but any attempt to use these definitions for 
internal points for whicli the corresponding integrands botli 
become infimte must be preceded by a justification of tlieir con- 
vergence at such points. If the integrals representing them are 
convergent at internal points, then the force and potential so 
defined will have defimte meanings at such points 

From a physical point of view we see that the contribution to 
the values of these functions at any point from adjacent parts of 
the medium involves a large factor in the integral and we want 
to know whether their aggregate is comparable with that fiom the 
rest of the body. If this is the case the integrals are at best semi- 
convergent and the defimtions are almost useless, because we do 
not know anything about the local configuration of the elements, 
it may be anything for all we know 

But we have already seen that the integral expressing the 
potential is absolutely convergent, so that on the present basis, 
the local contribution due to the continuous distribution of polarity 
near the point under investigation is negligible strictly speaking 
the efiects of these adjacent parts involve the dimensions of their 
volume linearly and thus in the aggregate their effect is negligible 
compared with that of the rest of the body The physical way of 
stating this is, as we had it before, that the scooping out of a 
vanishingly small cavity round P makes no difference to the 
integral, the shape of the cavity does not matter so long as it is 
indefimtely small 


It IS however otherwise with the integral for the force at P. The 
aj-component of this force is in fact represented by the integial 

- I grad, (P,V)^ 

which, if we use (Xj, %) as the coordinates of the elements 
and (x, 2/j as those of P, can be written in the form 



B (g? — Xx) 


(y - 2/iPy H- 




which is precisely of the type which is known to be semi-con- 


vergent. The local parts of the polarisation even m the hyjio 
thetical continuous medium thus have an effective influence on the 


value of the force. Thus our definitions of the force, at least, in the 
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internal field by means of the effectively continuous distribution 
of polarisation breaks down f This does not however seriously 
disturb our formulation of the theory because we can proceed as 
in the first chapter to modify the defimtions to make them more 
consistent with a physical theory. 


62. The necessary modification will come better if we first obtain 
Poisson’s transformation of the potential integral given above. 
We shall assume that the point P at which the field is investigated 
is well outside the dielectric substance, so that there is no doubt 
about an apphcation of the above defimtions and the consequent 
effectiveness of the continuous distribution of polarisation If P 
is actually inside the medium we ]ust remove a part of the medium 
inside a physically small cavity round P, so that it is still m free 
space We can then adopt without any further hesitation the 
above definitions for the force and potential at P The potential 
IS m fact such that 


but since 



where Vj denotes the same vector differential operator as V but 
taken with respect to the coordinates (x^, z^) of dv^ instead of 

(x, y, z) as above, this is also 


4,r^= f(PVx)*\ 


the integrals in each case being taken throughout the volume of 
the polarised medium, excluding the part removed from the small 
cavity about P if it is made A simple transformation by Green’s 
theorem then shows that 


4,TT<j> = j dv^ (PVi) ^ 


' div P 

. n 





where the surface integral is extended over the surface of the body 
(including the walls of the cavity if P is inside) and the volume 
integral over the volume of the body 


5-2 
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Tliis means ttat the potential of this polarised body is the same 
as the gravitational potential of the mass distribution specified as; 

(i) a volume density /) — — div P 

throughout the body excluding the cavity if made, although, as 
a matter of fact, the cavity may be filled in with the continuation 
of this distribution throughout its volume without making any 
appreciable difference to the integral for which is convergent at 
the point, 

(u) a surface density a == 
over the surface of the body and cavity. 

All this applies only to a point outside the substance of the 
polarised medium. If the point is right outside the medium the 
values of the force and potential due to such a mass distribution 
are qmte defimte and are m fact identical with those already given 
on the more direct definition , this distribution of attracting charges 
or masses effectively replaces the distribution of polarisation as 
regards its action at all external points. It is however in the 
analysis of the field at internal points that this mode of treatment 
helps us. 

63. If the point P is inside the polarised medium we can draw 
round it a small surface whose Imear dimensions are physically 
small. The distribution of polarisation in the medium outside this 
surface can then as regards its action at P be effectively replaced 
by the continuous distribution of attracting masses ]ust described. 
We thus see that the total field at P can be separated into distinct 
components Firstly the volume distribution p outside the surface 
gives a defimte force and potential at P, no matter what size or 
shape the cavity may be, provided only that it is physically very 
small. Similar remarks apply to the surface distribution o- on the 
outer surface of the body. But the distribution cr on the walls of 
and the distribution of molecules inside this cavity give a potential 
and force at P which depend entirely on the shape and size of the 
cavity even if it is very small and will in general be comparable 
with the other parts. This latter component of the field is however 

* At an interface between two different dielectric media theie is a surface dis- 
tribution of density 

“P nx'“P wa 
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a purely local part depending entirely on the molecular configuration 
round the point and the conditions of polarisation existing in them ’ 
as we do not know the local molecular configuration, which may 
be changing rapidly, we cannot know what this local part really 
amounts to , but we have succeeded in separating it from the mam 
part of the action due to the rest of the body 

We now adopt the arbitrary course of simply neglecting this 
local molecular part of the field, so that we can confine our dis- 
cussions entirely to that defimte part of the force which is due to 
the medium as a whole, i e. the molar part This is merely following 
a usual method in physics and involves but a simple extension of 
the ideas underlying the Young-Poisson principle of the mutual 
compensation of molecular forcives employed in their theory of 
capillary actions* It requires that such local forcives shall set up 
a purely local physical disturbance of the molecular configuration 
in the material, until it is thereby balanced. Another example of 
this principle is provided in the ordinary theory of elasticity where 
in addition to the local strain forces m an elastic medium there are 
the comparatively very powerful cohesive forces, which arehowevei 
presumed to form an equilibratmg system and not to affect the 
phenomena as a whole. It is fortunate that we can in this way 
eliminate the influence of the neighbouring elements. 

We can therefore define the electric field inside the body as thal 
field when the effect of the local part is omitted, and this defimtior 
will apply quite consistently to outside points as well. We have 
been able to separate the local part from the total, and the field of 
force of our subsequent discussion is that due to the rest On this 
defimtion the integrals expressing the force and potential are always 
convergent and apply to inside as well as to outside points as they 
are then just like the corresponding functions of our formei 
theory involving only ordinary volume and surface distributions 
of charge. The electric force is then always the gradient of the 
potential. 


* Of Larmor, Aether and Matter, App A, Young, “ On the Cohesion of Fluids,* 
Phil Trans (1805); Poisson, Nouvelle Th4or%e de V Action Capillatre (Pans, 1831) 
Rayleigh, “On the theory of surface forces,” PhiL Mag. 1883, 1890, 1892, especially 
1892 (1), pp 209-220, Van der Waals, Essay on the continuity of the liquid anc 
gaseous states 
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64 On these definitions the electric force vector E is still the 
gradient of the potential <f>. Also since <f> is due to the specified 
volume and surface distribution 

V2<56 == — p 

= + div P, 

at each point of the field and at the boundary of the dielectric in air 

_ ^^2 _ _ ^ _ p 

dni dn^~ 

but E = — grad 96 = — 

so that div P = V^<f> = — div Vcf> = -^ div E, 

or div (E + P) = 0 

The vector (E -f P) is therefore a streaming vector, it satisfies the 
usual equation of continuity of incompressible fluid flow. We call 
it the vector of electnc displacement"^ and denote it by D Tins 
electric displacement is the important vector of the theory its 
importance lies in the fact that the flux or displacement through 
any surface only depends on its boundary so that we can take the 
flux as estimated as so much through a circuit For we have 

div D = 0, 

so that if we take any closed surface / in the field we get 
J (div D) dv = 0 

taken throughout the region bounded by/. But by Green’s theorem 
this consists of . 

together with the surface integrals arising from discontinuities 
when we pass into the polarised medium; these are the integrals of 

^na) 

over the parts of the surfaces concerned which are imside/, or 
which is zero : we thus have 




* Maxwell, Treatise, i. p. 64. The Teotor D is the displacement proper. 
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Now suppose we have an unclosed surface /abutting on the closed 
curve s, then we can take another surface /' with the same curve s 
as boundary and the two surfaces/ and/' together form a closed 
surface Thus if n denote the normal to the element of either surface 
in a definite sense through the circuit, the above equation gives 

Jf 

and the result is as stated. 

The real significance of these results does not however appear 
until we discuss the subject of electromagnetism, it is hidden by 
the more general circumstances under which the present theory 
has to be developed. 

65 The general problem. We have so far merely discussed 
the fields of polarised media without any reference to the way the 
polarisation is created As a rule however we cannot have dielectrics 
polarised unless they exist in an external electric field, i e in an 
imposed field due to an extraneous electrical system The intro- 
duction of the dielectric into the field results in each element of it 
being turned into a little bi-pole in the manner above indicated 
and the total field of all these bi-poles has alone been under investi- 
gation, although as a matter of fact it merely represents the addition 
to the original field brought about by the introduction of the dielec- 
tric substance into it For the general case therefore we must 
superpose on the field above investigated that original field which 
existed before the dielectrics were introduced and which we shall 
for the present suppose to be due to certain volume and surface 
densities pQ and ctq The above discussion of the convergence of 
the force and potential integrals is not hereby affected, since the 
additional parts of these functions due to such a distribution are 
already known to have definite values at all points of space. The 
electric force is therefore still the gradient of a potential function 
We now use for the potential of the field above investigated, <J^»o 
for the potential of the original field, and ^ for that of the total 
field, a similar sufifix-notation is also adopted for the other quan- 
tities involved. We have now 

<^=<^ 0+^11 
E = — grad ^ — V(^* 


and 
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Thus == V^(5&o 4- 

and V^«^o = — Poi == — pi = — div P , 

so that we now have div (E + P) — Po - 

The induction or displacement vector is no longer a stream or 
solenoidal as we say, if we again use D to represent it we have 

div pn 

66 At a boundary surface of the dielectiic meihuni which also 
carries a surface charge of density o-q we have 

M ^ 4 - 

3% 3^2 \3% ^ \d>ii d»J 

= — cr, -- a^, 

or ~ 4" P «2 ~ ^ 0 » 

or — 4- (Ena + P«) = 

In free space, i e on side 1 of the general surface of discontinuity, 

D = E, 

in the dielectric medium however 

D = E + P, 

so that the above surface condition can be written as 

= o’q 

The normal induction is discontinuous across the surface charge 
by an amount ctq , if there is no surface charge 

Wa* 

Similar conditions are also found to hold at charged or uncharged 
surfaces of discontinuity in the dielectric medium itself, i e surfaces 
separating not the dielectric medium from a vacuum, but one 
medium from a second different one. 

We have thus a complete specification of the field in terms of 
the electric force E, the electric induction or displacement D and 
the intensity of polarisation P where we know that at each point 
of the field -rx « 

in the vector sense. These three vectors give us the distribution 
of force, induction and polarisation; but any two of them are 
sufiS-cient as the third ih determined when the other two are known. 
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Although the vector P is perhaps the more fundamental physical 
one, we shall regard the first two vectors as the mdependent variables , 
they turn out to be the more sigmficant ones of the theory. 


67 We have now examined the electrical field under the con- 
ditions of the dielectric being present and having induced in it a 
polarisation of intensity P at each place. But how do we know what 
polarisation will be induced in a given dielectric substance and of 
what use is the above analysis^ We evidently want an additional 
physical principle to complete the scheme 

The electric force at any point in the dielectric medium is E 
(neglecting the local part) and the electric displacement induced 
is D, and as we have pictured the affair the polarisation and there- 
fore the displacement is conditioned by the electric field Thus if 
there is to be any law about the matter at all one of these quantities 
IS a function of the other The simplest possible relation we could 
have IS a simple proportionahty so that if we double the cause we 
double the effect Expressed mathematically a relation of this kind 
means that the components of the displacement are linear functions 
of the components of the electric force 


^05 — “ 1 “ > 

~ ^Sa^y "1“ ^23^a > 

or expressed shortly by a vector equation 

D = (c) E 

For homogeneous media this relation would assume the simpler 

D= eE. 


form 


We might of course assume more generally that 
D = cE + €iE^ + - 

but we presume that if € is small the other terms beyond the first 
are negligible and we find that it fits the facts. In any case the 
simpler form is right for very small fields and anything more com- 
phcated is mathematically unworkable 

It might be thought that it would be better to take the polarisa- 
tion as proportional to the total electric force including the local 
part. The local influences have however been regarded as equal and 
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opposite actions and reactions occurring m and between tbe mole- 
cules concerned and cannot add anything to the total result in any 
definite direction. The presumption is that these local effects are 
erratic and cannot influence a vector effect at the place. 


68. We can now complete our formulation of the scheme we 
have in the vector sense d (c) E 

as our physical relation ; but 

D = E + P, 

and thus ((c) — 1) E = P, 

and P the electric polarisation intensity is thus also proportional 
to E. 

Also on this theory 

D=(6)E«-(€) grad<^, 
and since div D ~ p, 

we have div {(e) grad <f>}^ ~ Po, 

which IS the characteristic equation of the theory, the potential 
function (f> must always satisfy this equation when there are di- 
electrics about. 


Notice that for isotropic media this becomes 

dx\dx) dy\dy) dz\dz) 

The boundary conditions to apply at a surface of discontinuity 
in the medium on which there is also a surface charge of density cto 
are obtained in the usual way; they are* 


or if o-Q == 0 simply 


~dn 




^ dn dn • 


We are thus enabled to express everything in terms of the 
potential function of the field which must satisfy the above charac- 
teristic relations at each point of the field We notice that these 
* These conditions are perhaps not so happily expressed as they might have 
been In the general case of anisotropic media the expression of the normal com- 
ponent of the mduction vector m terms of the potential gradient requires great 
care. 
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relations are identical in form with those obtained on the less 
exphcit basis of the Faraday-Maxwell theory, the constant e being 
the same as there adopted The electrical conditions are the same 
on either theory, the only difEerence is the more physical basis for 
the mode of action of the dielectric medium in modifying the 
electric field by which it is surrounded, 

69. The electric displacement D is now a composite vector, 

D = E + P, 

containing two essentially distinct parts, both of which are pre- 
sumably caused by the electric force intensity E The first part, 
the aethereal d/isjplacement, is present at each point of the field even 
if there are no dielectric media there, but the second one, the 
material polarisation, arises solely on account of, and in, these 
dielectrics The second part is a true displacement of electricity, 
but all we can say of the first is that, somehow or other, whatever 
its ultimate nature may prove to be, it nevertheless behaves ]ust 
as though it were a true displacement of electricity 

We must notice that the direction of the displacement D is in 
the positive direction of the electric force and is therefore in a 
direction away from the positive charge, further the vector D is 
a totality of displacement If the rate of change of the displace- 
ment at any time t be denoted by the vector R, then the amount 
displaced across any surface element df during the small time dt 
IS during the fimte interval since the imtial instant 

required in setting up the field, the total displacement across the 
surface element is therefore 

r 

id 

and this defines the vector D of our theory. 

70 The mechanical relations of the dielectric field. In the 
previous chapter we found that the total energy in the electro- 
static field was expressible in terms of the charge distribution in 
such a way that the amount of energy required to increase the 
volume density of charge at any pomt by Sp and the surface density 
by Sor was given in the form 

8W j (^8pdv~j- |* (^Sadf, 
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the first integral being taken throngliout the whole of the field and 
the second over all those surfaces where there is a surface density. 

Although the previous discussions have entirely ignored the 
dielectric medium and its efiect on the electrical conditions of the 
system, the result just quoted is perfectly correct whatever the 
complexity of this dielectric medium, this results from the general 
defimtion of the potential function <j> which we have given above 


Now the simple hypothesis of action through a medium regards 
the electric charges merely as manifestations of a vaiied condition 
in the whole of the medium throughout the field In such a theory 
therefore the energy of the electrical system is distiilnitcd through- 
out the space of the field so that each element of volume luinishes 
a part to the total amount, which part depends solely on the 
electrical conditions existing in the element Now on the Faraday- 
Maxwell form of the theory the essential specification of the con- 
ditions at any point of the field is involved in the vector D, the 
electric displacement, so that the alteration of the energy produced 
in the system by a small arbitrary charge in its specification should 
be expressible in terms of the alteration of the conditions of the 
medium, viz. by SD, at each point But in the form of the theory 
adopted, this increase of displacement SD at each point of the field 
18 efiected by the agency of the electric force E, which produces 
it and IS alone effective m altering it, and if the analogy with 
material phenomena implied in our choice of names is valid the 


work done by the force intensity E in producing an additional 
virtual displacement SD throughout the small volume element dv 


would be 


(E . SD) dv. 


so that the total increase in the energy of the system should be 
expressible by the integral 



taken throughout the whole field. 


71. Owing however to the great indefiiuteness in our knowledge 
of the true nature of the vector D, this deduction of an expression 
for the energy cannot be regarded as anything more than a mere 
analogy It can however be' shown that the result obtained on this 
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analogy agrees exactly m the total amount with the former estimate. 
In fact we have at each point of space 

div D = p, 

and at points on surfaces on which there is a charge density <t 

~ ^2n = 

and thus the variations SD are connected with the variations 8p 
and Scr by the conditions 

at each point of space and 

at each surface distribution Thus the first estimate of W is equiva- 
lent to . . 

J <f> div SBdv H- (SDi^ - SD,J df, 

and a simple transformation of the first integral by integration by 
parts shows that this is equal to 


= -|(8D 
= J (E . 8D) dv* 


Thus if the change in the total energy of the whole system is dis- 
tributed throughout the field with a density (E SD) at each point, 
the total amount is consistent with our other theories For the 
above-mentioned reason we have however no really defimte 
theoretical basis for regarding this distribution of the energy as 
the actual one Maxwell assumed that it wasf and there are cer- 
tainly many points in favour of his view It is the simplest distribu- 
tion which suits the case, and for this reason alone it might be 
regarded as the correct one More we cannot say except that future 
developments confirm the assumption. 


72 We have however seen that the vector D occurring in the 
above expressions is a composite vector containing a part due to 

* To make this argument qmte rigorous it is necessary to include a boundmg 
surface m the field at a great distance from the origin and to examine the mtegral 
over it which results in the mtegration by parts In any real case however the 
field will be always regular at mfinity and this surface mtegral tends to vanish 
•j* TreaUse, i p 167 



78 DIELECTBIC THEORY [OH II 

the actual electric displacements in the polarised dielectric media 
we found in fact that D = E 4- P 

so that the integral for the energy change becomes 

j (E, 8E + 8P) dli; = J j 8Ea^^^; + J (ESP) dv 

The first part of this expression represents the aethereal part of 
the energy which would be there even if there were no dielectric 
media in the field But the second part is definitely associated with 
these media, and arises on account of the quasi-elastic connections 
between the electric particles constituting the polarisation and the 
material atoms, so that its complete analysis involves a detailed 
discussion of the mechanics of molecularly constituted media 

73, In dealing with matter contaimng a large number of par- 
ticles, atoms of matter or their contained electrons we must realise 
that each particle is in the general case subject to the action of 
certain forces which can however be divided into different types 

(i) External forces These are the definitely controllable foices 
exerted directly by external systems these would include the 
electric forces exerted by the field on those of the particles which 
are charged with electricity 

(n) Internal forces. These are the forces exerted on the individual 
particle by all the other particles in the system 

(ill) 'Reaction forces These are the forces of constraint exerted 
indirectly as a consequence of some condition or conditions restrict- 
ing the motion of the system These forces are characterised by the 
fact that they do no work on the particles on which they act so 
long as the restricting conditions which give rise to them are not 
violated 

Thus if in any small interval of time the total kinetic energy of 
the system of particles constitutmg the matter changes by ST we 
shall have by the principle of energy that 

ST=SWo + SW^, 

where SW^ is the work done during that time by the external forces 
and SW^ is the work done by the internal forces 
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74. The kinetic energy T of the particles consists in the mam 
of the energy (Tq) of the average drifts or orientations of the 
molecides, but there is also the average residue of energy {T^) 
concerned with the part of the motion of the molecules which is 
devoid of any regularity (which is super-imposed on the regular 
motion sorted out) and of which we know nothing except its total 
quantity, this latter part is the thermal energy and is a function 
only of the temperature of the body, it is of course the only part 
that exists if there is no visible motion of the medium as a whole 
{T, = 0 ) 

Agam the energy of the interactions of the various particles 
(STFJ IS also necessarily presented to us divided into different 
groups There is a part involving the interaction with the particle 
under consideration of the other particles of the system at a finite 
distance from it, which integrates into an energy function of the 
applied mechanical forces exerted between the various elements 
of the system Of the remainder of this energy a regular or orgamsed 
part can be separated out which represents the energy of elastic 
stress (molecular and intra-molecular) and is a function of the 
deformation of the volume element treated as a whole (polarisation 
constituting also electric deformation) this stress arising from the 
immediate surroundings in part compensates for the element of 
mass under consideration, the apphed mechamcal forces aforesaid. 
The remaining usually wholly irregular part may be considered as 
compensated on the spot by other such forces of different origin 
that are not at present under review 

75 Using then Tq for the kinetic energy of the organised 
motions, for the internal heat energy, ioi the work of the 
mechanical forces between different elements of the system, for 
the work involved in the elastic stress, then the equation above 
can be written as 

If we limit ourselves to the statical case with the dielectrics as a 
whole at rest, then Tq — 0, Further, STTo + represents the 
work done by all the directly observable mechamcal forces on the 
different particles and may be treated as a single quantity 
50 that in this case 

STj = hWa + oTTg, 
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or using F, as the potential of the internal elastic forces we have, 
since 8W, = - 8F„ ^ g^^ g^^^ 


SO that the work done by the external forces goes partly to increase 
the kinetic energy of the internal motions and partly to increase 
the internal potential energy of elastic or dielectric strain including 
these two under the single symbol Ei as internal energy we liave 

8Wa = BE,. 


76. In applying these considerations to the case of a mass of 
some dielectric substance in an electric field we shall find it con- 
venient to separate the applied forces represented m 8 Wa into two 
parts the mechamcal forces applied generally as pressures on the 
outer boundaries of the media and the electrical forces exerted on 
the charges rigidly connected therewith Denoting the work in 
these two parts by STF and SW^ respectively we shall have 

so that BW, = BE, - BW. 

This equation can of course be apphed to any mass of the dielectric 
and in the sequel we shall in fact usually apply it to a small element 
of volume St;, which is of course assumed to be large enough to 
enclose a sufficient number of the particles to enable the statistical 
method to be apphed to it 

77, But BWa is easily calculated in fact the energy required to 
estabhsh any constituent bi-polar element at any point in the 
medium can be regarded as mathematically equivalent to the work 
required to separate the positive pole -1- q from coincidence with 
the negative pole — q. If the intensity of force at the point is E, 
supposed umform in the neighbourhood of the element, and e 
represents the vector moment of the doublet finally established, 
this work is easily seen to be equal to 

(Ee). 

Thus summing for all the doublets in the element of volume S-y 
we have the total work done in polarising the element equal to 
BW, = S (Ee). 

In the present theory of polarised media we saw that the force 
E at any point internal to the medium consists of a definite molar 
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and an irregular molecular part wluoli we succeeded in separating 
by means of tbe ideal volume and surface densities of Poisson, the 
method consisting essentially in computing the force by combimng 
opposed poles of neighbouring elements, instead of taking the single 
polarised element as the umt It appears that the adjacent poles 
nearly compensate each other except as regards a simple volume 
density whose attraction has no local or molecular part and a 
surface density partly at the outer surface and partly at the surface 
of the cavity which contains the point under consideration The 
effect of the latter surface density depending as it does wholly on 
the immediate surroundings is the molecular or cohesive part of 
the average forcive It is the irregular part of the forcive on the 
contained element of the dielectric which arises from the excitation 
of neighbouring molecules and is expressed in terms of them alone 
It IS not transmitted by a material stress , but forms a balance on 
the spot with cognate internal molecular forcives of other types. 
Thus in seeking for the mechamcal relations for the dielectric as 
a whole we shall be justified m neglecting this local part of the 
total force and its associated energy We can thus use E as the 
electric force as defined above, omitting the local part, and it is 
then clear that E will be practically constant throughout the small 
volume element Bv and thus 

SW, = (E, 2e), 

but He = P8y, 

and thus the work done in polarising the element S-y to intensity 
** BW, = (EP) Sv, 

and for the whole medium the work done is 

PF, = J (EP) dv 

This IS the energy reqmred by the system as a whole on account 
of the polarisation induced in it. 

78 As explained above this energy is to be regarded as consistmg 
partly in the mechanical potential energy of the polarisations of 
the elements of volume and partly in mechanical work done against 
internal quasi-elastic forces preventing displacement of the ele- 
mentary charges ultimately constituting its polarisation. To effect 

L 6 
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a separation of the two parts thus involved we proceed })y the 
method, usual in such problems, of varying the coiiliguratioii oi 
the system generally and calculating the coefhcients of (nicli i)art 
of the variation in the general expression for the virtual work tlius 
obtained. 

An infinitesimal displacement of the volume S?’ fioin a })lace 
where the field is E to where it is E + SE involves a tot<il cliango 
mPF, equal to = [(ESP) + (PSE)] Su 

and then it is at once obvious that the second ])ait wUJi its sign 
reversed, viz _ (PSE) Bv, 

IS the virtual work SW of the mechanical forces ptu'fonned during 
the shifting of the element, for it is the pait of S Wi. winch leinains 
when the polarisation of the element is lield rigul dining the dis- 
placement so that no work is done m the internal degi ees of freedom 
corresponding to the displacements involved in it 

The other part of the total energy 81^^ expended dining the dis- 
placement of the volume element Bv corresponds to BE, and thus 

BE, = (E8P) 8^, 

or integrated throughout the system for the total This represents 
work done against the quasi-reactions to the setting up ot the 
polarisation It has nothing whatever to do with the median ical 
forces on the dielectric as a whole, but is stored up in the [lolansa- 
tion of the medium as internal energy of intra-molecular strain^ 

79 We may now draw some important conclusions lespecting 
the relations between P and E, which follow directly from a siiu])le 
application of the energy principle with the lorms lor the eneigy 
above determined Confining ourselves to the element Bv %ve see 
that the work supplied by it to outside systems, which it drives, 
in traversing any path is 

- [ 8^^ = dlu j(P8E), 

the integrals being taken along the path If P is a function of E 
so that the operation is reversible, this work must vanish for any 

* The argument here employed is given implicitly by Larmor, Phil Tram A, 
190 (1897), and in more detail for the cognate magnetic problem in Proc R P* 
71 (1903), pp 236-239. 
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closed cycle, otherwise energy would inevitably be created, either 
in the direct path or else in the reversed one, for the complete 
system of which dv is an element The negation of perpetual motion 
therefore requires in this case that 

(PSE) = dcj> 

IS a complete differential of some function of E Moreover this 
function can only involve even powers of (E^,, ’By, E^) for it must 
naturally remain unaltered if the direction of the electric force is 
reversed, and for weak fields it is practically quadratic. Implying 
this restriction, which proves sufficient in practice, we may there- 
fore write 

4 ^ — \ i" ^22^^!/^ + ^33^ ^3^ + 2^12^ E^-E^ + 2€23'E^E, 

+ 2c3/E,E,], 

so that B ^ E^ + €^2 ^2/ €i 3 Eg, 

^ 3 / ~ ^21 + ^22 + ^23 > 

^3 = ^31^ + ^32^ ^y + €33^ ^3? 

in agreement with the results of our previous speculations But 
now we see that the doctrine of energy requires that there should 
be no rotational quality in the polarisation or that 

/ / / / r / 

^12 — ^21 ? ^13 — ^31 > ^23 — ^32 : 

relations not necessarily implied by our previous argument 

We can simplify the quantity*^ by taking a proper choice of axes, 
and thereby reduce it to the form 

^ = i + ^^By^ + Ca'Eg^) 

This determines the principal electrocrystalline axes of the sub- 
stance at each point the law of polarisation is now given by 

e/E^, "Py^ ea'Ey, Pg = €^'B^, 

which for isotropic media reduces simply to 

P = €'E. 

80 The total mechamcal work done in establishing the field 
may now be calculated by building up the charge distribution p 
gradually in the presence of the dielectric media, the induced 
polarity simultaneously taking the appropriate value at each stage 
of the process By the general defimtion of potential, the work done 

6-2 
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m bringing up small increments of charge Sp at each point of the 
field in which the potential is ^ is 

STF = j <f>hpdv, 

but generally p = div D, 

so that the small variation of D at any point of the field induced 
by the above change in p is defined by 

Sp = div SD, 

whence STF = div SDcZ-y, 

and by Green’s lemma this is 

the latter integral being taken over an indefimtely extended surface 
bounding the field For a finite charge system this integral vanishes 
and thus . 

STF = - I (SD. 

but E = — 

so that 5TF = I* (E SD) dv, 

as m the previous theory of Maxwell-Faraday But now D is a 
composite function D — E -j- P 

so that 8D = 8E + 8P, 

and thus STF = J (E8E) dv + J(E8P) dv^ 

and therefore the total work done in establishing the field can be 
calculated in the form 

w = J^SW = Jdv /^^(ESE) + [(*« |^^(E8P) 

= i J E2(i^ +ldv /^^(E8P). 

The first term in this expression represents the electrical potential 
energy stored up m the electrical field on account of the distribution 
of electricity involved in the charges and polarisations. It may be 
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regarded, as in the ordinary theory, as the potential function of 
the mechanical forces equivalent to the electrical attractions 
between the various charged and polarised elements of matter in 
the field. The second part represents the energy stored up m the 
dielectric media as a consequence of the strained condition involved 
in its polarisation 

For a linear law of polarisation we have 

P=(OE, 

so that the total energy is 

W=iJ E^dv + i f (en'EJ + e^'E^^ + e^'E/+2€i^'E^E^+ ) dv 

where = 1 + == constants of the relations 

in paragraph 79 But this is 

Pf = t j (ED)ii; 

and as before we may regard it as distributed continuously through- 
out the field with a density at any point equal to 

i(ED), 

the part 

belonging to the aether and the rest to the matter. 

81 A simple apphcation of Green’s analysis will show that in 
this case the total energy of the system is given also by 

W = } I p(f>dv + J <y<^df, 

which is the form suitable for apphcations based on the distance 
action theory In fact in such a case 

W=i[ (ED) dv 

and this transforms by the analytical theorem to 

W=-ij4>dirEdv-^j^<f> (D„, - D^) df. 
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the first integral being taken throughout the whole of the field and 
the second over those surfaces where D is discontinuous as regards 
its normal component The integral over the infinite boundary as 
usual tends to zero and is neglected altogether But 

div D = — p, 

and 

so that ^ I f p(pdv + 1 [ crcf)(1f, 

which IS identical with the form obtained in iho more reslncted 
theory given in the first chapter. The ])resent analysis indicates 
the necessary restrictions which must be placed on the method of 
argument used on the former occasion’^. 

82. The existence of the mechanical potential for a dielectric m 
any field necessarily implies of course the existence of mechanical 
forces on these media 

To deduce these forces from their potential energy function we 
have only to vary this function with regard to the geometiically 
possible displacements of the medium as a whole In any such 
displacement however the polarisation must be kept constant, for 
it IS determined wholly by the internal degrees of freedom of the 
medium We see at once by giving the medium a small linear 
displacement that the force acting on it is the vector 

— grad ^ = J gJ^ad (P . E) dv, 

the differentials however not operating on P. 

This is the same as 

[v(P.E)(2:i;, 

the operator V not affecting P. 

This deternunes the hnear components of the force, there may 
also be a torque To obtain its components give the body a small 
vectorial rotation Bcd: in this displacement the element dv goes 

* It must however he emphasised that the restnctions are of theoretical interest 
only The simple Imear relation satisfies aU the requirements of actual fact. 
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into a position where E has the value E -f [E . Sco] and so the 
variation of the energy is 

SW=j'(P [E , So)]) dv= -J(Sti> .[E . P]) dv, 

and thus the couple is . 

-J [BB]dv. 

83 There is however also a simple alternative method of de- 
ducing these results from the ideas involved in the theory of the 
polarisation in the medium The mechamcal force acting on a single 
doublet of moment e at a point in the field where the electric force 
intensity is E is represented by the vector 

(e . V) E. 

Thus by simple addition over all the doublets in the volume 
element dv of the polarised body, we obtain that the linear force 
on the element of the medium is equal to 

S(e V)E = (Ze.V)E 

= (P V)Bdv 

or (P V) E per unit volume. 

In this calculation the value taken for E excludes the local part 
of the total forcive which acts on any pole at the place. In such 
cases when we are dealing with a summation throughout the 
element of volume, the local actions in each charge element, which 
really arise from the other elements in the volume, must all be 
cancelled by complementary reactions, so that in the aggregate 
such terms will not occur. 

This expression for the linear component of the mechamcal force 
per unit volume on the medium is shghtly different from that 
obtained from the energy, the difference being actually 

(P . curl E), 

which IS however zero if i « a 

curl E = 0, 

1 e if the electrical forces have a potential which is true in the 
present statical theory* the difference should however be noticed 
for future reference 
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The elementary theory also shows that the simple bi-pole above 
mentioned is subject to a torque of amount 

[e E] 

and thus we obtain for the torque on the element of volume of the 
polarised medium |.p 

or in all a vector [P E] per unit volume This is the same as the 
previous result. 


84 On the transmission of force through the dielectric 
medium. The transmission hypothesis underlying the Faraday- 
Maxwell theory of electric action here under discussion regards all 
electrical phenomena merely as the result of a certain state of 
afiairs established in the surrounding dielectric field It would 
therefore be necessary on such a theory to regard the pondero- 
motive forces resulting from the attractions and repulsions between 
the charges as the terminal aspects of some state of stress in the 
medium between. We must now enquire as to a possible repre- 
sentation of the manner in which these forces are transmitted 
across the space between the bodies The problem reduces itself 
to finding the state of stress in the elastic medium which agrees 
with the known boundary values Unfortunately we do not know 
the nature of the elasticity of the medium, so we can only proceed 
tentatively. Faraday divined a very simple scheme which has high 
claims on account of its simplicity, but it is not general enough for 
our purposes 

After experimentally investigating the nature of the electric 
fields around conductors, Faraday came to the conclusion that the 
forces between them could be accounted for by a pull along the 
tubes of force, i e as if they were tending to contract like stretched 
elastic bands. This would obviously account for the attraction, but 
with it alone the elements of the transmitting medium could not 
be in eqmlibnum He then saw somehow that m addition there 
must be an equal pressure in all directions perpendicular to the 
tubes: the tube tends not only to contract itself along its length 
but also to expand against a normal pressure all round. Under 
such a stress system the medium would be in equilibrium as regards 
its own parts but would transmit the force from one body to another. 
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AltlLOUgh. Paraday invented tins scheme he was unable to prove 
its reahty. it was Maxwell who formulated it mathematically and 
put it in a very precise form 


85 As we are here going rather deeply into this question it 
might be as well to indicate how the stress in any medium is 
analysed* Consider the medium in the neighbourhood of any point 
separated over a small interface there Porces would then be 
required to be apphed at each of the exposed surfaces to hold the 
medium in equilibrium . the same forces would be reqmred for each 
of the two interfaces since they represent the action and reaction 
which were exerted between the parts of the medium on the two 
sides of the sht before they were separated We shall consider these 
forces measured as so much per umt area If for the slit made of 
area S/ we know that the force required to hold the medium on 
either side of the interface in eqmlibrium is TBf, then the vector T 
defines the stress for this particular direction of df. If we knew 
so much for every direction of the slit we should have a complete 
knowledge of the state of the stress at the point It can however 
be shown that it is quite sufficient to know it for three directions 
only Moreover if these three directions are the directions of a 
convement set of coordinate rectangular axes and the components 
of the stress for the three directions of the elementary area per- 
pendicular to these directions are 


T T T 

T T T 

-^yx3 '^yv3 •^yz3 

T T T 

-*■ zflj J zy 3 zz 3 


then the equations of eqmhhnum of the medium are 


Zx 


dy dz ' 


dTy^ , dTyy , ZTy, 
dx dy dz ® ’ 




dT,^ dTyy dT,, 

dx dy dz 

= Gjj, Tyy. — = Gy, — Tyy. — Gy, 


* The general theory is discussed by Love, Ma%%&mat%c,al TTbeory of JSlasticity 
(2nd ed. Cambridge, 1906) 
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where F and G are the force and couple per unit volume exerted 
on the medium from outside. 

The application of these results in the present theory is made by 
a reversal of the usual line of argument If the applied forcive F, 
here supposed known, can be expressed in such a way that 

dy ’ 

and similar forms are obtained for the other components, then we 
can say that the bodily forces on that part of the system enclosed 
in any surface /can be represented as the result of an elastic stress 
traction over the surface / in fact 

J T^dv = f {IX, + mX, + nX,) df, 

and thus we can at once write 

as providing a sufficient solution of the problem 

86. Eeturmng now to the problem of the stresses in the dielectric 
field, and assuming that for the present at least there are no sur- 
faces of discontinuity*, the bodily forcive per unit volume acting 
on the charges and polarisations in the part of the system enclosed 
in any surface / is f = Ep + V (EP), 

the difierential operator in the second term aftecting only the 
E function. But p = div D so that 

F = E div D -f V (EP) 

Considering now the ^-component of this force alone we have m 
the general case 

F^ = (PE) + E^divD 


= P. 


as 8E 9E. 


dx 




SD,/ , E 


Now remembering that E is the gradient of a potential and 

using the substitution -d xi 

P = Jj — £, 

* Any such, may of course be replaced m the usual way by a continuous rapid 
transition layer. 
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we find tliat 

F = D 4- I /p 2ip 24 _p 2 \ 


- s (E.D. - iE>) + 1 (E J),) + ® (EA), 


+ Ea. div D 


and similar expressions are obtained for the other components 
We have therefore succeeded in our aim and may therefore con- 
clude that the mechamcal force acting on the part of any ordinary 
electrical system inside any closed surface /drawn in the field can 
be represented in the main by a system of mterfacial tractions over 
the surface These surface tractions are themselves the representa- 
tives of a stress system specified at any point by nine components 


r,, = E,D, - iE^ 

^yy = 

T,, = E,D, - iE2, 

^xy ~ ^x^3/j ^yx ~ 

r,, = E,D,, T,, = E,D,, 

r,, = E,D,, T,, = E,D,, 

or m matrix form 

E^D^-JES E^D^ , E^D, 

^y^x > E^Dj, Ej^D, 

E,D, , E,D,,E,D,-1E2 


87 We must notice that in the general case of crystalhne media 
for which 

D. By E^ 


the stress obtained is not self-conjugate It cannot therefore repre- 
sent a stress system of simple mechamcal type which is always 
self-conjugate There is however no contradiction in principle; our 
material dielectric is now polarised and will thus be more than a 
mere medium of transmission as regards the mechanical force; it 
18 subject to a defimte additional type of strain (a polar torque) 
the reactions to which are sufficient to account for the more general 
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form of stress found necessary to transmit the electrical actions 
The mequahty in the diagonal terms means that there is in fact a 
bodily torque whose a?-component is for example equal to 

= EyP^ — EjPj, 

= [EP], 

per umt volume and this is precisely the torque which was deter- 
mined from elementary principles 

88 To obtain a simpler expression*** of this stress let us choose 
convement axes Choose the {x, y) plane as the plaim oi D and E 
and the as-axis as the internal bisector of tlie angle 2^ lietween 
these two vectors The 2 :-axis is chosen to form tlie usual right- 
handed system Now 

(Dflj, D^, DJ = (D cos 6, D sin d, 0), 

(E^, Ey, EJ = {B cos d, — E sin d, 0), 



and thus the matrix is now 

ED cos^ 0 — \E^^ ED sin 6 cos d, 0 

— ED sm Q cos 0, — ED sin® B — \E^, 0 

0, 0, -p® 

which can be dissected into parts. 

♦ Of Maxwell, Treatise^ ii. p 280. 
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(i) The terms make a uniform hydrostatic pressure 

throughout the medium, 

(ii) The two terms in the diagonal give a torque per umt volume 
ED sin 2d and the remaimng terms represent 

(m) a tension along the (r-axis ED cos^ 

(iv) a pressure (— ) along the y-axis — ED sin^ 6, 

In a diagram they are 



This is the general result, but if we take the medium to be iso- 
tropic considerable simphfication results. In this case ^ = 0 and 
the bodily torque vamshes. Moreover the other parts reduce to a 
puU or tension along the hnes of force or induction equal to ED 
and a hydrostatic pressure all round equal to ^E^ This is identical 
with Maxwell’s stress system, when the dielectric medium is free 
aether, which is the only case with which he deals*, 

* The stress system here given is somewhat different from that adopted by recent 
authois, where the uniform pressure constituent occurs as ^ (ED) m the simplest 
cases and as J(EdD) in the more general case of a non-lmear inductive law. This 
alternative form is usually derived from the general theory of electrostatic dielectric 
forces ongmated by Korteweg {Wied Ann 9 (1880)), formulated m general terms 
by von Helmholtz {W^ed Ann 13 (1882); AhTiandl, i, p 798) and further developed 
by Lorberg, EarchJhofE {W%ed. Ann 24, 26 (1885); Abhandl, Nachtrag, p 91), 
Hertz {W%ed Ann 41 (1890)) and others This general theory, based on the method 
of energy, is usually made to lead to the aforementioned type of stress, but the 
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89 Tlie reduction of tlie bodily forcive on dielectric media to 
a representation by means of an imposed stress system, which we 
have just discussed, is valid only in so far as tlie medium is without 
discontinuities When there are in the electric held interfaces of 
transition between different media, there wnll also exist surface 
tractions on them which may be evaluated eithei as the result of 
the Maxwellian tractions towards the two sides of the interlace or 
by considering an actual, somewhat abrupt, interface to be the 
li mi t of a rapid continuous variation of tlie ])ro[)eitieH ol the 
medium which takes place across a layer of finite thickness Let 
then the total displacement D with its circuital characteristic v^ here 
there is no free charge be made up of the dielectuc material polarisa- 
tion P and the displacement proper E We have then 

div E = (p -f p), 

wherein p is the Poisson ideal volume density corresponding to 
the polarisation, and p is the volume density of free cliaigo, siuiace 
distributions being now, by hypothesis, non-existent Also 

div P = — p' 

The mechanical forcive acting on the dielectric is per unit volume 
a force F and couple G where 

F = (P . V) E -P pE, 

G = [PE] 

The linear force acting on the whole transition layer is the \aliie 

of Jpdv integrated through it This integral is finite althougli the 

volume of integration is small, on account of the large values of 
the differential coefEcients which occur m the exjircssioii of VE 
To evaluate it we endeavour by integration by parts to reduce the 
magnitude of the quantity that remains under the sign of volume 

analytical argument by which this is obtained has been cntiusctl by Ijainioi (P/nl 
Trans A, 190 (1897), p 280) Cf also Livens, Thil Mag 32 (1910), p 102, who 
shows that, properly mterpreted, it can only load either to the typo of stioss given 
in the text or to an altogether impossible one This ciiticiam appeals howevei to 
have been entirely overlooked and the method is tacitly acocjitt'd and reproduced 
hy all recent writers on the subject Cf Cohn, Das eUctro^mgnetischc Md, p 87 
(Leipzig, 1900), Abraham, Die Theone der EUUnzttat, x p 434 (2nd ed Leipzig, 
1907); Jeans, Electricity and Magnetism^ p 172 (1st od Cambndgo, 1008), also the 
articles by Lorentz, Pockels and Gans in the Encyclopadie der mat/bc^natischen 
WisseTischaften, Bd v. 
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integration, so that in the hnut we may be able to neglect that 
part thus we obtain 

jFdv^jB P„df+f(p + p')Edv 

Now by the defimtion of the electric force E it is the force due to 
a volume distribution of density p -h p' and to extraneous causes, 
so that in the limit when the transitional layer is indefimtely thin, 
we have, by Coulomb’s principle, 

f (p+p')Edv = iJ(a+<,')(E, + E,)df 

= i[(E^- EJ (El + E,) df, 


El, Eg being the vectors of electric force on the two sides of the 
layer and E^^^, Eg^ the normal components of these forces, all mea- 
sured towards the side 1, while a and a' are the surface densities 
constituted in the limit by the aggregates of p and p' respectively 
taken throughout the layer Hence in the limit 


j = 1 1 P„Edf |V i - E^) (E, + E,) df 

Thus the electric traction on the interface of transition may be 
represented by a pull towards each side, along the direction of the 
resultant force E , this pull is, on the side 2, of intensity 

“ ^ 2 n) ^ 2 , 


or what is the same thing 

~ i ~ ~ ^2 “ 4 (o’ + ^In ^2^) ^2 > 

in the direction of Eg , on the face 1 the pull is 
§ (<7 - 


now in the direction of Ej As the tangential component of the 
electric force E is under all circumstances continuous across the 
interface the total traction on both sides is along the normal and 


equivalent to 


i i^ln ^271) (^2n “ 


-^Inh 


together with tractions JEga, i'Ejcr acting on the true charge ct, all 
the quantities being now measured positive in any the same direc- 
tion In the case where there is no surface charge this simply 
reduces to a normal pull towards the side 1 of amount 
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When the interface is between a dielectric 1 and a conductor 2, 
the traction is only towards the side 1 and is equal to J (a — , 

or JEi^, per unit area, along the normal, which is now the direction 
of the resultant force 

90 Thus under the most general circumstances as regards 
electric held, the forcive on the material due to its electric excita- 
tion consists of the interfacial tractions thus specified together with 
a force F and a torque G per unit volume given by the above 
formula, viz p _ (PV) E, 

G = [PE] 

In the case of a fluid medium, the bodily part of the forcive 
produces and is compensated by a fluid pressure 

/ 

where P, being polarisation induced by the electric force E, is for 
a fluid m the same direction as E and a function of its magnitude 
This pressure will be transmitted statically in the fluid medium to 

the interfaces (i e a reacting pressure |* (PdE) exerted by tlie 

interface will keep the medium in internal equilibrium) ; combining 
it there with the surface tractions proper, it appears that the 
material equihbrium of flmd media is secured as regards forces of 
electric origin, if extraneous force is provided to compensate a 
total normal traction towards each side of each interface, of 
intensity , 

- - J i^dE). 

or when the interface is between a charged conductor and dielectric 
the extraneous force necessary is 

i(o--P„)E + J (PdE) = + f (PdE). 

In the case usually treated, m which a linear law of induction is 
assumed, so that the relation between P and E is 
P = (^-1)E, 

the mechamcal result of the electric excitation of the fluid medium 
is easily shown to be the same as if each interface were pulled 
towards each side by a Faraday-Maxwell stress made up of a pull 
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^ along the lines of force and an equal pressure m all directions 
at right angles. 

This imposed geometrical self-eqmhbratmg stress system would 
not however be an adequate representation of the mechamcal 
forcive in a solid medium, for then the bodily forcive, instead of 
being wholly transmitted, is m part balanced on the spot by 
reactions depending on the sohdity of the material. The forcive 
acting on isotropic material may however in every case, whether 
the induction follows a linear law or not, be expressible as an 
extraneous or imposed system, made up of a bodily hydrostatic 

pressure |'(PdE) (which in the case of a fluid only relieves the 

ordinary fluid pressure and so diminishes the compression) together 
with normal tractions on the interfaces between dielectric media, 

of intensity — — j (P^^E) acting towards each side, and 

tractions - 

iE2 + J (PdE) 

on the surfaces of conductors acting towards the dielectric 

91 On electric displacement **•. Since the vectors of the 
present theory satisfy exactly the same conditions as those of the 
original Maxwell- Faraday theory, they must ultimately represent 
the same quantities But the theory just developed is based on 
elementary physical notions regarding the behaviour of the 
dielectric medium when introduced into an electric field, and by 
means of it therefore we should be able to obtain some insight 
into the physical nature of "electric displacement ’ This is best 
accomplished by considering a particular problem, viz that of a 
parallel plate condenser with large surfaces with equal positive 
and negative charges, a plane slab of some dielectric substance 
(constant e) is inserted parallel to the plates and the air spaces 
are regarded as vacua If then the surface densities of charge on 
the plates of the condenser are rt o-, the electric force is or all across 

the air spaces and is ^ in the dielectric. (The hnes of force go 

* Of. Larmor, Aether and Matter, Lorentz, Yersuch einer Theone der electnechen 
und optiechen Brsche%nungen in bewegten Korpern 
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straight across by symmetry and at the surface of the dielectnc 
eE, = El ) 

Now on our present views the dielectric substance is ])olarised, 
the molecules have a positive and a negative pole, and owing to the 
presence of the field the axes have a convergence tow aids a definite 
direction, viz straight across between the plates, so tliat their 
moments no longer cancel The intensity of jiolansation ol tlie 
medium is thus at each point directed stiaight aeioss between the 
plates 

If now we consider a small rectangular volume ehmumt of the 
substance parallel to the lines of force the little 
molecular moments in it can be summed up intn ^ 
a uniform polarisation, or the irregular moloculai ^ 
distribution can be smoothed out into a uniloim 
average We thus see that the polarisation ot " 
all the molecules in it is equivalent to a vSinall 'i 
polar distribution in the volume, whicli is pist f 
the same as if it had a positive charge of density + 

-f cTi on one end and a negative chaige of density ^ 

— Of on the other At least this is an efieci.ive + 
representation of the matter It does not nuMU I 
that we assert that there is an actual charge on 
each end of the little element but that the ag- 
gregate of the polarisation in the element can be replaced by 
these charges when investigating its action a,t external points 
The essential thing for this jiurpose is tlie (dectric moment ot 
the element and any distribution giving the right moment is an 
efiectively correct one 

Now by combinmg all these small rectangular eliuiunits so polarised 
into the finite piece of dielectric we see that tlieie wull bo an uncom- 
pensated part* of the surface density (wlucli is not m^cessarily 
the same for each element) where one rectangular block abuts on 
the next one, and at an end at the boundary of the dielectric itself 
there remains the complete surface polarity This amounts to w hat 
we have called the ideal electric distribution of Poisson , ilio out- 
standing parts throughout the medium correspond to the volume 
density and the complete polarity remaining at the surface of the 

* In the particular case exammed this uncompensak'id charge is zero 
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medium corresponds to tlie ideal surface density. Regarded in tins 
way it IS obvious that this theoretical distribution and the actual 
one will not give the same field in the immediate neighbourhood 
of an element of the substance The ideal distribution has been 
smoothed out from the other and it is only at a distance that it is 
effectively equivalent to the actual polarity. 

In the example under immediate consideration the field in the 
dielectric is umform and so the intensity of polarisation will also 
be umform throughout the medium thus the charges on the ends 
of adjacent small elements wiU be the same and thus when put 
together there will be no uncompensated polarity we shall merely 
have a surface density of ideal electric charge — g' on one face of 
the dielectric and + g on the other In the old-fashioned way of 
describing these things g (the charge density on the plates of the 
condenser) might be called the//ee charge and g' the hound charge 
(as it cannot be moved) , a' is only the end aspect of the polarisation 
in the medium which has a counterpart at the other side of the 
medium and they cancel across 

On our theory g is equal to the normal component of the 
polarisation at the surface and this is 

but since Eg = ~ = - we have 

,■-( 1 - 1 ),. 

so that o — G* = - 

e 

92 Let us now examine another point The polarisation of the 
element can be expressed by saying that an electric displacement 
in the element from one end to the other has taken place Imtially 
the positive and negative charges effectively coincide and cancel, 
but on the apphcation of an electric field they are separated and 
the electric moment can be considered to arise from the electric 
displacement of one charge relative to the other We can at least 
theoretically imagine it to be like this There is thus an actual 
movement of electric charge Essentially the movement consists 
in the molecules being really strained round a bit, but when we 
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aggregate these up for the small rectangnla.r volume element as 
before, the effect is the same as if the positive charge were moved 
from one face of the volume element to the opposite one If this 


is the case, how can we measure the dis- 
placement '2 The proper measure is the pro- 
duct of each charge element by the distance 



through which it is moved and the total sum 

of the quantities so obtained, because if we moved the same charge 

m each case through half the length it ought to give half the 


measure of the displacement. Thus the total electric displacement 


in our small rectangular volume element of end area Se and length 


Bl IS 


a' Be X Bl = a'Sr, 


where Sr is the volume of the element, but this is the moment 
produced in the element. Thus an effective measure of the dis- 
placement in the volume element is the intensity of polarisation 
multiphed into the volume. 

Thus for the slab of dielectric in the example considered the 
result of the total electric displacements in the medium is merely 
to displace a surface charge a from one side of the slab to the 
other straight across. The flux of electricity measured in this way 
is a true electric displacement 

But on the Faraday-Maxw'ell theory of electric action the electric 
displacement in any small volume dv is taken to be eE which is 
equal to (1 + g') Eciu = Edv + 

so that in addition to the true electric displacement represented 
by the term 'Pdv as in the present theory there is something else 
which still exists in empty space when there are no dielectrics or 
conductors present so that it cannot possibly be ascribed to an 
electric displacement To distinguish this fictitious part of the total 
flux vector of the theory we call it aether eal displacement It 
has the same properties as the true electric part. 

Thus in order to retain the analogy between the simple displace- 
ment theory of Maxwell and the polarisation theory just developed 
we must introduce this new type of displacement, and the total 
electric displacement of Maxwell includes then the true electric 
displacement of the present theory and the aethereal displacement. 
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93. The real significance of the matter is however best exhibited 
m another manner Consider again the condenser 
with the dielectric slab and the process involved 
in charging it As far as we are at present con- 
cerned the condenser may be charged by trans- 
feirmg a positive charge 4- Q round a wire 
connecting the two plates thereby leaving, in 
defect, a charge — Q on the one plate and 
creating an excess of charge -f- Q on the other 
plate While this is being accomphshed a dis- 
placement IS taking place in the dielectric (the polarisation is 
being gradually set up) and a charge Q' is displaced across the 
medium from one side to the other This is all the electric motion 
that takes place, an actual charge Q moves round the wire and 
a change of polarisation in the dielectric corresponds to a motion 
of a charge Q' across the dielectric. 

But since Q = Act and Q' = Aa', where A is the equal area of 
the parallel faces of condenser plates and dielectric (the charge is 
assumed uniformly distributed), we have that 

so that the displacement of charge across the dielectric is not equal 
to that round the wire , and there is nothing at all m the free spaces 
between 

To avoid the complexity of the circumstances in this and other 
cases Maxwell assumed that the displacement which takes place 
during any electric change is always circuital, that is it always 
takes place in complete circuits. 

In the example above, he would therefore postulate a hypo- 
thetical total displacement equal to Q in the air and ^ in the 

dielectric, this being all that is required to complete the flow of the 
quantity Q all round Estimated per umt volume this would mean 
adding a displacement E at each point of space between the con- 
denser plates (It IS assumed that E = 0 everywhere except 
between the plates ) 

94 This IS easily seen to be the general result If E is the force 
intensity at any point of an electric field, Maxwell’s theory adds a 
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displacement equal to E at that point to any true electric displace- 
ment that may occur there It we do tins then tlie flux ot displace- 
ment IS always m closed cycles This additional displacement is 
not true electric displacement at all, as it c^xists at ])oints in a 
vacuum, it is an aethereal displacement possessing all the electro- 
dynamic properties of true electric flux. 

A dynamical theory of electromagnetic actions slioiild give a 
reason for this action in the aether, lor the existence of this 
aethereal displacement winch has the same propeitaes as a flow 
of electricity but is not itself a flow ot electncity Tlie liypothesis 
IS however experimentally correct and it sim])ldies tlie theory 
immensely, and there we shall leave it for the piescnt 

On this view of the matter the aetlier is to he iega,r(le(l as the 
seat of part of the energy associated with any elect lostatic field, 
viz that part associated with the production ol the aetliere.d dis- 
placement. On a previous analogy this part may be taken as dis- 
tributed throughout the field with a density at any point ccjind to 

(E . E) = 

a result which is verified by the fact that all the energy in the held 
IS located in the aether if no dielectric medium is i)iesent 

95 The relation of inductive capacity to density. One ot 
the most successful ways of testing a constitutional theory oi the 
present type is to formulate on the same basis tlu^ connection 
between the constitutional relations involved in it and the j>hysical 
or chemical constitution of the medium In the present ca,s(‘ the 
whole constitutive character of the theory is involved in the one 
constant introduced in it, viz. the specific inductive capacity € 
If therefore we can formulate a connection between this constant 
and the constitution of the medium we shall have a definite means 
of testing the general validity of our theory It is quite easy to 
obtain a relation between the constant e and the density of the 
medium in certain simple cases and we sliall find that it agrecvS 
very well with our experimental knowledge on the same qucvstion. 

Let the dielectric medium contain n molecules per unit volume, 
these molecules being presumed to be merely concentrated when a 
change of density of the medium occurs Each of the molecules 
becomes polarised to a moment p by the field of the electric force; 
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this field IS made up of the extraneous exciting field and that of 
the polarised molecules themselves, the latter again consists of a 
part arising from the polarised medium as a whole and a part 
involving only the immediate surroundings of the point considered, 
to obtain an estimate of these various parts let us consider again 
the method of their separation 

96 The total electric force acting on a single molecule is derived 
from the aggregate potential 

This potential, when the point considered is inside the polaiised 
medium, involves the actual distribution of the surrounding mole- 
cules , and thus the force derived from it changes rapidly, at any 
instant of time, in the interstices between the molecules But when 
the point considered is outside the polarised medium, or in&ide a 
cavity formed in it (whose dimensions are large compared with 
molecular distances) the summation in the expression for cf> may 
be replaced by continuous integration, so that P denoting the 
intensity of polarisation in the molecules of the dielectric medium 

and the force thus derived is perfectly regular and continuous 
This expression may be integrated by parts since, the origin being 
now outside the region of the integral, no infinities of the function 
to be integrated occur in that region Thus 

that IS, the potential at points in free aether is due to Poisson’s 
ideal volume density p = — div P and a surface density or = P„. 
When the point considered is in an interior cavity, this surface 
density is extended over the surface of the cavity as well as over the 
outer boundary Now when it is borne in rmnd that, at any rate 
in a fluid, the polar molecules are in rapid movement and not in 
fixed positions which would imply a sort of crystalhne structure, 
it follows that the electric force on a molecule in the interior of 
the material medium, with which we are concerned, is an average 
force involving the average distribution of these molecules, and is 
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therefore properly due to an ideal continuous density like Poisson’s, 
even as regards the elements of volume which are very close up to 
the point considered To compute the average force winch causes 
the polarisation of a given molecule we have thus to consider that 
molecule as situated in the centre of a spherical cavity whose radius 
is of the order of molecular dimensions, and we have to take 
account of the effect of a Poisson averaged continuous local 
polarisation surrounding the molecule, whose intensity increases 
from nothing at a certain distance from the centre up to the lull 
amount P at the limit of the molecular range, tins intensity being 
practically uniform in direction and a function of the distance only. 

We therefore assume spherical stratification in the distribution 
of the Poisson ideal volume density near the point under investi- 
gation To estimate the effect of an elementary shell in this strati- 
fication, the charge in it can be reckoned as a surface density on it 
of intensity 8P cos d, 

SP denoting the small increment of P as we pass thiougli the sliell, 
and d the polar angle between the direction of P and the noimal 
at the point of the shell This shell thus contributes a force at tlio 
centre in the direction of P equal to 

^ /i ^ 6dQd(j> 

= -J8P 

Thus on the whole the local part of the forcive is 

The force polarising the molecules is therefore 

E + |P, 

E denoting the total electric force. Now il the polarisation [)roduced 
be presumed to be proportional to the polarising force 

p = €' (E + JP), 

and thus since P == Sp = wp, 

we have P = (E + JP), 

and by the definition of e we have 

P = (6-1)E 
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€ — 1 _ ^^€' 

from which we see that the function 

e-1 
€ + 2 

must be proportional to the density of the medium This is the 
usual Lorentz formula** which has been satisfactorily verified in 
numerous cases 
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Thus 

Thus 


97 Pyro- and piezo-electricityj*. We have generally assumed 
in the preceding discussions that the elements of all dielectric 
media are always permanently neutial as regards their electrical 
effect on external systems so long as they are not under the 
influence of an external polarising field This would imply that 
anything in the nature of permanent polarity, which is such an 
important feature in the correlative subject of magnetism, is non- 
existent, or at least negligible, in the electrical case Whether any 
such presumption is really justifiable it is difficult to say, but there 
are certain phenomena which seem to suggest at least the possi- 
bility that it IS not valid in every case 

Several substances like quartz and tourmaline which crystalhse 
in asymmetric forms always appear to be polarised immediately 
after their temperature is changed, and in opposite directions 
according as it is raised or lowered The polarisation exhibits itself 
mainly as an apparent separation of charge on the outer surface of 
the piece of the substance under investigation, one part of which 
appears positively charged and the opposite negatively charged 
This IS the phenomenon of pyro-electncity If the substance is 
maintained for any period at the new temperature, the polarisation 
gradually disappears and soon ceases to be observable at all 

* This formula was determined for the optical case by L Lorenz, Anyi PJiys 
Cliem (3), 11 (1880), p 77, 20 (1883), p 19, and independently by H A Lorentz, 
Ann Phys Chem (3), 9 (1880), p 642 The mode of deduction here given is due to 
Larmor, Phil Tram A, 190 (1897), p 232 

t A complete account of these phenomena with all the associated experimental 
and theoretical details can be found m Voigt, Lehbv.ch der Ktistallphysik (Leipzig, 
1910) Of also the same author’s Kompmdium d& iheoretiscJien Physih^ Bd rr, 
Teil 4, §§ 11-15, 20 (Leipzig, 1896) 
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98 Lord Kelvin explains^ this phenomenon hy assuming that 
the elements of the crystal substance are peimanently polarised 
to an extent, however, depending on the temperature, and that 
they are arranged with their electric axes in regular oidei in the 
crystalline media with which the phenomenon is <issociat.e(l If 
the material of the crystal and m particular its older suila-ee are 
not perfectly non-conductmg, the polatisiition will ultimately give 
rise to a surface distribution ot charge wdneh neutralises the etlect 
of its electric field at all external parts ol the held 1 1 1 he jiolaiisa- 
tion of the medium is altered by changing its tomfieiatuLe and the 
establishment of the nentrahsing chaige lakt'S pluci^ slowly, it 
should be possible to detect the polarisation lielon^ its external 
field is again neutralised 

This explanation of the phenomenon appears to be iiertocfly 
consistent with all the characteristic pro pei ties ol tlie ellect and, 
m addition, with the results of numeious experiments —based mainly 
on the independent variability of the ])ohuisation and its neu- 
tralising charge — which have been peifoimed with a view^ to testing 
it It would thus appear to bo highly jirobahlo that tlie under- 
lying assumption of permanent moleciilai polarity is largely 
justified. 

99 There is an inverse efiect associated with the phenomenon 
of pyro-electricity, the existence of wdiich was predicted by Lord 
Kelvmf but which was not observed until quite recently It theie 
IS a relation of dependence between the jiohuisataon ot a medium 
and its temperature there must be a path ot translormation open 
between the kinetic energy of thermal agitation oi tlic molecules 
and the organised electric energy of their polarisations, and it the 
transformation can be earned out in either direction (i e it tlie 
effect IS a reversible one) an alteration of the electiic energy should 
produce a corresponding change m the thermal energy The 
electrical energy of the polarisations may be altcreil by moving 
the body about m an electric fi.eld and thus we conclude that any 
such movement will give rise to a temperature v<iriation in the 
substance This electrocalono effect has been observed by Straubel |. 

* NicoVs Qychpedia of Physical Scieme, IS^O, JHath and Phi/s, Papers^ i p Iil5 
t Math and Phys Papers, i p 310, 1877 
i Gottmger Pfachr (1902), Heft 2 
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and Lange'*', who find that the quantitative relation estabhshed 
for the phenomenon by Lord Kelvm by thermodynamic reasomng 
IS satisfactorily verified 

Another effect of an analogous nature and of even more wide- 
spread character than the purely thermal efiects ]ust described has 
been observed in a large number of substancesf In these cases 
the observed polarisation of the substance is produced not by 
changing the temperature but by the apphcation of pressure on 
opposite sides of the substance This pressure gives rise to an 
additional strain in the material the main effect of which is that 
the constituents of the permanent polar elements take up new 
positions in the substance and the old neutralising surface charge 
is no longer effective in balancing their field at external points 

Associated with this so-called 'piezo-elecinc effect there is an 
inverse phenomenon J in which an alteration in the pure elastic 
strain in the medium is effected simply by changing the energy 
of the electric polarisations by moving the substance about in an 
electric field of variable intensity. 

100 These ideas have been put into mathematical form by 
Voigt § with the aid of empirical equations, and the form of these 
equations has been supported by the recent work of Bom on the 
elastic properties of crystal lattices, at least as far as primary 
effects are concerned 

Voigt expresses the electric moment or polarisation produced 
by given stresses or strains in the form 

^05 ~ + ^12^V + ^ 13^3 + '^ 11^11 + + ^ 13^33 + 

Vl'i ^23 + ^16 ^31 

and two similar equations for P., in these equations the co- 
efficients Tj^s are the piezo-electnc constants, the coefficients the 
polarisation constants analogous to those giving the polarisation 
in terms of the electric field when there is no strain, and the six 
quantities are the usual components of strain 

* Dissertation, Jena, 1905 

t J and P Curie, Pans C B (1880), pp 294, 383 

% Lippmann, chi7n pliys (5), 24 (1881), p 164,Jow/« dejphys (1), 10 (1881), 
p 391 Cf also Riecke, Gott NacM (1893), pp 3-13, Voigt, Gott Nachr (1894), 
Heft 4 

§ Ann d P7iy6ik,'Bd 48 (1915), p 443 Cf ailso Leh buck der Eristallphysik. 
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Voigt also expresses the general stress components in the form 

~ <^ 11^11 ^ 12^22 — ^ 13^33 ^16 ^31 “ 

With five similar equations wherein the coefficients c, s are the elastic 
constants Substituting the expressions for the strains derived 
from these equations in the preceding equations, the polarisation 
may be expressed directly in terms of the generalised stresses and 
the electric force, the coefficients of the stress being the pzezo- 
electnc 7noduli. 

As in the case of magnetism, these relations cannot be regarded 
as entirely satisfactory because the phenomena are complicated by 
a type of hysteresis*** When there is no external electric field the 
electric field arising from the polarisation produced by an applied 
stress will itself produce a secondary polarisation, so we liave to 
distinguish between primary and secondary efiects , but the second- 
ary efiects are usually small, they have, however, been studied by 
Voigt in some special problems. 

The pyro-electricity of a crystal may also be supposed to aiise 
from the strains introduced by a change of temperature , but if a 
true pyro-electricity is found to exist it may be necessary to add 
terms proportional to the temperature m each of the equations 

The calculations of Voigtf indicate that in the case of a crystal 
without a centre of symmetry it is not possible by means of obser- 
vation to determine the magnitude of the permanent electric 
moments of the crystal elements, because m any deformation the 
effects of the geometrical and physical changes are added together 
m such a manner that they cannot be separated In the case of a 
crystal mth a centre of symmetry the theoiy requiios modification, 
and a separation of the geometrical and physical efiects seems 
possible 

101. Although these phenomena of pyro- and piezo-elcctricity 
seem to reqmre for their explanation the assumption of permanent 
polar elements m the substance, it is possible that the occurrence 
of such elements may be a result merely of the mutual interaction 
of the molecules, for it is only observed in crystalline substances 
in which the molecular structure is perfectly regular, and in which 

* Of J Valasek, Phys Review, 17 (1921), p 475, 19 (1922), p 478 
t Phys ZextscJii Bd 17 (191C), pp 287, 307, Bd 18 (1917), p 59 
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therefore the local interaction between any molecule and its neigh- 
bours would always be related m a definite manner to the crystal 
structure Such a view is supported by the fact that the polarity, 
which in such cases is essentially a phenomenon of molecular 
grouping, depends on the physical conditions as to temperature 
and stram in the medium, which are just the conditions which are 
circumscribed by the mutual interaction of the molecules 

Associated with these reversible phenomena of pyro- and piezo- 
electricity, which depend essentially on the presence of permanent 
polar elements in the medium, there are irreversible phenomena 
arising from the induced polarity*, when the extent of the mduction 
in a given field is a function of the temperature and strain conditions 
of the medium. These two new effects can of course only be ex- 
hibited in their mverse aspects and appear as a temperature and 
stram condition variation resultmg from the polarisation of the 
medium mduced by an external field The former of these effects 
has never yet been detected and the latter is usually mseparably 
mixed up with the strain produced by the mechanical forces proper 
on the medium resultmg from its polarisation (the effect of electro- 
stnction), although arrangements can be devised by which it can 
be observedf. 

* The thermal one was predicted by Lippmann, Ann ckm ‘phys (o), 24 (1881), 
p 171, and the mechanical one by Larmor, Phil Trans 190 A (1897), § 83 The 
magnetic aspect of these phenomena is more important. Cf below, ch iv 

t Bidwell,PW Trans A (1888), p 228; ?roc if 8 (1894] 
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102 Introduction. When a conductor is inlioducccl into an 
electric field a separation ot electricity takes place until the held 
in its interior is compensated. Until this state is attained tliere is 
a flow of electricity, or a cm rent, as we say To illustrate the matter 
more fully let us consider a conductor somewhat in tlie lorm of that 
shown in the figure The end a is charged with a positive charge 
+ q and the end h with a negative charge — q Theie is tlien an 
electric field paitly inside and partly outside tlie conductor, the 



Fig 10 


lines of force in which may cross the suiface of the conductor 
Such a state of afiairs if initially established is however not a possible 
equilibrium one so that there follows immediately a separation ot 
the charges at each point of the conductor tlie total result ot which 
IS the final annulling of the charges at a and 6 We shall now 
suppose that we can continually renew the chaiges at a and h m 
such a way as will maintain a constant potential difference between 
the two ends of the conductor The manner m which this is accom- 
plished will be hereinafter discussed 

The force driving the charge is the electric force of the field and 
so the imtial charge flux must follow the lines of force There will 
thus be initially a displacement of electricity along a line ot force 
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such as that shown in the figure by the dotted line acdb But this 
displacement can only proceed as far as c where the surface of the 
conductor is reached There will thus be an imtial accumulation of 
positive charge on the surface of the conductor and this excites 
a field in the interior of the conductor, whose normal component 
at the surface is opposed to the normal component of the original 
force which was directed along the line acdb. This charge at c 
accumulates until this normal component is actually compensated, 
1 e until the original line of force is altered into one runmng from 
a to 6 inside, and nearly parallel to the surface of the conductor 

Thus the first part of the electric fiow is concerned merely with 
charging the surface of the conductor so that all the lines of force 
starting inside it from a remain inside it till h is reached 

In external space the normal component of the force originally 
along the line (a, 6, c, d) is not compensated by the field of the 
surface charge, since they are both in the same direction There is 
in fact m the external space a comphcated electrostatic field com- 
posed of the original field superposed on that due to the surface 
charge 

It must however be said that the charges and force intensity in 
the field thus brought into existence are both extremely small 
The electric elements in a conductor are so extremely mobile that 
it reqmres only a very small electrostatic force to produce an 
appreciable current 

The current can now flow undisturbed from a to b in the interior 
of the conductor along the new fine of force, and if the charges at 
a and h are continually supphed so as to maintain the constant 
potential difierence a condition of stationary streaming is attained 
The field in the whole space then remains constant Moreover the 
amount of electricity crossing any section of the conductor per 
unit time must be the same, as otherwise there would be an accumu- 
lation of charge in the conductor and a slight accumulation would 
create a back electromotive force which would tend to stop the 
current A very slight accumulation would produce a sufficient 
back electromotive force to stop the current 

The process of starting the current thus requires a very slight 
accumulation of charge on the conductor which is ]ust enough to 
make the flow steady or the current umform and stationary. In 
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tills steady state the stream lines of the electric flow are also the 
lines of force of the electric field inside the conductor 

This idea of a current as a flow of electricity did not exist even 
for a considerable time alter the discovery ot batteries It was 
Ohm (1827) who started the notion*** 

103 Definition of an electric current Wc must now define 
the electric flow in such a manner as to lender it susceptible of 
calculation If we adopt the general method we should specify the 
flux of electricity in any direction at a point m the conductor by 
the amount Gdf which crosses per umt time a small surface df 
placed perpendicular to the direction with its mean centre at the 
point We can easily show that this defines a vector quantity if we 
choose rectangular axes with their 
origin at the point under considera- 
tion and consider the flow in and 
out of the small tetrahedral volume 
OABG at the origin of coordinates 
with edges hxhyhz along the axes The 
area ABG has projections on the axial 
planes equal to 

^ {^y^z, Bzdx, BxBy) 

or (nix> “ij,. “iJS/. 

where Bf is the area ABG and its direction vector. 

The equation of continuity of flow expresses that the aggregate 
flux out of this volume is equal to minus the rate at which the total 
charge inside is increasing If p is the density of charge inside 

8« I = - (G A. + 8/ + G„S/, 

where is the flux component normal to Bs and G^,, G^ those 
normal to the axial planes The volume Bv (ABGO) is infinitely 
small of the third order and the surface 8/ is infinitely small of the 
second order and thus ultimately when the volume is very minute 
the left-hand side of this equation is zero and thus 

G„ = + GyUj^^ -1- G^nj^, 

which proves that G is a vector with components (Gg,, G^, G^) 

* D%e galvameche Keite, math&maUsch bearbeitet (Berlin, 1827) Translated in 
Taylor^s Scienhfic Memoirs 
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104. Tills IS tlie general metliod of definition. In order however 
to obtain a closer insight into the 
true nature of the flux involved we 
must proceed in a slightly different 
manner Consider again the small 
surface 8/ and construct on it a small 
cylinder of length 8Z with its axis 
parallel to the resultant motional 
velocity of the electric charge at 
the point (the direction of the hnes 
of force at the point), this direction 
making an angle a with the normal 
at 8/ If the density of the positive 
electricity at the point is the quantity of positive electricity in 

Bl 

this cylinder is pi8Z8/co3 a and during a time ~ 
electricity flows out across 8/ Thus for this surface 


Fig 12 


all of this 


G,S/ = 


Pi 8Z 8/ cos a 
Bt 


= t^ipi cos aBf, 


or Cl = pit?i cos a 

measures the current of positive electricity in the direction normal 
to Bj- at the point 

If there is at the same time a flux of negative electricity of density 
— Pa we know that it takes place in the opposite direction to that 
of the positive although perhaps with a different velocity Vz The 
current across 8/ normally in the same direction due to the negative 
charge is therefore 

Ga = — p 2 (— v^) cos a = cos a 
and the total current in this direction is 


G = Gi + Ga = (pi^i + pa^a) cos a, 
from which again we see that G is the component of a vector 
which we call the cui'^ent density of the electric flow 

at the point. 

105 Ohm’s Law* The force driving the charge and imparting 
to it the motional velocity is the electric force the positive elements 
of charge are moving in the positive direction of the hnes of force 
This law was anticipated by Cavendish in 1781 Cf. hia Electrical Researches, 
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and tte negative ones in the opposite direction, and the two motions 
having the same eSect constitute the current This being the case 
there must be some relation between the electric force and the 
current Ohm tried to reason the relation out by considering the 
phenomena of currents as analogous to the conduction of heat 
down a temperature gradient There are two kinds of streaming 
motion recognised in physics that of steady diftusion in which the 
mlocity IS proportional to the driving force, and that of free motion 
m which the change of velocity is proportional to the force In 
diffusion the motion is so modified by impeding frictional forces 
that a state of steady motion is attained in which the velocity is 
proportional to the force The conduction of heat is the typical 
example of a process of steady diffusion 

If now we assume with Ohm that the electric flow in the con- 
ductor IS a process of steady diffusion under the action of the 
electric force we must also assume with him that both Vi and are 
proportional to the driving electric force E Thus if we now use G 
for the resultant electric current we have in the vector sense 

G-^E, 

where fc is a physical constant, which is usually called the con- 
ductivity of the substance at the point 

At least this is the simplest case when the medium is completely 
isotropic When this is not the case all that Ohm^s law asserts is 
that the components of G are linear functions of the components 
of the driving force E, or in symbols 

Ggj = /CiiEjg -f* Ki 2 ^y ^ 13 Ej, 

Gy ^21 ^22 ^^3/ “t” ^23 "^5 9 

Cg. = KQi'Etg. + ^ 32 ^// + ^33 

Maxwell called the coefficients ^c 22, ^33 the coefficients of longi- 
tudinal conductivity whilst the cross coefficients are called the 
coefficients of transverse conductivity These latter indicate current 
produced in one direction by an electromotive intensity in a per- 
pendicular direction, a phenomenon that is only apparent in media 
of crystalhne structure We have reason to believe that these latter 
coefficients satisfy the condition that 


Kfs — j 
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105, 106] 

but for the present we shall disregard the complications of this 
general case and consider only isotropic media. 

106 Now consider the case of a steady current flowing in a wire 
of fimte thickness The surfaces of the wire form a tube of force 
for the internal field and also a tube of flow for the current. The 



Fig 13 


ends a, h of the wire are presumed to cut the lines of force of the 
internal field everywhere normally and the same assumption tacitly 
underlies the choice of any other cross-section subsequently made 
These sections will then be equi-potentials of the internal field 
Now consider any cross-section of the wire of total area / and 
suppose it resolved into small elements of area df If G is the current 
density at a point in the wire, the total quantity of electricity 
crossing the section per unit time is 

J is called the strength of the current m the wure, or simply the 
current 


Again since the normal to cZ/*is in the direction of the hne of force 


in the field at the place 


G,, = G = /cE, 


so that 



Now at any infimtely small distance from the section / draw 
another eqm-potential section/' and let §5 be the distance between 
corresponding points of the sections, then 

mzs 


j 




8s 




But E3s = IS a constant over the whole surface/, viz the con- 
stant diflerence of potential between the two surfaces / and /'. 
Thus 
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The quantity 


8h = 


r Kc 

Jf s 


Ss 


is called the ‘resistance’ of the portion of the conductor between 
the cross-sections/ and/', thus at this point of the wire 

” Sib 


But «7 is a constant all along the wire and thus if are the 

potentials at the ends a, h of the wire 

rh 

where A = | S^ is the resistance of the wire between the two ends 
Ja 

This is Ohm’s law m its original form. The procedure adopted 
by Ohm was however rather different from that sketched above 
He tried to extend the mathematics ]ust previously developed by 
Bourier for the conduction of heat down a temperature gradient 
In doing this he had of course to assume something analogous to 
temperature and it did not require much to convince him that the 
potential was the required quantity The current in a wire is pro- 
portional to the fall in potential from one end to another 

J — ~~ ^^2 A 

k 

This idea that currents go by diffusion was at first merely an hypo- 
thesis, but on the modern theory of electrons it appears as the 
actual state of affairs. 


107 There is an important hydrostatic analogy which enables 
us to picture the process more clearly. If liquid is forced through a 
tube blocked by a number of small obstacles so that no eddies can 
be formed and if the motion is a steady pushing through with the 
hydrostatic pressure as the driving force, the amount of the flow is 
__ difference of pressures 
” resistance of channel 

This is the more direct analogy with the electrical case. The term 
electric resistance is coined on this basis. 

* These considerations are of course confined to a steady system, it is only when 
a steady state of flow has been attained that a potential exists (see chapter iv) 
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The analogy goes even further and enables us to talk of the 
driving force in the electrical case as an electrostatic pressure The 
modern theory of the flow of electricity basing the current on the 
flow of electrons is in fact a direct apphcation of this analogy A 
current consists largely of free electrons bemg pushed through among 
the obstacles presented by the molecules of the matter 

The notion that electric pressure is the same as potential dates 
back to Volta’s time. He knew that it was electrostatic pressure 
that pushed the current and he made a condensing electroscope 
sufficiently sensitive enough to show this. The distinction between 
free motion and diffusion was however due to Ohm. 

108 The Volta potential difference. We have so far assumed 
that we are able to maintain a constant potential difference between 
two points on the surface of a conductor We can now discuss how 
this IS attained The foundation of the method is Volta’s discovery 
that when two conductors or generally any two different substances 
are in contact, there is a definite potential difference between them^ 

If we place two different conductors in contact, then an adjust- 
ment of charge will take place so that the one conductor will acquire 
a definite negative charge and the other a definite positive charge 
The quantities of electricity involved in the rearrangement depend 
on the different conditions such as the form, size and relative posi- 
tion of the bodies, but with the same two substances the potential 
difference thus set up between them has a defimte value so long as 
we always work at the same temperature 

If the substances are conductors, as is usually the case, then in 
the equilibrium condition the potential of the electrostatic field 
which arises has a constant value at all points inside either con- 
ductor except very near the surface where it is in contact with the 
other The change from the potential of the one conductor to that 
of the other thus takes place in the infimtely thin contact surface 
so that we can speak of a sudden jump of the potential It therefore 
also follows that the origin of the action is situated in the immediate 
neighbourhood of the surface of contact. Between the two sub- 
stances at the adjacent faces there is a certain stress of chemical 
affinity which results in an inequahty in the forces exerted by each 
* Ann. de CMm 40, p. 225 Of also Gilberts AnnaUn, 9 (1801), p 380; 10 
(1802), p. 425; 12 (1803), p 498 
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metal on tlie elements of charge in the other. We could for example 
explain the potential difierence between zinc and copper by 
imagimng that there is a greater attraction on 
the positive charges exerted by the zinc than 
the copper, and on the negative charges 
exerted by the copper than the zinc This 
electrochemical stress results in an electric 
displacement either by polarisation of the 
molecules (in non-conductors) or by actual 
finite separation of the charge between them. Fig u 

The resultant of the electric displacement is 
that one of the two contact surfaces appears positively charged 
and the other negatively, the double sheet thus created accounting 
for the jump of potential 

109 When the substances are conductors the charges on each 
will distribute themselves over the surfaces of the separate con- 
ductors The charges on the conductors must be equal and oj)posite 
(their total must be zero) and so will be practically all concentrated 
on the adjacent surfaces at the surface of contact The potentials 
of the conductors being <f>i and <^3? difference (fei — <p2 is always 
the same for the same conductors under the given conditions, and 
IS usually called their voUa d^ffe 7 ence of potential 

When equilibrium has been established, which usually ro(jUires 
only an extremely short time, there is an electrostatic field sur- 
rounding the conductors which obeys all the laws of electrostatics 
In the interior of the surface of contact between the adjacent 
surface charges the electric field is however compensated by the 
contact forces of chemical affimty Thus for example in the Zn-Cu 
case mentioned the zinc attracts the positive charge from the copper 
and the copper the negative charge from the zinc, the result being 
that the zinc becomes positively charged and the copper negatively 
But each addition to the positive charge on the zinc repels the 
remaining positive charge on the copper and so lessens the total 
attraction of the zinc on it The separation thus goes on till the 
attraction of the zinc for any further positive charge becomes 
balanced by the repulsion of that charge by the positive electricity 
on the zinc. 
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The electrostatic field of the conductors is practically that due 
to the double sheet on the surface of separation, the small remaimng 
charges on the further parts of the surface having no efiect. 

110 Now consider several such conductors ]omed in a ring 
There would be a potential difference at each junction of two different 
conducting surfaces caused by the creation of a double sheet as 
indicated above There would thus be a potential gradient at each 
junction in the circuit and thus the system is ready for an electric 
current to flow But no current can flow or else the principle of 
the conservation of energy would be violated. The non-existence 
of the current may be explained by the fact that the currents 
arising from the single impressed electromotive forces at the 
separate junctions so flow as to cancel one another out 

The energy principle is no longer violated and a current can result 
if only we could supply energy from some external source at one 
of the junctions We shall presume the possibility of this supply, 
postpomng the discussion of the exact method in which it is apphed 
We should then have a current in the circuit, its density at any 
point being determined by q = /cE, 

E being the electric force intensity of the field in the interior of 
the conductor, but E is composed of parts Ej, E 2 , so that 

E = Ej -|- E2 -f- , 

where E^, Ea, . are the components in the direction of the re- 
sultant E of the several force intensities in the separate field? 
arising from the double sheet distributions at the various junctions. 


Ill Adopting the notation of the previous paragraph and con- 
sidering for the present the current of strength dJ flowing through 
an elementary tube of flow (or tube of force) in the circmt of 
cross-section df at any place, we have 


where 


dJ^Qdf-. 


K (Ej^Sg-f-Eg^Sg -h 


or by integration round the whole circmt, i.e. with respect to s, 

= I (^ds + E^ds+. ). 
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Biiii I <^2 — ^12 

J s 

IS tlie Yolta potential difference of the two metals at the first junc- 
tion of the circuit reckoned m a defimte sense round the circuit 
In this integral the element of the circuit between tlie double sheet 
concerned is of course not included, although the current crosses 
through this sheet, the argument for this may be stated as follows 
If there were equilibrium with no current flowing tlie electric force 
intensity E in the contact sheet is exactly balanced by the contact 
forces (of chemical affimty), say S, so that 

S-E = 0 

If however the charges separated by the contact forces can break 
away and flow off as an electric current, there is no longer an exact 
balance. But even in this case the outstanding difference between 
S and E is small compared with either of them, because sufficient 
charge accumulates in any case to establish the volta potential 
difference. Thus since S and E are both large of the first order the 
difference S — E can be at most finite, say E', so that 

S - E = E' 


Since now the value of k in the contact surfaces is certainly not large 
(it is at most fimte) the values of E'ci and /cE'd may be neglected in 
comparison with finite quantities, d being the thickness of the sheet 
Thus practically the only driving force for the curient is tliat in the 
interior of the metals. We have thus 


or 

where 


dJ 




~ r; (<5^12 + <^23 + ), 




‘ 

f}s*<df 


represents the total resistance of the circuit This is of course Ohm’s 
law for the circmt 


112. If no energy is supphed at any part of the circuit then 
J == 0 and thus , , i 

912 + 923 + - • + 9«x ~ 

which is Volta^s law. This sum is however no longer zero when a 
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current is flowing or wlien energy is being added from outside at 
one of tbe junctions. 

A direct consequence of this result is that the volta difference 
of potential of two metals in contact is exactly the same as the 
potential difference of the same two metals connected through a 
whole series of other metals No direct electrometer reading will 
therefore ever detect the potential difference here described, because 
the instrument merely records the difference between the pieces 
of metal forming its quadrants (which are of course of the same 
metal*). 

113 If we integrate in the positive direction round only part 
of the circuit, say that between the two sections a and j8, we get 

f Eds = <^a — 4- S<^r,r+lJ 

a 

where are the potentials at the sections a.jS andS^^^^+i refers 

to the volta potential difference for all the junctions occurring in 
the section of the circuit between a and ^ Consequently we have 

K, 

where is the resistance of the part of the circuit concerned 

If the sections a, ^ are very near but on opposite sides of a given 
junction, the resistance is very small and so 

— i>ur+l = ^5 

or 

so that the potential in the circuit jumps at each junction by the 
corresponding volta difference of potential for that junction If 
we put the sections a, jS close together but so that practically the 
whole circmt is included between them and then remove the small 
portion of the circuit not included J = 0 and thus 

the potential difference between the ends of an open circuit is equal 
to the electromotive force operative in the same circuit when closed. 

* By constructing electrometexs witii opposite quadrants of different metals it is 
possible to deterimne the difference of potential between the metals (Kelvm) 
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114 . The general practical method of obtaining an effective 
electromotive force of this kind in the circuit is obtained by the 
insertion in it of a voltaic element or cell The general principle 
involved may be illustrated by the following particular example. 
If we put into a vessel which contains dilute sulphuric acid a plate 
of copper and a plate of zinc at a small distance apart, it will be 
found by connecting the ends of the metals projecting from the 
acid to the quadrants of an electrometer that the pair of quadrants 
connected with the copper is at a higher potential than the other 
In this experiment we have a series of conductors, brass, copper, 
acid, zmc and brass The potential in the interior of each conductor 
has the same value at each point but it jumps at each surface of 
contact and the observed potential difference is the algebraic sum 
of the jumps If ^i^i^ote the potentials of the 

metals in order, and if also we use for (f>j^ — then we have 
the observed difference equal to 

4*bc + ^cs d- <t>sz + 

One or more of these terms may be negative and if the acid were 
replaced by a metal the sum would be zero It is only because we 
have an acid (or fluid conductor) in the series that the expression 
has a definite positive value different from zero 

The apparatus here described, and many others of a like nature 
which are composed of rigid and fluid conductors and which jicssess 
the property of creating a potential difference between two pieces 
of the same metal, is called a galvanic element or cell They were 
first invented and used by Yolta and are called after him®* 

With such an apparatus it is possible to produce a permanent 
steady current by connecting the metal ends projecting from the 
liquid through a simple metallic circuit The chemical affinities of 
the elements of metal and those of the acid produce an electric 
separation in the manner previously described and the double sheet 
so produced makes the sudden jump of potential in crossing from 
the metal to the liqmd Chemical attractions prevent the separate 
induced charges combining across the liquid and so they have to 
go round the metals closing the circuit The double sheet thus 
dissipated by these charges going round is then continually renewed 
by chemical action and this makes a permanent current. The energy 

* Cf the letter in Phil Trans (1800), p 402 Also Oilb&rt's AnnaUn, 6, p 340. 
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supplied at the junctions here is the chemical energy of combina- 
tion of the one substance with the other The precise nature of the 
action involved will be discussed later 

115 On impressed forces m mechanics*. The mechamcal 
distinction between the two cases here discussed, when the current 
can exist and when it cannot, is easily recogmsed. The closed circmt 
of physically and chemically homogeneous conductors in itself is 
a self-contained mechamcal system so that no current can flow m 
it unless there are external forces of some kind acting Thus if a 
current flows in such a circuit there must on the whole be an 
impressed electromotive force equal to Jk (as this is the electro- 
motive force in the circuit) which arises from actions of a purely 
external nature 

This conception of electromotive force corresponds exactly to 
the conception of external or impressed forces in the mechanics of 
ponderable bodies The idea is that of a force, not determined by 
the conditions which govern the system under consideration, but 
which nevertheless acts on it in an arbitrary manner and by means 
which are in no way in essential connection with the system For 
example in a system of elastic bodies, the elastic stresses and internal 
forces are in perfect accord with one another and with the internal 
deformations and motions, but external forces may act on the 
system in any arbitrary manner Of course, these forces influence 
the distribution of the internal stresses but only in the sense that 
they alter the conditions under which the system exists 

116 There are two reasons why we introduce the idea of external 
forces into ordinary mechanics The first is that we can thereby 
limit our discussions to the consideration of a particular system 
by itself If in the above example of elastic bodies the external 
forces are produced by weights, their action is determined by 
mechamcal laws, such forces would of course be internal forces if 
gravity were also included in the mechamcal system Another 
important example will be given later, it involves the electro- 
motive forces which can be produced by the oscillations of a mag- 
netic field m the neighbourhood of a current circuit or to the 
motion of that circuit through a magnetic field. Such forces are 
external as long as we prefer to leave the magnetic field out of the 

* Cf Abraham, Theorie der JElektrizitat, i p. 199 
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calculation They become internal forces, whose action is deter- 
mined by the ordinary laws of electrodynamics, as soon as the 
magnetic field is considered part of the system 

The second reason for introducing external forces into mechanics 
is that they often represent actions, which cannot be sufficiently 
well explained on a purely mechanical basis Examples are provided 
in connection with the motions of magnets or electrically charged 
bodies. If mechamcs attempted to explain all the motions of 
natural bodies, it would tacitly ignore all those motions which 
cannot be explained on a purely dynamical basis In the cases 
mentioned, for example, a complete dynamical description of the 
motions is not possible until we have a mechanical explanation of 
the magnetic and electric actions Mechanics treats only of one 
side of natural phenomena, it is useless when we are dealing with 
phenomena of a non-mechanical nature A modified usefulness is 
however attained by admitting ignorance of their fundamental 
basis but representing the actions of these non-mechanical processes 
by means of impressed forces The present type of impressed 
electromotive force in a circuit is of this nature Such forces could 
not be treated from the standpoint of pure electric theory, because 
we are m reality involved in them in chemical and thermal pheno- 
mena, the laws in which are known only m a few special cases Thus 
if we hmit ourselves to the description of electrodynamic pheno- 
mena, we must in such cases resort to the idea of the impressed 
electromotive force to explain the action of such processes on those 
under direct review. 

117. On the energy relations of an electric current’’^ We 
must now enquire into the amount of work expended in driving 
the current. Consider for this purpose any conductor in which a 
current J is flowing. Let <f>^ and ^2 be the electrostatic potentials 
of the internal electrical field at two sections of this conductor 
between which the resistance is In a time 8^ an amount of 
electricity equal to JU is transferred from the one section to the 
other through the conductor (or at least this is the efiective result 
of the electrical flow during this time). This means that an amount 
of electrical energy 

* Kelvin, Phil Mag Deo 1851, 


(01 “* 02 ) 
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has been lost in this part of the conductor durmg the time St. Per 
umt time this is j 

What has become of this energy ^ The driving of the current is an 
affair of diffusion, the electric force is pushing the electric charges 
along among a large number of obstacles The electric atoms get 
up a velocity, but impart it by colhsion to the molecules of the 
matter, so that their own motion becomes irregular. This is the 
essence of frictional resistance , the motion of the electric elements 
becomes irregular through colhsion with the obstacles The wasted 
energy thus appears again as irregular motion of the electric 
charges and also partly of irregular motion of the molecules of the 
matter, that is it appears as heat in the conductor Thus the heat 
developed per umt time m the portion of the conductor considered is 

J — < 5 ^ 2 ) 

If we introduce Ohm’s principle that 

T — ~~ ^3 

^ “ 7 . ’ 

^12 

the heat developed appears as of amount 

per umt time Thus in the whole circuit the total heat developed is 

J% 

where k denotes the resistance of the circuit This expression how- 
ever not only gives the total amount of heat but also its location 

118, If a voltaic cell is supplymg the current the energy which 
appears as heat in the circuit must also come from the cell. More- 
over this energy is available energy, for if we had conductors of 
small resistance we could turn it into work (If the conductors are 
of big resistance the work is entirely wasted in them ) This work 
IS introduced into the circuit in the battery at the places where the 
substances are decomposed (i e at the surfaces of metals in liquid) 
The supply of available energy comes in from the hqmd and may 
be used to drive a machine somewhere if it does not waste. The 
location of the energy supply is different from that of its emergence. 
Thus an electric current is a means of transmitting power. 

If a voltaic cell is the source of the current the total heat de- 
veloped m the circmt appears as the work required to raise the 
quantity of electricity supphed by the current through any cross- 
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section of the circuit through the various potential jumps at the 
contact surfaces m the circuit, because (^i — ^ 2 ) ^or a whole 
circuit IS simply 

for that circuit The work per unit time is thus 

or since is the quantity measured as the electromotive force 

of the cell, it is measured by the product of the cm rent by the 
electromotive force of the cell. 

It is of course assumed that all the work done on the electric 
charges in driving them forwaid is spent in increasing then velocity 
and is thus dissipated by collision and appeals as heat This only 
apphes when none of the energy is turned into mechanical work, 
as IS usually the case in circuits containing dynamos. 

119 The above results, based on the idea of diftusion, were 
experimentally tested and verified by Joule 85 years ago*** From 
his results he formulated his law expressing that the total amount 
of heat developed as expressed above is correct and also that the 
distribution given is correct 

He was also able to formulate the principle for electric flow which 
in its generalised form states that in all cases of difiusion the flow 
distributes itself so as to give the least possible heat for a given 
current In other words if a given current is introduced into a 
network of conductors it distributes itself among the conductors 
so that the energy wasted is least 

The generalised principle in the form that in any steady dy- 
namical motion of a given material system, when the forces are 
only frictional, the motion is such as to make the waste of energy 
the least possible, was given and proved by Lord Kelvin. The 
particular case here quoted is however usually called Joule's law 
of rmmmum d^ssi'paUon 


120 The proof of this law in the electrical case is easy Let 
there be electrodes joined by ^ wires and let there be 

£i 


given electromotive forces in the wires and given conditions of 
supply and withdrawal of current at the electrodes so that the 
currents in the wires are steady 

♦ Phil Mag 19 (1841), p 260 
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Let (561, <5^2, . (j>n be the potentials of the n points, Qi, Qn 

be the amounts of electricity supphed per umt time at these points 
so that in a steady state 

+ ©2 + + Gn = 0, 

and let be a possible internal electromotive force in the wire 
joimng the rth and sth points so that 

Ers == - E^\ 

and also let K^s denote the reciprocal of the resistance in this same 
wire so that = ^sr\ we also use other symbols K^, . 
having no physical sigmficance but which are such that 

•^11 + ^12 + • + ^In == 0 , 

JTai + ^22 + + ^271 = ^^3 

etc 

In applying Ohm’s law to each conductor and examimng the flow 
at each point we have 

Qx = ^12 (-^12 + ~ <^2) + ^XZ i^lZ <f>z) H" 

+ ^Xn i^ln + — <f>n)> 

O2 = -^21 (-^21 + <^2 ^1) + * "b ^ 2 n {^ 2 n + ^2 <f>n)t 

These equations, usually ascribed to Kirchhofl*, can be written in 
the form 

^11^1 + ^12<^2 + • + ^Xn4*n = ■— ft + ^12^12 + + J^Xn^Xn^ 

The sum of the left- and right-hand sides of these equations is zero 
and they therefore reduce to (yj — 1) independent ones. 

These are the conditions of flow, if the currents obey Ohm’s law, 
and we have now to show that the heat developed in this case is 
the least possible 

121 We multiply the above equations in order by (^i,<f>2> <f>n 
and then add the n equations together, this gives us 

~ Krs {4>r - <l>sr = - S Q,</>r + 2 i?., (c^r - <f>s) Ks, 
r=l 

whence also TiQr<i>r = {<f>r — <j> 3 ) {<f>r — + ^rs)j 

* Kirclihoff, Anw Phys Ckem 64(1845), p 512, 72 (1847), p 497, Wheatstone, 
Phil Trans 2 (1843), p 323, Ann Phys Chem 62 (1844), p 535 Cf also Maxwell, 
Treatise, vol. r 
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but if IS tbe current in the conductor joining the rth and sth 
points we have x,, {<(>, -<f>, + EJ = 

and thus l^Qr(f>r == {^r “ ^s)j 

or also if we use h^s = 1/^rs 

either of which expresses the energy equation The total heat lost 
in the wires is equal to the total energy supplied at the 3unctions 
plus that drawn from the cells in the circuits. 

In these equations is the actual current in the typical con- 
ductor determined by Ohm’s law. Suppose now that -f be 
a modification of this current which is compatible with the con- 
ditions of supply and output; so that 

^12 ^3 •• "i“ ^in ” ^3 

^21 "f" ^23 d” • "f" ^ 2.71 “ ^3 


and then we have 

Ukrs {Jrs + ^rs)^ “ = ^Ks^rs^ + 

= + 2^x1, (</», - <!>,), 

li there are no internal electromotive forces in the circuits to com- 
phcate matters But then the last term on the right is 

2S "t" XsY.(:f>g)j 

and IS zero in virtue of the linear relations among the cc’s, and thus 

is essentially positive in this case the heat developed in the actual 
state, with no internal electromotive forces, is less than that in 
any other state The more general theorem when internal electro- 
motive forces are included will be discussed on a future occasion 

122 The thermal relations of an electric current. We have 
mentioned so far the voltaic cell as the only means of producing 
by chemical action the necessary energy to drive a steady current 
in a linear conducting circuit Experience however has shown that 
heat IS also very effective as a generating agent for electric flow. 
In fact a current is at once observed m a circuit consisting entirely 
of pieces of metal if two junctions between different metals or even 
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two points of the same metal are maintained at difEerent tern- 
peratures^. 

The simplest case is that in which the circuit consists of two 
pieces of different metals A and B 3 oined at and Pg a com- 
plete circuit. 

Any difference of temperature between P^ and Pg then causes a 
current to flow in the circuit and the direction of the current is 
reversed by inverting the temperature difference If the junctions 
are at the same temperature there is absolutely no sign of any 
electric motion whatever 



It IS possible to arrange all the metals in a senes so that in a 
circuit of the type described the current flows across the warmer 
junction in the direction from the metal higher in the senes to that 
which IS lower down A few of the metals arranged in this order 
are bismuth, platmum, lead, copper, gold, silver, zinc, antimony 

123 If the circuit just described is broken at a point Q and if 
the junctions P^ and Pg are maintained at the different temperatures 
01 and 02 the same cause which makes the current to flow in the 
closed circuit will create a potential difference between the ends 
of the broken circuit even if these ends themselves are at the same 
temperatures This potential difference, which may be directly 
measured, will then serve as a measure of the electromotive force 
in the circuit It appears that for small differences of temperature 
the electromotive force is proportional to (0i ~ , but for larger 

* Seebeck, Gilbert's Ann 73 (1823), pp 115 and 430, Pogg Ann 6 (1823), pp. 1, 
133, 253 

L 9 
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differences the simple proportioiialit 7 is not even approximately 
veriffed. 

These thermoelectric currents of course obey Ohm’s law as 
regards the relation between the electromotive force and current 
and they also obey the series laws relating to compound circuits 
similar to those formulated for the volta potential difference, 

124. In order to explain these phenomena we can suppose that 
the heat motion m the junction between the metals A and B drives 
the electricity towards the former metal (which we may take to be 
antimony, B is bismuth), with a force which is a function of the 
temperature Then as long as the junctions Pj and Pg are kept at 
the same temperature the two electromotive forces at these junc- 
tions (indicated by small arrows in Fig 15) are equal and opposite 
and therefore neutrahse one another. On warming or cooling one 
of the junctions relatively to the other this equilibrium is disturbed 
and there is a resulting electromotive force in the circuit. 

If in the case exhibited above the warming of the junction Pi 
causes a current to flow m the direction of the larger arrow we should 
expect that at this junction heat would be used up in order to 
provide energy for the current flux This is actually the case 
Peltier*** observed for instance that if a current is driven by an 
applied electromotive force across a junction between Bismuth and 
Antimony m the direction B — A the junction is always cooled 
whereas if the current is driven m the opposite direction the junction 
IS warmed. This local development or absorption of heat is of course 
a function of the temperature and if the complete circuit contains 
two such junctions at the same temperature the development of 
heat at one junction exactly balances the absorption at the other, 
whereas if the junctions are at different temperatures so that more 
heat IS absorbed than developed the heat which disappears will 
appear elsewhere m the circmt either as Joule’s heat or as heat of 
chemical transformations or it may be used up in other more 
effective ways as purely electrical energy. 

125. Next let us take a simple circuit again consisting now of a 
piece of iron and a piece of copper and steadily heat the one junction 
up The electromotive force m the circuit gradually increases, at 

* Ann. de Chim et de Phye 56 (1834), p 371, Pogg Ann. 43, p 324 
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first proportional to tlie temperature, but subsequently more 
slowly until the hot junction reaches the temperature 280 °, beyond 
which point an increase of temperature reduces the electromotive 
force, finally changing its sign after passing through the zero value***. 
We might again explain this m terms of our local electromotive 
forces at the junctions which we may now call and at the 
respective junctions. The electromotive force in the circuit is 

^21 = ^2 • 

Now suppose that at ordinary temperatures with 6-^ > 62 then 
4^1 <4^2 so that ^21 IS positive, and that <f>i decreases as the tem- 
perature IS increased, attaining however a minimum value zero 
at the temperature = 280 ° after which it gradually increases 
again, then ^21 would behave exactly as described, so that so far 
the explanation is elective. 

The temperature d = 280 ° C 

IS called the neutral temperature of the copper-iron combination 
of metals. Similar neutral temperatures exist for all combinations 
of metals Moreover it is found that at the neutral temperature 
there is no Peltier efiect, so that if an electric current is passed 
across the junction at this temperature then no development or 
absorption of heat takes place This agrees generally with our 
explanation, for it is only when the local electromotive force at the 
junction IS zero (^1 = 0 ) that there is no development or absorption 
of heat 

126 . Suppose now we have a circuit of the kind described in 
which the :^st junction has a temperature equal to the neutral 
temperature, 1 e = 0 The total electromotive force in the circmt 
IS then 

The direction of the current will then be that in which the Peltier 
efiect at the upper temperature (^1) exists as a heat absorption and 
at the lower temperature as a heat development. But in the present 
instance no heat absorption does take place at the temperature . 
In spite of this however electrical energy will be transformed into 
heat energy at the lower junction and developed there, and m 
addition there will be the usual development of Joule’s heat We 
are therefore driven to the conclusion that at some position in the 
* Cumming, Annals of Philosophy, 6 (1823), p, 427. 

9r-a 
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circuit other than at the junctions heat must he absorbed and 
transformed into electrical energy. This implies that even in a 
single wire whose ends are unequally heated an electromotive force 
may arise as the result of an absorption of heat, and if this pheno- 
menon IS reversible there must be an additional development of 
heat in the circmt when a current passes along an unequally heated 
conductor This phenomenon was theoretically predicted by Kelvin"*® 
and he was soon enabled experimentally to justify the prediction* 
it IS therefore usually known as the Kelvin or Thomson thermo- 
electric efiect. 

127. The efiectiveness of the explanation here suggested for 
these phenomena is supported and further substantiated by the 
application to the transformations of energy of which they are the 
expression of the general laws of thermodynamics governing all 
such transformations There are however difficulties of a funda- 
mental nature involved in any such apphcation in the present case . 
it may in fact be argued that the whole thermodynamic procedure 
may be invalid because it is apphed to a case in which degradation 
is continually going on, m the form of conduction of heat, along 
the same circmt which conducts the current, and of amount depend- 
ing on the first power of the temperature differences and it does 
not appear that this fundamental objection to the procedure can 
be safely ignored, considering that conductivity for heat is closely 
connected with conductivity for electricity It would of course be 
removed if the heat conduction proceeds in entire independence 
of the electric current, except as regards the transfer of the electric 
elements, the influence of which is reversible and is taken into 
account in the Kelvin efiect The electric cycle can moreover be 
completed in so short a time that the thermal transfer by ordinary 
conduction may possibly be neglected Waiving these difficulties 
however the argument of Lord Kelvinf may be put in the following 
formj. 

Suppose that in the transfer of the amount Bd of electricity from 
a place where the temperature is 0 to a place where it is ^ -f 86 
the amount cBBBQ of heat is absorbed by the current and converted 

* Phil Mag [4], 11 (1856), pp 214 and 281. 

t The thermodynamic reasoning was fimt developed by Clansms {Pogg Ann 90 
(1853), p 513), but in an mcomplete form 

X Cf. Lannor, Aether and Matter, p 306 
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into electrical energy of motion of tlie electricity; cr is called tlie 
'specific lieat of electricity’ for tlie conductor and it may be either 
positive or negative 


128 Let us then — ^ignoring the fimte degradation by heat con- 
duction, but reahsmg that the electric flow may be made so slow 
that the electric degradation, proportional to the square of the 
current, is negligible and that therefore the operations are certainly 
electrically reversible in Carnot’s sense — apply the prmciple of 
energy and Carnot’s principle to a circuit, formed of two metals 
and including as a part of itseK the dielectric 
of a condenser having these metals for its 
coatings, the temperature 6 varjdng from 
point to point along the circuit. When the 
plates of the condenser are moved closer 
together without alteration of temperature 
its charge increases, as the diflerence of 
potential (f> between the plates remains 
constant so that there is an electric flow 
round the circuit and there is at the same 
time a gain of mechamcal work and of available energy each 
equal to or in all <f> per unit total flow. Thus the plates of 

the condenser (Fig 16) being at the same temperature ^ 2 ? have, 
by the energy principle and Carnot’s principle, considering umt 
electric flow round the circuit 

^ ni + - a') dS, 

Je^ 



where ITi is the Peltier efiect at the temperature of the junction 
of the two metals, that is the amount of heat absorbed or set free 
on the passage of umt current across the junction at this tempera- 
ture, and a, cr' are the specific heats of electricity in them. Thus 



and 



Hence for a temperature 6 of the junction, everything can be ex- 
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pressed in terms of the curve connecting the electromotive force <f> 
of the circuit with 6, by the simple relations 

n d(f> 

l^dB^ ~r ~ "" w 

The Peltier ef ect appears in the expression for <f>, in the form of an 
electromotive force at the junction, as surmised in the simple 
explanation offered above The chemical mutual attractions of the 
molecules across the interface produce in fact a polar electric 
orientation of these molecules which gives rise to an abrupt potential 
difference of contact equal to 11, and each unit of charge passing 
across the junction thus introduces an energy effect 11 which involves 
absorption or evolution of heat at that place in the Peltier manner 

The other term in the potential, viz | (a — a') dd. is thermo- 
dynamically involved in a convection of heat by the current passing 
from a warmer to a colder part of the wire* the exact mode in 
which this arises appears better in the discussions on the mechanism 
of metalhc conduction in Appendix II 

129. Electrolysis So far we have been dealing with the rela- 
tions of electric flow without troubling much about the actual 
generation of that flow We have, it is true, been led to certain 
conditions which are essential to the flow, but the exact way in 
which they are satisfied did not appear We shall now attempt an 
exposition of this other side of the subject and explain how a 
current is actually generated As a preliminary we must first 
explain in detail some important facts connected with the flow of 
currents through liquid conductors*. 

Chemical compounds which can exist either as salts or acids, or 
have the same general characteristics as these bodies, can conduct 
an electric current when in the hquid form or in solution In order 
to observe this it is merely necessary to insert two conductors as 
electrodes into the liquid or solution and connect them with the 
poles of a voltaic cell. A current will be found to flow round the 
circmt and if this experiment is carefully examined it will be found 
that 

* A complete account of the theoxy of conduction and the correlated phenomena 
in hqmds is given with references by Whetham, The Theory of 8olut%on8 (Cambndge, 
1902 ). 
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(i) No substance can conduct an electric current without being 
resolved into two constituents of which the one appears at the 
positive electrode and the other at the negative This resolution is 
called electrolysis the substances which admit of such, electrolytes^ 
and the two constituents, the ions 

(ii) The metal or the stuff which takes its place m the compounds 
(Hydrogen in the acids) is always one of these constituents and it 
always appears at the electrode where the current leaves the 
electrolyte (the negative electrode or cathode). We call it the 
cation, the other part the anion 

(ill) Secondary actions may follow the deposition of the ions on 
the electrodes, but they are not connected with the current 

If for example copper sulphate (CuSOJ is in solution between 
copper electrodes , when the current flows one electrode is covered 
with copper but from the other a portion of the copper combines 
with the free SO 4 ion again The total quantity of dissolved copper 
sulphate thus remains the same but the one electrode increases in 
weight and the other decreases by the same amount 

130 We can obtain a very simple picture of this phenomenon 
in the following way Suppose AB and CD are 
the electrodes and suppose the current flowing 
from left to right We can now imagine that one 
constituent P of the substance remains at rest 
but that the other moves with the current There 
will thus appear a definite quantity of this latter 
constituent in the free state at the electrode CD 
and an eqmvalent amount of P left free at AB, Fig 17 
whilst each volume element in the middle of the 
liquid contains just as at first equal amounts of both constituents 

As far as the resolution of the substance is concerned we might 
have imagined that the constituent Q was at rest and the part P 
moved to the left The phenomenon really only depends on the 
relative motion of the two constituents and both P and Q might 
move, which will in general be the case 

Of course the actual motions in the electrolytes are very com- 
phcated Before the current is sent through, each molecule has its 
irregular heat motion and the constituents may have relative 
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motion inside the molecule Single molecules may even be already 
dissociated into atoms or atomic groups and capable of existence 
as such for a short time But in all of these phenomena no direction 
can be chosen for which the motion has a preference All this 
however alters as soon as the current crosses the liquid The atoms 
of the constituent P will then move to the left in large numbers or 
with larger velocities than to the right. Similarly the atoms of Q, 
although movmg in reahty in every direction, will have a slight 
preference for going to the right. 

131 In a careful examination of all the circumstances governing 
this phenomenon of electrolysis Earaday found the following laws 
to be always true* 

(i) The quantity of a substance which is resolved by an electric 
current, and thus also the quantity of each constituent which is 
hberated, is proportional to the current strength 

(u) If different substances are traversed by equally strong cur- 
rents, then the quantities resolved in each case are chemically 
eqmvalent the same is true also of the different constituents 

If for example solutions of zinc sulphate and copper sulphate 
are included in the same circmt, then the same number of molecules 
of both substances will be deposited and also the same number of 
atoms of each metal 

On the other hand from dilute sulphuric acid a quantity of 
hydrogen is hberated which contains twice as many atoms as the 
quantity of copper which the same current would separate from a 
solution of copper sulphate But then one atom of divalent copper 
is chemically equivalent to two atoms of univalent hydrogen 

132. All of these facts tend to show that in electrolytes the motion 
of the electricity is invariably connected with the motion of the 
matter, in as far as that motion is conceived as a displacement of 
the constituent ions relative to one another There is only one 
explanation of this connection, we must assume that of the two 
parts into which a molecule can be separated (the ions) the metal 
or corresponding part has a positive charge and the other an equal 
negative charge It is thus clear how under the influence of a 
potential difference in the hquid the metal is driven to the cathode 

* Experimental Researches^ Ser 7 (1834) § 662 et seq 



130 - 132 ] 


Faraday’s laws 


137 


and tlie othei constituent to the anode. We must in addition 
assume that the ions give up their charges as soon as they reach 
the electrodes, i e they are uncharged as soon as they appear in 
a free state 

This hypothesis means that the motion of electricity in electro- 
lytes IS a convection but with the characteristic that the small 
particles which convey the current need not receive any charge 
to convey, they merely give up what they already have If this 
convection is the only kind of electrical motion involved, then the 
quantity of electricity which goes ov’er from the cathode through 
a connecting wire is equal to the sum of the charges of all the 
metal particles which reach the cathode The first Faraday law is 
thus explained by assuming that in a definite electrolyte each 
metal-atom is combined with a defimte invariable charge 

As far as the second law is concerned it leads to a consequence 
which is more than a connection between the chemical and electrical 
phenomena For example when two voltameters, the one with 
copper-sulphate and the other with zinc-sulphate, are connected in 
the same circuit, then equal quantities of electricity go to the 
cathode in each voltameter Since this is accomphshed by the 
deposition of the same number of atoms we see that the copper 
atom in the one salt and the zinc in the other must have equal 
charges The negative charges which belong to the SO4 ion in each 
molecule are also equal and equal to the positive charge on a 
copper or zinc atom Consequently the same group in sulphuric 
acid has exactly the same charge, so we see that an atom of hydrogen 
in this acid has a charge equal to half that of a copper atom Thus 
the atom of a divalent element carries a charge twice as large as 
that of a univalent element 

It IS these Faraday laws which suggest that electricity like matter 
has an atomic structure and that the ions are combinations of 
chemical and electrical atoms, and they were first pubhcly inter- 
preted in this light by von Helmholtz*. The suggestion however 
was not well received at first chiefly owing to the apparent lack of 
the necessity for it, and it was left for the modern theory of 
electrons definitely to adopt the conception into electrical theory 
The remarkable success which has attended the developments on 


Faraday Lectwe, 1881 
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both the theoretical and the experimental side of this theory now 
hardly leaves any donbt as to the fundamental basis on which it 
IS constructed 

133 The explanation of the action of a voltaic element, W e 
can now attempt an explanation of the action previously ascribed 
to the voltaic element, viz that of being able to supply a current 
We know that in any such element as soon as a current is flowing 
there is a chemical action and we must therefore regard these 
actions or rather the forces which are in play with them as the 
origin of the electrical motion We are strengthened in this view 
by the law of conservation of energy This connects the heat de- 
veloped m the current circmt with the decrease in the energy of 
the cell Since new chemical combinations are formed and thereby 
energy lost, there is no doubt that we must seek for the source of 
the heat developed in the circuit in this direction and experiment 
proves that the one perfectly accounts for the other We thus 
conclude that the chemical attraction between the atoms, which 
combines them together, is the origin of the electromotive force 
which drives the electricity in the element to the electrodes , 

How can these chemical attractions create the potential differ- 
ence in the circuit^ How also is it that the chemical actions 
depend on the presence of a wire outside the cell connecting the 
two electrodes^ Or how is it that a heat development can be found 
at a place different from that where the process giving rise to it 
IS operative^ 

Without being able to give a perfect answer to this question we 
can make a fairly good representation of how the phenomena work 
We shall assume that in the electrolytes the ions are electrically 
charged and that in consequence the motion of the ions and the 
motion of the electricity are invariably connected with each other 
When decomposed these ions can be driven by the electric force , 
they may however also be moved by forces of another kind, in any 
case then there is a motion of electricity. 

When we dip a copper plate and a zinc plate in sulphuric acid 
solution without completing the circuit the zinc attracts the SO4 
ions, some molecules of SO4 will give way to the attraction and 
combine with the metal. This cannot however proceed very far, for 
the molecules as they combme give up their negative charge to the 
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zinc and so there gradually arises a repelling force between the 
zinc and the next arriving SO 4 molecules. A condition is in fact 
very soon attained in which the chemical attraction is in equihbrium 
with the electric repulsion A similar process goes on at the copper 
plate, although the SO 4 10 ns are attracted much more by the zinc 
than the copper, so that the copper plate will have a much less 
negative charge than the zinc when equilibrium is attained. 

It IS then clear that between the zinc and the copper there will 
be a potential difference such as is actually observed. 

134. We can now if we hke restart the chemical action which 
ceases when equihbrium is attained as above We have only to 
put a positive charge on the zinc to neutrahse its negative charge 
This IS accomplished by connecting it by a wire to the copper plate 
If this is done the equihbrium is broken The negative charge on 
the zinc reduces and thus the attraction between the zinc and the 
SO 4 ion IS greater than the electric repulsion Thus the SO 4 ion 
moves towards the zinc and commumcates its negative charge to 
it and this is continually being neutrahsed by positive charge 
supplied from the coppef through the wire 

It would thus appear that the resultant difierence in the attraction 
of the zinc for the SO 4 and the copper for the SO 4 is the mo^ung 
force in the circuit 

This idea also provides us with an explanation of the heat develop- 
ment phenomena When a particle of SO 4 moves towards the zinc, 
only under the influence of the chemical attraction, it acquires a 
kinetic energy which we would notice as heat But in the cell the 
attraction is practically balanced by the electric repulsion so that 
the molecule of SO 4 reaches the zinc without a large velocity, 1 e 
the combination takes place with only a small heat production. 

Similar considerations are also true for cells of other types A 
chemical attraction between one electrode and the negatively 
charged element of the surrounding electrol 3 rfce always tends to 
create a current in a defimte direction, whilst an opposed current 
can arise through an attraction between the other electrode and 
the positive ion. If the electrode attracts both ions it is only a 
question as to which is the preponderating action. In the general 
case we should also have to take mto account the forces exerted 
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by the second electrode on the ions, so that the phenomena can 
be, and are in reality, more complicated than our above description 
We have however been able to illustrate the underlying essential 
physical principles and our object is thus accomplished 

135 The effectiveness of the explanation of the action of the 
voltaic cell is further substantiated by results of the application 
of the general laws of thermodynamics to the thermal transforma- 
tions which take place in them* There are several of the galvanic 
cell elements m which the chemical transformations consequent on 
the passage of a current are perfectly reversible, i e elements m 
which the reverse current produces exactly the reverse chemical 
changes, there are others where secondary actions of a purely 
chemical character accompany the passage of a current through 
the element so that the actions are not properly reversible 

We shall confine our present considerations to the former type 
of element, for which alone the general thermodynamical pro- 
cedure is directly applicable 

If a reversible element at a temperature 6 has the electromotive 
force </> we may extract current from it until the total quantity ZQ 
of electricity has passed round the circuit The mechanical work 
gained in this process from the chemical reactions is 0 8Q In this 
case a defimte quantity of metal from one electrode has dissolved 
and an equivalent quantity of the other metallic electrode has 
been deposited The amount of heat corresponding to these trans- 
formations we shall suppose to be If then </> <H the whole 

of the energy obtained from the chemical processes is not all 
transformed into available electrical energy, part of it has been 
dissipated as heat in the circuit Conversely li (f>> H heat must 
have been absorbed from the circuit to account for all the electrical 
energy 

Now increase the temperature of the cell to 6 + B6. its electro- 
motive force will in general be different, say H- B(f>. Then at this 
higher temperature join the element to a cell of another type and 
pass in the opposite direction the quantity BQ of electricity through 
it. In doing this we use up electrical energy from the second 
element of amount BQ {(j) -i- and an amount BQ {H + BH) of 

* Cf W* Thomson, Phil Mag [4], 2 (1881), pp. 429, 551. The theory is onginally 
due to Helmholtz and W Gibbs. Of Whetham, Theory of Solutions, p 235 
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energy will be absorbed on account of the reverse chemical 
reactions taking place in the cell; finally the amount of energy 

BQ {{H + BH)^i<f> + B<f>)} 

has been developed in the cell as purely thermal energy, 

Next cool the cell to the original temperature 6; the initial con- 
ditions in it are then completely re-estabbshed*^ We have thus 
performed a completely reversible Carnot cycle with the cell, and 
since electrical and mechamcal energy are completely transform- 
able and can therefore be regarded as equivalent, we may apply 
the ordinary principle of Carnot to the process But in the cycle 
we have absorbed the quantity of heat BQ ^ B<f) — H — BH) at 
the higher temperature and given up the quantity BQ {(j> — H) at 
the lower temperature, and the excess of electrical energy gained 
IS 80 Bcf) Since this process is reversible we must have 

Bct> BQ _ ^ 

BQif-H) 

or 

Thus when the electromotive force of an element increases with 
the temperature the element must be cooled when a current is 
passed through it Conversely when heat is developed in the cell 
by the passage of a current the electromotive force decreases vuth 
the temperature These conclusions have been completely verified 
by experiment 

136 The conduction of electricity through gases We must 
finally consider the question of the conduction of electricity through 
gases The electrical conductivity of a gas in its normal state and 
at atmospheric pressure is extremely small, and it is only within 
the last few years that it has been estabhshed irrefutably that 
gases conduct at all, it can however be increased by subjecting the 
gas to certain influences tor mstance in the neighbourhood of a 
red-hot body a gas conducts quite wellf, as also do the gaseous 
products of combustion proceeding from a red-hot flamej again 
* This of course assumes that the thermal capacity of the cell is so large as not 
to be appreciably affected by the slight changes takmg place as described 
t Becquerel, Ann. de Ohimie et de Physique [3], 39 (1853), p 355 
J Cf Wiedemann, D^e LeAre der rv B, Giese, Wied Ann. 17 (1882), 

p. 519 
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when the so-called Koentgen rays pass through a gas they render 
it a good conductor of electricity, or to speak more accurately they 
increase its conductivity, if the rays cease to act the conductivity 
dies away rapidly and after a few seconds the gas is no more con- 
ducting than before exposure to the rays the conductivity imparted 
by these rays can also be removed by passing the gas through a 
plug of cotton-wool. 

The relation between the potential difference between the 
boundaries of the gas and the current through it, when it is ren- 
dered and maintained conducting by the umform action of some 
agent as above described, is deserving of attention, it is shown by 
the diagram m Fig. 18. As the potential difference is increased 
from zero the current gradually 
increases, but it does not increase 
so fast as the potential differ- ^ 
ence (as it would in a conductor J 
obeying Ohm’s law) . the increase 
of current for a given increase of 
potential difference decreases as 'potential diJ:ference 
the potential difference is increas- 

ed until finally no increase m the current is produced by an 
increase in the potential difference 

This limiting current, the strength of which is independent of 
the electric mtensity and depends only on the volume and nature 
of the gas and on the rays acting, is termed the ‘ saturation’ current 
It is represented by the part of the curve SS\ If the electric field 
be mcreased still further a stage will be reached at which a spark 
will pass through the gas and the current will increase once more 
These facts were described and an explanation of them offered by 
J . J Thomson and Rutherford in 1896* They supposed that when 
a gas is rendered conductmg there are introduced into it, by some 
means or other, a number of particles charged, some with positive 
and some with negative electricity. When the gas is subjected to 
an electric field the positive particles move to the negative bound- 
ary and the negative to the positive this motion of the charge 
constitutes the current in the gas But, if the gas is left to itself under 
the action of no external field, the oppositely charged particles 

* Phil Mag [6], 42 (1896), p 392 
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attract each other and coalesce m pairs, or 7eco7nhyie When once 
the particles have all recombined and their charges are neutrahsed, 
they move no longer under the action of a field and the gas loses 
its conductivity However if the gas is kept under the action of 
the rays, fresh charged particles are produced continuously the 
number of particles in the gas at any time is such that the number 
recombining in one second is equal to the number produced in the 
same time the gas is then in a steady state, and the number of 
particles in the gas does not change with the time In this condition 
the gas shows no sign of possessing a charge as a whole, and hence 
the total charge on all the positive particles must be equal to the 
total charge on all the negative 

When the gas is passed through a plug of cotton- wool, the charged 
particles, which differ from the molecules of the gas, are retained, 
while the molecules pass through It is not necessary to conclude 
that the particles are larger than the molecules, for the fact that 
they are charged, while the molecules are neutral, might account 
for their retention 

137 Consider now the variation of the current with the potential 
difference in such a mixture of molecules and charged particles as 
has been imagined. The greater the strength of the field, the greater 
IS the velocity with which the particles move and the shorter the 
time that is required for them to get from any part of the field to 
the boundary But while any particle is moving to the boundary, 
it IS liable to encounter a particle of the opposite sign and coalesce 
with it, losing thereby its conducting power The shorter the time 
of passage, the less hkely will such an encounter be, and the greater 
the number of particles which start from any part of the field and 
arrive, still charged, at the boundary hence the current, which 
IS measured by the number of charged particles arriving at the 
boundary, will increase with the potential difference But it is 
clear that the current cannot increase indefimtely it must reach 
a limit when the time occupied by the particles in reaching the 
boundary is so short that none recombine and the number arriving 
at the boundary per second is the number produced in the gas in 
the same time This number multiphed by the charge on each 
particle gives the saturation curreni through the gas. The further 
increase in the current observed with still stronger fields can only 
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be attributed to an increase in the rate of production of the 
particles 

According to this explanation, the process of conduction is 
essentially tbe same, whether it takes place in a metal or in an 
electrolyte or in a gas In each case the current consists of a stream 
of charged particles, and the great difference between the laws 
govermng the conduction in different states of matter is due only 
to a difference in the nature of the charged particles, in their mode 
of production and in their relation to the medium that surrounds 
them. In view of the similarity between gaseous and electrolytic 
conduction, the nomenclature of the latter has been applied to the 
former The moving charged particles are called tons and a gas, 
when it IS rendered conducting, is said to be lomsed the process 
of ionising a gas is named tomsatzon, a word that is also used 
quantitatively to express the concentration of the ions in the gas 
or the number per umt volume The negative electrode is called the 
kathode and the positive the anode. 

138 The charge and velocity of the ions. The charge on each 
ion m a gas can be ascertained if (1) the total charge on all the ions 
present in a gas at any time, and (2) the number of such ions, can 
be measured The first quantity presents no difficulty Let the 
gas be subjected to an lomsmg influence, such as Roentgen rays, 
until a state of eqmhbnum is reached between the number of ions 
produced per second by the rays and the number disappearing in 
the same time through combination Let the action of the rays be 
stopped suddenly and the gas immediately exposed to the action 
of a strong electric field All the ions of either sign present in the 
gas will be driven to the boundary of the field, and, if the field be 
sufficiently strong, the time occupied in reaching the boundary 
will be so short that no appreciable recombination will have taken 
place in the meanwhile the number reaching the boundary is equal 
to the number present in the gas before the field was put on If 
the charge received by the boundary is measured by connecting it 
to an electrometer, the total charge on all the ions of one sign 
present m the gas can be ascertained It may be remarked that 
if the ionising agent consists of Roentgen rays it is found that the 
charge on all the ions of either sign is the same 

139. The measurement of the number of ions present is a much 
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more difficult matter, but has been effected hy a most ingemous 
method devised by J J Thomson and based on a discovery due 
to C T. E. Wilson*. 

It IS known that the quantity of water which can exist in the state 
of vapour in a given volume of gas depends greatly on the tem- 
perature of the gas, and that, if a volume of gas saturated with 
water vapour is co led, the excess of the water, or the amount repre- 
senting the difference between that which the gas could hold at 
the higher temperature and that which it can hold at the lower, 
IS deposited m the form of ram or mist It was found by Aitken 
that this deposition of the superfluous water depends on the 
presence in the gas of sohd particles, or dust, which acts as nuclei 
for the formation of liqmd drops if a gas is rendered perfectly 
free from dust by filtering it through cotton- wool, it can be cooled 
to a temperature very much lower than that at which a cloud 
would form in the presence of dust without any consequent con- 
densation The necessity for the presence of nuclei in the formation 
of drops can be shown readily to be a consequence of a surface ten- 
sion in liquids, and it appears that the larger the particle of dust the 
more efficient is it as a nucleus and the smaller the supersaturation 
of water vapour that it is possible to produce in its presence. 

C T. E Wilson found that ions possess pecuhar properties with 
respect to the formation of clouds in gases supersaturated with 
moisture In his investigations he cooled the gases by expanding 
them adiabatically, thus producing a fall m temperature which 
could be calculated from the known values of the imtial and final 
volume and the ratio of the specific heats of the gas He found 
that it reqmres less supersaturation to produce a cloud in air, when 
it IS lomsed, than when it is not lomsed the ions act as nuclei for 
condensation This does not imply necessarily that the ions are 
larger than the molecules which are always present and available 
as nuclei, for it can be shown on theoretical grounds that a charged 
body should act as a more efficient nucleus than an uncharged body 
of the same size In the absence of lomsation eightfold super- 
saturation f IS required to produce condensation, whereas fourfold 

* PM Trans A, 189 (1897), p 265, 192 (1899), p 403. 

f By ‘supersaturation’ is meant the ratio of the mass of water actually present 
m the gas to that which it could hold without condensation m the presence of 
large nuclei 
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supersatuxation is suf^cient for the same purpose in the presence 
of negatively charged ions, and sixfold supersaturation in the pre- 
sence of positively charged ions These values are independent of 
the degree of lomsation and also, with few exceptions, of the means 
by which it is produced Further, no increase in the amount of 
condensation is caused by increasing the supersaturation between 
fourfold and sixfold 

These experiments show that there is a difference in the properties 
of positive and negative ions, that the properties of the ions are 
not determined solely by the method by which they are produced, 
and that the properties of all the ions of the same sign are the same 

140. Wilson’s discovery was used by Thomson to determine the 
number of ions in a gas The lomsed gas, in which the total charge 
on all the ions had been determined, was expanded adiabatically 
and cooled to such an extent that a supersaturation between sixfold 
and eightfold was produced a cloud formed round all the ions of 
the gas, but not on the molecules As soon as the cloud formed it 
began to fall, because the drops were heavier than the air surroundmg 
them owing to viscosity of the air they soon attained a small and 
constant velocity which could be measured by observing the rate 
at which the upper boundary of the cloud moved down the vessel 
Now Stokes has calculated the steady velocity with which a body 
of known dimensions moves through a medium of known viscosity 
under the action of a constant force, such as its own weight He 
finds that if F is the force, a the radius of the body (supposed to 
be spherical), p its density, p, the coefficient of viscosity of the 
medium, v the steady velocity is given by 

F 

V = 

GTrajLt,’ 

or if jF IS the weight of the body 



formula to the case under consideration, where 
the velocity, the force and the viscosity are known, a, the radius 
of the drop, can be determined The total mass of all the drops is 
the mass of the water set free by the coohng, for the mass of the 
ion contamed in each drop is so small compared with the whole 
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mass of the drop, that it may be neglected. The calculation of this 
total mass is somewhat comphcated, but it depends on well-known 
principles, and for further details the reader may be referred to 
Thomson’s account If, then, the total mass of aU the drops is M, 
the number of the drops n, which is the number of ions, can be 
calculated from the relations 

M 4 ^ 

m d r ^ ^ 2gp 

The charge on each ion, e, is the total charge on all the ions divided 
by the number of the ions 

As a final result of this research the charge on each ion in a gas 
was found to be e = 3 4 10“^® electrostatic units Experiments 
made in air and hydrogen gave results identical within the limits of 
experimental error More recent and improved methods have how- 
evei increased this estimate to 4 77 units 


141 H A Wilson"^ has used a slight modification of the method, 
which obviates the necessity for the cumbrous calculation of the 
total quantity of water set free The total charge on the ions is 
measured as before The gas is then expanded and cooled so as to 
give a supersaturation between four and six and to cause condensa- 
tion on the negative and not on the positive ions The velocity v 
with which the cloud falls is observed The experiment is then 
repeated, with the difierence that the falling cloud is exposed to 
the influence of a vertical electric field E, which exerts on the 
charged drops a force Be, accelerating or retarding the fall The new 
velocity v' is measured 


Since the velocity of the drop is proportional to the force on it, 

we have Xe+mg , , . 

— = where m = ^-TTpa ^ , 

V mg 


but from above 


9 fJL ’ 


hence 


97rV2 j v' ~ V 
E ^ gp V 


Phtl Mag [6], 5 (1903), p 429. 
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By tlus metliod Wilson found e = 3 1 . 10“^®. A few drops were 
found to bear a double and triple charge but their numbers were 
too small to have exerted any influence in Thomson’s experiments 

Since Thomson measured the average charge on both positive 
and negative ions and Wilson that on the negative ions alone, the 
coincidence between their results shows that the charge on an ion 
IS independent of its sign. 

142 The velocity of the ions can be measured in various ways, 
of which the most convement depends on the following principles 
Suppose that two plates A and B, parallel to each other, are main- 
tained at a constant difference of potential, and that ions are pro- 
duced by some means close to the plate A Under the action of 
the electric field the ions of one sign will give up their charges to 
A while the others will move towards B Just as they are about 
to settle on B let the direction of the field be reversed, so that the 
plate which was formerly positive is now negative . these ions will 
then be driven back towards A while those of opposite sign move 
towards B as these are about to touch B let the direction of the 
field be again reversed If then the direction of the field is reversed 
at constant intervals and these intervals are so short that they do 
not permit the ions to travel from one plate to the other before the 
field IS reversed, the plate B will receive no charge * but if the interval 
is longer, so that the ions have time to get across before the 
reversal of the field, B will receive a charge By measuring the 
time of reversal for which B 3ust begins to receive a charge, the 
tune required for the ions to pass from one plate to the other is 
known, and hence the velocity of the ions ascertained In this way 
it is found that the velocity of an ion is proportional to the strength 
of the field in which it moves, i.e. to the force acting on it the 
essential condition for a diffusive motion is thus satisfied The 
velocity of the negative ions is slightly greater in all cases than that 
of the positive ions. 

The evidence thus far points to the fact that the carriers of the 
current in gases are more hke those in liquids than the electrons 
in metals. But a study of the discharge of electricity through gases 
at low pressures has thrown a new light on this question 

143 Suppose that a long cyhndrical glass vessel is taken and 
filled with a gas at atmospheric pressure, and suppose the potential 
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difference between the kathode {E) and the anode (A) is gradually 
increased Only an extremely small current will pass through the 
gas, but at a certain high limit a 'spark ’ passes through the gas and 
a very considerable current begins to flow If the pressure of the 
gas IS lower the hmit at which the spark passes is also lower and the 
spark itself is broader and more diffuse than before. As the pressure 
is reduced the diffuseness of the spark increases until finally the 
luminosity of the discharge fills the whole volume ot the tube 
between the electrodes, but it is seen on careful inspection that 
it IS not continuous Covering the kathode is a thm luminous layer, 
the 'kathode layer’: next comes a dark space, the 'Crookes dark 
space’ a luminous layer follows, the 'negative glow,’ then another 
dark space, the 'Faraday dark space,’ and lastly, a region of light, 
which IS sometimes divided into striae, extending up to the anode 
and known as the positive column As the pressure is still further 
reduced, the Crookes dark space grows at the expense of all the 
other regions, which dimimsh m extent, except the kathode layer, 
which remains practically the same A^Tien the dark space has 
become so large that its boundaries touch the glass of the walls a 
curious green phosphorescence is excited in the glass. At first this 
phosphorescence appears on a few isolated patches near the 
kathode, but by decreasing the pressure sufficiently the whole of 
the tube may be filled by the Crookes dark space, with the exception 
of thin layers on the kathode and anode, and then all the glass 
walls of the tube with the exception of the parts behind the kathode 
and anode glow with the green phosphorescence it is in this con- 
dition that the tube is emitting Roentgen rays plentifully 

If the pressure be still further reduced, the current dimimshes 
and finally vamshes at sufficiently high vacua no current can be 
made to pass 

144 In 1859 Pluecker* discovered that if a magnet is brought 
near to the tube in which the luminous discharge is observed all 
the luminous portions are distorted in some measure from their 
original positions But the most marked distortion was produced 
in the patches of phosphorescence near the kathode. This discovery 
at once directed the attention of physicists to these patches Soon 
afterwards Hittorf discovered that if a solid body is placed in the 

* Fogg Ann 103 (1859), p 88 
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tube, near the cathode, the phosphorescence ceases at all points 
which were shielded from the kathode by the solid body . a shadow 
of the body is thrown on the walls of the tube It thus appears that 
the influence which caused the phosphorescence on the walls must 
proceed in a straight line from the surface of the kathode to the 
walls of the tube, and it was therefore described as due to certain 
kathode rays It may also be noted that it was found that the 
nature of the shadow was such as to prove that the rays do not 
proceed in all directions from the kathode but are emitted at right 
angles to its surface 

It was surmised by Goldstein*^ that these kathode rays were a 
type of aethereal radiation, like light, but the view of Sir William 
Crookesf that they were streams of particles electrically charged 
has been proved to be the more correct of the two Before it can 
be defimtely asserted that the rays consist of charged particles some 
further information is reqmred the term " particle ’ connotes a finite 
mass and a fimte number of carrying agents, and to settle the point 
it IS necessary to determine these two quantities The number is 
known if we can measure the charge carried by each particle hence 
we want to determine the mass of each particle and the charge 
carried by it Unfortunately no direct method has been devised 
for deahng with individual particles in the kathode rays and 
neither of these quantities has been determined directly, but the 
ratio of the mass to the charge of a kathode particle can be ascer- 
tained by a method devised by Thomson J 

145. Suppose that a particle of mass m carrying a charge e is 
moving along parallel to the a?-axis of a conveniently chosen 
rectangular coordinate system with a velocity v under the action 
of a magnetic field of intensity H parallel to the axis of y. Then 

as we shall see later the particle will be subject to a force 

perpendicular to both H and i e along the 2 -axis The acceleration 

of the body parallel to the axis of z will be/ = , and if it moves 

cm 

* Wied Ann. 1880-1884 

t Phil Trans 1879-1885 

t Phil Mag [6], 44 (1897), p. 293 Cf also Wiechert, Svtzungsher der phys. 

Ion. Gesellsch. zu Kdnigaherg, 38 (1897), p 1, WM Ann Beiblatter, 21 (1897), p 443. 
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Hevt^ 

2mc 


in that 


for a time t it will have travelled a distance = 

direction. In the same time it will have travelled a distance vt 
parallel to the a?-axis Hence the particle while travelhng a distance 
I parallel to the aj-axis is deflected a distance 3 parallel to the 
z-axis, where 


2c 


H - 

m V 


if we know the dimensions of the discharge tube we can thus find 
e/m. 

We are not able to measure directly the charge on the kathode 
ray particle , in fact it is only when the carriers of the current are 
atoms or molecules of matter that it is possible for us to determine 
the charge on the separate carrier, but since it is found that the 
value of this charge in all cases where it can be determined is 
always identical, it is natural to assume that the charges on the 
kathode particles have the same constant value, viz. 

4 774 lO'io, 

so that the mass is 9 042 10”^® gnis., 

this IS much smaller than any known molecule of matter a molecule 
of hydrogen has for instance a mass of about 

3 10“^^ gms. 

The kathode particle whose existence is thus presumed is the 
negative electron . it is identical with the negative particle thrown 
ofl by radio-active substances and these facts combined with certain 
other evidence to be subsequently discussed confirm us in the view 
that these electrons are common constituents of all matter 


146 While it thus appears that in the low pressure discharge 
through gases the most important part is played by negative 
electricity there is no doubt that positively charged particles also 
play some part m the mechamsm of the phenomena The com- 
plicated appearance of the discharge and the diflerence which it 
shows in diflerent gases suggests that some agent other than the 
umversal negative electron must have an influence on the pheno- 
mena, but for some time after the discovery of kathode rays no 
such agent had been directly detected However m 1886 Goldstein 
working with a discharge tube in which the kathode was a plate 
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perforated by several boles, observed faintly luminous streaks 
stretching out from the holes in the kathode into the space remote 
from the anode. Where these streaks meet the walls of the tube, 
they excite a slight phosphorescence, usually of a mauve colour, 
but always totally different from the green phosphorescence excited 
by the kathode. He imagined that these streaks represented the 
path of rays, s imil ar in some respects to the kathode rays, to which 
he gave the name Kanalstrahlen. Since these rays are travelling 
in a direction from the anode to the kathode, it was natural to 
suppose that they are positively charged, but at first no experiment 
could detect any sign of charge However in 1898 Wien* showed 
that, if fields of sufficient magnitude be employed, a deflection of 
the rays could be obtained, and its direction being in the direction 
opposite to that of the electrons indicates that the charge is positive 
The results of the experiments were however othenvise somewhat 
indefimte audit remained for Thomsonf to attack the problem with 
an improved apparatus. By using very low pressures Thomson was 
able to determine distinctly the types of particles involved and he 
found that they were in almost every case molecules of the gas in 
the tubes carrying the monovalent charge equal to that of a single 
electron They are therefore merely the atoms or molecules of the 
substance from which an electron has been extracted. 

These experiments unfortunately still leave us in the dark con- 
cerning the nature of the positive electricity in the atoms and so 
far no definite evidence is f orthcommg on this pomt from any other 
branch of the work. Crowther sums up the state of affairs in his 
excellent httle bookj by the statement that ‘the term positive 
electrification’ remains a not too humihating method of confessing 
ignorance And this is where we must leave it for the present 

* Fia? Am 65 (1898), p. 440 Of also Ann der Pliys. [4], 8 (1902), p 244 

t Ph%l Mag. 13 (1907), p 661, 16 (1908), p 657; 18 (1909), p 821. 

t Molecular Physics (London, 19 14), 



CHAPTER IV 

THE MAGNETIC FIELD 

147. Introduction and definitions. An el metric flow ma-nifftsta 
itself m ways other than those discussed in the preceding chapter, for 
the surrounding space is always a field of action for so-called magneh c 
bodies. Similar action had long before been known to be associated 
with certain bodies called magnets^ and a statical theory somewhat 
analogous to electrostatics had been built up^ to coordinate the 
different phenomena associated with it. 

Magnets when suspended so as to turn freely about a vertical 
axis at any point of the earth’s surface, except the magnetic poles, 
will in general set themselves in a certain azimuth, and if disturbed 
from this position they will oscillate about it On closer investiga- 
tion it IS found that the force which acts on the body tends to cause 
a certain line in the body to become parallel to a certain direction 
in space This line we call the axis of the magnet. 

Let us now suppose the axes of several magnets have been deter- 
mined and that the end of each which points north is marked. Then 
if one of these magnets be freely suspended and another brought 
near to it, it is found that two marked ends repel each other as do 
also two unmarked ends, but a marked and an unmarked end 
attract. If the magnets are in the form of long rods or wires um- 
formly magnetised along their length, it is found that the greatest 
manifestations of force occur when the end of one magnet is held 
near the other, and that the phenomena can be accounted for by 
supposing that hke ends of the magnets repel each other, that 
unlike ends attract each other, and the intermediate parts of the 
magnets have no sensible effect 

The ends of a long thin magnet are commonly called poles. In 
the case of an indefimtely thin magnet umformly magnetised in its 
length the extremities act as centres of force and the rest of the 
magnet appears devoid of magnetic action. In all actual magnets 

* Poisson, Mim de. VAcad 5 (1826), pp. 247, 488, 6 (1827), p. 441. Cf. also 
Maxwell, Treatm, n § 385 
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however the magnetisation deviates from uniformity so that no 
single points can be taken as poles Coulomb however by using 
long thin rods magnetised with care succeeded in establishing the 
law of force between two poles 

The force between two magnetic poles is in the straight line 
joining them and numerically proportional to the product of the 
strength of the poles divided by the square of the distance between 
them* 

This law of course assumes that the strength of each pole is 
measured in terms of a certain umt, the magmtude of which may 
be deduced from the terms of the law The absolute umt pole is 
such that when placed at umt distance in air from a similar pole, 
it repels it with a umt force, but for theoretical purposes it will 
be more convenient again to use a somewhat larger unit increased 
from this absolute one by the factor VItt 

The quantity called the strength of a pole may also be called a 
quantity of magnetism (positive or negative), provided we attribute 
no properties to it other than those observed in magnets. The 
quantity of magnetism at one pole of a magnet is always equal and 
opposite to that at the other, so that the total quantity in any 
magnet is zero 

Since the expression of the law of force between given quantities 
of magnetism has exactly the same mathematical form as the law 
of force in electrostatic theory much of the mathematical treatment 
of magnetism must be similar to that of electricity We shall in 
fact transfer the results of our previous analysis directly to the 
subject now before us 

148 If the middle of a long thin magnet be examined, it is found 
to possess no magnetic properties, but if the magnet be broken at 
that point, each of the pieces is found to have a magnetic pole at 
the place of fracture, and this new pole is exactly equal and opposite 
to the other pole belongmg to the piece It is impossible to procure, 
by any means, a magnet whose poles are unequal 

If we break the long thm magnet into a number of short pieces 
we shall obtam a senes of short magnets, each of which has poles of 
nearly the same strength as those of the onginal long magnet. 

* Coulomb, Mim, de VAcad 1785, p 603 Cf also Biot, Traiti de pTiyaique^ t in. 
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Let us now put all the pieces of the magnet together as at first. 
At each point of junction there will be two poles exactly equal and 
of opposite kinds, placed in contact, so that their action on any 
other pole will be null. The magnet, thus rebmlt, has the same form 
as at first 

Since m this case we know the long magnet to be made up of 
httle short magnets, and since the phenomena are the same as in 
the unbroken magnet, we may regard the magnet, even before 
being broken, as made up of small particles, each of which has 
two equal and opposite poles The same idea is also found to be 
generally true for magnets of any shape. We are thus induced to 
transfer to this case the analysis and methods of Chapter II on 
polarised media We regard each particle of the body (molecule or 
molecular group) as a little magnet possessing two magnetic poles 
of equal strengths at a small distance apart The magnetic field of 
force of such a particle is deduced in a manner exactly analogous 
to that already employed. The potential for instance at any point 
distant 'i from its centre in a direction making an angle 9 with its 

^ rncos^ 

47ri^ ’ 

m being the moment of the doublet This may also be written in 
the form -j 

when we take cogmsance of the vector sense of the moment 

The magnetic force intensity is then deduced as before by dif- 
ferentiation of the potential 

149 The field of a fimte magnet is now obtained by regarding 
it as composed of a large number of small magnetic particles of the 
above kind 

The condition of magnetisation at any point of the finite magnet 
IS completely specified by a vector I, called the intensity of mag- 
netisation, which is such that if 8v is any small element of volume 
of the substance at any point then I8v is the resultant effective 
moment of all the little bi-polar elements (magnets) m it. If the 
axes of these elementary magnets are distributed anyhow in all 
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diferent directions then 1 = 0, but if there is any degree of con- 
vergence to a definite direction !• has a finite value 

The discussion of the potential and force in the field of this finite 
magnet then follows exactly the same lines as in Chapter II 

The potential of the magnet at points external to the distribution 
of polarisation is obtained by the addition of the potentials of each 
of its constituent elements and is therefore 



and the force is obtained from this potential in the ordinary way, 
i e as its negative gradient The application of these expressions 
at internal points however fails firstly on account of the uncertainty 
as to the law of action of a doublet very close up to it and secondly, 
as regards the expression for the force, on account of the non- 
absolute convergence of the integral We are then led to the intro- 
duction of Poisson’s ideal magnehc matte7 * consisting of a volume 
deiisity p = - div I 

at any part of the solid magnet together with a surface distribution 
of density o- = 

on the surface of the magnet This distribution effectively replaces 
the distribution of bi-poles as far as the determination of the 
magnetic field outside the magnetic matter is concerned, a deter- 
mination which IS vahd up to within a physically small differential 
distance from the matter If however the point at which we wish 
to investigate the field is inside the magnet we must as usual put 
a physically small cavity round it and define the field there as the 
field mside this cavity due to the distribution beyond it which is 
effectively represented as above by the distribution of ideal mag- 
netic matter and which therefore includes a part due to the dis- 
tribution O' = I„ of magnetic matter on the surface of the cavity 
together with the field due to the matter inside the cavity This 
latter part of the field with the distribution on the walls of the 
cavity are the parts, and the only parts, of the field at the internal 
point which depend appreciably on the local molecular configura- 
tion, and which therefore in any real case are quite unknown 

* Mim de VAmd 5 (1826), pp. 247, 488, 6 (1827), p 441 Of also Maxwell, 
Treaiiae, n § 385. 
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150. We might now follow the usual course and ignore the local 
part of the field altogether as bemg ineffective m a proper physical 
theory, but unfortunately this course, which has up to the present 
been followed, leads to a certain amount of confusion as between 
the mechamcal and molecular apphcations of the subject. We shall 
find in fact that it is necessary in a consistent theory to define the 
complete magnetic force B at any point m the field by the relation 

B = H + I, 

wherein H is that part of the complete force which is obtained 
when the effects of the local part are ignored and which is therefore 
completely defined as due to the distribution of ideal magnetic 
matter throughout the volume of the magnet and on its surface 
The force B has to be used in all molecular apphcations of the 
theory, but when the average mechamcal effect is alone under 
review the local part of this complete force can be omitted and the 
force H used It is this force H which in statical cases is derived as 
the gradient of the potential in the field, and to distinguish it from 
the complete force we shall henceforth call it the magnetic induction, 
but it must be remembered that it is the induction of mechanically 
effective foice that is imphed 

151 Special distributions of magnetisation. There are 
certain limiting distributions with which we have frequently to 
deal in practice and for which the defimng field functions take cer- 
tain simple forms The first of these is the magnetic filament or 
thin wire magnetised at each pomt along its length In this case 
the strength of the filament at any pomt is the product of the 
transverse section of the filament and the mean intensity of the 
magnetisation across it 

A magnetic filament of this type so magnetised that its strength 
IS the same at every section is often called a solenoid 

If m IS the strength of the solenoid at any point distant s from 
the negative end of the filament, r the mean distance of the element 
ds from a given pomt m the field, then the potential at this field- 
point of the element ds is from the general formula 

m dr j 
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The potential of the whole filament, obtained by integration, is 
therefore 1 r 

and for a solenoid m is constant so that 



^ 1 , ^2 being respectively the distances to the field-point from the 
positive and negative ends 

The potential and consequently all the magnetic effects of such 
a solenoid depend only on the position of its ends and not at all 
on its form, whether straight or curved, between those ends 

If a solenoid forms a closed curve the potential due to it at every 
point is zero, so that such a solenoid exhibits no magnetic effects 

If the magnetisation m of a filament is not umform all along its 
length we can still express its potential in the form 


, 1 fm d? ^ 


but now m is a function of s By an integration by parts this may 
be transformed to 

m 2 1 dm ^ 

^ ~ 4^5“ ““ i;;72 477 J r 

so that in addition to the actions at the two ends, which may in 
this case be difi:erent, there is also an action due to the departure 
from uniformity in the strength at each point of the filament 
Interpreted in terms of ideal magnetic matter we may say that m 
addition to the magnetic action of the free unequal poles at the 
ends of the filament there is also in this case an action due to a 
distribution of magnetic matter all along the wire In the solenoid 
proper there is no free magnetism except at the ends 


152 The other type of distribution of importance is the mag- 
netic shell or surface magnetised at each point normally to itself 
In this case the elementary magnets of the distribution are arranged 
side by side normal to the surface, in contrast with the end-on 
arrangement of the previous case The strength of the shell at any 
point IS the product of its normal thickness and the mean intensity 
of magnetisation (normal) across it. 
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If the strength of the shell at anj point is m then the small 
magnets standing on the area df have a resultant moment equal to 
mdf directed along the normal to df The potential of this element 
at an external point is therefore 



the element dn of the normal being positive in the direction from 
the negative to the positive side of the sheet For the whole shell 
therefore i n\ 

If the shell is umform^ and this is the most important theoretical 

( ^ ('^\ rtf 

4^Jf dn\t) ^ 


m f 
~ 4:7rjf 


cos rn 


df 


moj 


where w is the solid angle subtended by the surface at the point 
where the potential is calculated, the sohd angle being taken so 
that the positive direction across the shell corresponds generally 
to the direction of increasing co, that is, the positive direction for 
the magnetic force 

The important aspect of this solution is that the potential and 
therefore also the entire action of the 
shell depends only on the shape of the 
curve bounding it, and not at all on the 
vay the surface abuts on this curve 
Any two umform shells of the same 
strength and with the same boundary 
curve would give exactly the same 
action at all points external to both 

153. The two typical distributions 
here analysed have given rise to a dis- 
crimination and designation of two other special types of the more 
general distribution of magnetisation 


c 




^ — 
Current 
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Y 

Direction of Magnetisation 
Fig 19 
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(i) If any magnet or magnetised body can be divided into 
solenoids, all of wbicb either form closed curves or have their ends 
m the outer surface of the magnet, the distribution of the magnetisa- 
tion is said to be solenoidal^ and since the action of the magnet now 
depends entirely upon the ends of the solenoids, the distribution 
of imaginary magnetic matter will be entirely superficial The 
condition that the magnetisation is solenoidal is therefore 


dj^ 

dx dy dz 


(u) If a magnet can be divided mto simple magnetic shells either 
closed or having their edges on the surface of the magnet, the dis- 
tribution of magnetisation is caUed lamellar. In such a case if M 
IS the sum of the strengths of all the shells traversed by a point 
passing from a given point to a point {x, y, z) by a line drawn 
within the magnet, then clearly 
I = grad M, 

_dM _dM 

- gy , “ 00 • 

The analytical condition satisfied by I in this case is 

curl 1=0. 


154. The field of a linear current The space around any flow 
of electricity is always the seat of a magnetic field resulting from 
that flow. The simplest case and the practical one is that of a 
current flowing in a very thm wire circuit If the magnetic field of 
such a circuit be mapped out in the usual way by lines and tubes of 
force it will be found that it is identical with the field of a uniform, 
magnetic shell on a surface bounded by the circuit, the strength 
of the shell bemg proportional to the current flowing in the circuit 
and the positive direction of magnetisation in the shell bearing to 
the direction of circulation of the current the same relation as 
advance to rotation in a right-handed screw. 

Experimentally this result is obtained in another manner. It is 
first verified that the field of a small plane closed circuit can be 
annulled by a certain small magnetic needle stuck normally 
through its centre, the moment of the magnet being proportional 
to the strength of the current and the area of the plane enclosed 
by the small circuit This effectively proves the rule for small 
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circuits and enables us to say that tbe magnetic field of sucb a 
small circmt is equivalent to that of a magnetic shell bounded by 
it The extension to fimte circuits is then accomphshed in the 
manner indicated by Ampere* 

155. Conceive any surface / bounded by the circuit and not 
actually passing through the point P at which the field is exammed. 
On this surface draw two series of hues crossing each other so as 
to divide it into elementary portions, the dimensions of which are 
small compared with their distance from P and also with the radu 
of curvature of the surface 

Round the boundary of each of these elements conceive a current 
of strength equal to that of the original current to flow, the direction 
of circulation being the same in all the elements as it is in the original 
circmt 

Along every line forming the division between two contiguous 
elements two equal currents flow in opposite directions But the 
effect of two equal and opposite currents in the same place is abso- 
lutely zero, in whatever aspect we consider them Hence their 
magnetic effect is zero. The only portions which are not neutrahsed 
in this way are those which coincide with the original circmt The 
total effect of the elementary circmts is therefore eqmvalent to 
that of the original circmt 

Now since each of the elementary circmts may be considered 
as a small plane circmt whose distance from P is great compared 
with its dimensions we may substitute for it an elementary mag- 
netic shell of strength proportional to that of the current whose 
bounding edge coincides with the elementary circmt But the 
whole of these elementary shells constitute a magnetic shell of 
equal strength coinciding with the surface / and bounded by the 
original circmt and thus the magnetic action of the whole shell at 
P IS eqmvalent to that of the circmt 

The magneUo force due to the ciocmt carrying a current J at any 
point IS therefore identical with that due to a uniform magnetic shell 
hounded by the circuit and not passing through the point, the strength 

of the shell being numerically equal ^o i J The constant - thereby 

c c 

* “Memoire sur la theone mathematique des ph^nom^nes electrodynamiques,** 
M^m de VInsUtut, 6 (1820) Cf also Ann de Chim 15 (1820), 
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introduced is an absolute constant whose magnitude will depend on 
the units employed, and which we can if necessary make equal to 
unity by a suitable choice of such umts 

The restrictmg phrase of the previous paragraph that the shell 
must not uasa through the field-point emphasises the one limitation 
to the general equivalence of the two fields At points inside the 
magnetic shell the field is very large This however does not vitiate 
the general usefulness of the relation because we can deform the 
shell as we please without altering its potential, so long as its 
strength remains the same and it retains the circuit as a boundary 

The potential of a uniform magnetic shell of strength “ is 



where cu is the sohd angle subtended by the point in the field, the 
sohd angle bemg taken so that the positive direction across the 
shell corresponds generally to the direction of increasing co. 

This then is also the potential in the magnetic field of a closed 
current of strength J, <o now being interpreted as the solid angle 
subtended by the circmt at the field-point. 

156 Suppose now we follow a point along a path encircling the 
current circuit starting from any point P where the potential is 
tjfp and eventually returmng to this same point P , it will be found 
that the value of the potential on arriving back at P is not iftp 

but ± - J, the di sign depending on the direction in which the 
c 

path is traversed. If we traverse the same or a similar path again 

2 

in the same direction, the potential becomes «/fp ± - J and so 

c 

on; on the other hand traversing any path which does not link 
with the current does not result in any such change on arriving 
back at P 

The magnetic potential of a closed current is thus a cyclic 
jpotential and there is really no unique value at any point in the 
circuit. Mathematically the cychc property arises from the fact 
that the current forms a hne smguianty in the magnetic field close 
up to which the magnetic force is very large 
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This cyclic property of the potential distinguishes it from the 
similar potential of the magnetic shell The potential function of a 
magnetic double sheet, being obtained from a sum 



IS essentially a single- valued function. It is true that as we go round 
a circuit as shown by the line from P to P' (near the sheet one on 
each side on the same normal) we find that there is a drop of 

potential equal to - but this drop is recovered in going through 

the sheet from P' to P. The potential changes very rapidly in 
going through the sheet In the case of the current however there 
is no place where the change in potential produced in going round 
a circmt as from P to P' (which are ultimately very close together) 

can be recovered, so that the cychc change ± ^ persists on 

arrival at P from P' 



157 Ampere's circuital relation The cychc property of the 
potential function of the magnetic field of a hnear electric current 
was extended by Ampere to cover the most general case of electric 
flow First the relation m the simplest case is expressed in an 
integral form If B is the magnetic force vector at any point in 
the field, then we have B = H + I 

where we include the most general case with magnetic media in the 
field 

Thus if ds IS the vector element of arc in any path encircling the 
current in the positive direction, that is, the direction of increasmg 


1 1-2 
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o) or decreasing tjf, tlien the total decrease in t}t, the magnetic poten- 
tial, IS r , r , . 1 , 

(B-I,<is)= (Hds) = -/. 

Js J a C 

If the closed path does not encircle the current we have 

I (Hds) = 0. 

J 3 

These two results can now be expressed in another form. Having 
chosen a defimte path let us imagine it closed over by a simple 
barrier, then the condition that the path encircles the current or 
not IS simply the condition that the current cuts through this 
barrier surface or not But wherever the current cuts through this 
surface a quantity J of electricity will flow across the surface per 
unit of time, if the path does not cut across the surface no elec- 
tricity flows across this surface on its account Thus the above two 
equations may be expressed m the form 

where 0 denotes the total quantity of electricity flowing per umt 
time through the circuit around which the first integral is taken 
In this form the equation appears to be true in the most general 
case however many current circuits there may be in the field, 
because the fields of the separate circuits are additive in any case 
We have only to measure C as the total quantity of electricity 
crossing the barrier per umt time. 


158 In the general case when the currents are distributed in 
space with a volume density G at each point we have 

a= J^c„df, 

so that j (Hds) = -[ C„df, 

Js ^ 

where /is any barrier surface bounded by the curve s. This is the 
general mtegral form of Amjp^e's circmtal equation. 

We can convert this relation to a simple differential form, for 
the integral on the left can be converted by Stokes’ rule into the 
surface integral of curl„ H also over the surface / and we then get 
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But since the surface f and the boundary curve s were arbitrarily 

chosen we must have i 

curlH = i-G, 
c 

which IS equivalent to three vectorial equations 

159 Another point of some interest follows from these equations 
they may be written in the form 

curl B = - (G + c curl I) 
c 

Now Ampere himself made the suggestion that the term c curl I 
added to the current in this last equation and arising from the 
magnetic polarity is in fact due to a true distribution of electric 
flux, his view was that if such currents did exist their magnetic 
field would in fact be identical with that observed , and since the 
magnetic field is after all the true essence of the afiair there is really 
no need to complicate the theory by postulating any other inde- 
pendent constitution for the magnetism Of course the currents 
so imagined must circulate within the molecule or molecular 
aggregate which is the ultimate element of the average magnetic 
polarity, they must be minute current whirls not involving con- 
tinuous flow in any direction 

The equation in its last form is 

IjBds) = y J (C + c curl I)„ df. 

and this points the distinction between the force vector B and the 
induction vector H The magnetic induction H being, in the most 
general case with hnear currents only, derivable from a potential 
IS cyclic with respect to the fimte hnear currents only, but the 
complete magnetic force is cyclic with respect not only to these 
fimte currents but also with respect to the indefimtely great 
number of molecular circmts 

160 The mathematical relations of the field- We have now 
a consistent scheme of definitions to which to apply our analysis 
and the procedure is almost identical with that of Chapter II The 
magnetic induction H (mechanically effective force) aod the poten- 
tial ijj are connected by the relation 

H = -- grad ijj — — V0, 
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whilst the magnetic potential tjs itself at each point of the field 
satisfies the equation = — p 

-divl. 

Thus we have -- div H = = div I, 

or div (H + I) = 0, 

so that the vector of complete magnetic force, viz. 

B - H + I = 0, 

is everywhere solenoidal. This means simply that the surface 
integral of the normal force over any closed surface whatever in 
the field is zero. We now see why it is that the force B is chosen 
as the complete magnetic force, for on analogy with the electro- 
static case, the surface integral of such force must necessarily 
determine the amount of magnetism inside that surface, which is 
always zero. The di-polar constitution of magnetism of course 
necessarily involves the existence of separate poles, but it is a 
matter of actual experience that it is not possible ever to separate 
these poles. The alternative view which explains magnetism as the 
result of molecular current whirls necessarily involves this result 
as it gives the magnetism an extension not linearly along its axis, 
but superficially in a plane perpendicular to that axis 


161. When there are surfaces of discontinuity in the field the 
magnetic induction H satisfies the usual conditions 


and even the existence of these conditions does not vitiate the 
solenoidal character of the complete force B, for if we consider the 

integral J divBdv taken throughout any region bounded by the 

surface /, it must vamsh, for at each point divB = 0; but by 
Green’s theorem it consists of 



together with the surface integrals arsing from the discontinuities 
when we pass across the surfaces of different magnetic matter; 
these are the integrals of 

^In “■ 
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over tlie surfaces concerned, or of 

wliicii IS zero. 

If then we plot the magnetic field in terms of the hnes of magnetic 
force and form them into tubes, we see that the tubes of force are 
always closed, there being no magnetic matter for them to start or 
end on Moreover by the usual argument it is easily seen that the 
product of the intensity of the force and the cross-section of the 
tube is constant along each such tube, and it is the product which 
IS presumed to measure the number of the so-called ^unit’ tubes 
enclosed by any one such tube 

162 "When there are currents present m the field we have at 

each point of space 1 

curl H = - G, 
c 

G denoting the current density at the point Thus at points of the 
field where there is no current flowing we have 

curl H = 0, 

so that H IS still derived from a magnetic potential 0 at such points, 

H = - 

whilst we still have Vhp = div I 

with the eqmvalent boundary conditions at the surfaces of dis- 
continuity in the magnetic media But now the potential i/r has 
to satisfy the additional condition of being cychc with the proper 
period with respect to the current flow in the field, actually it will 
consist of two parts, an acychc potential due to the magnetism 
alone and a cyclic potential due to the current flow which satisfies 
in all space outside this flow the characteristic equation 

V2^ = 0, 

and these two parts are superposed to form the complete potential 

When currents are present m the field it is however generally 
not convement to use this potential method at all, the potential 
function ?/r only exists outside the space occupied by the current 
flow inside these spaces we must use the vectors H and B to define 
the field, there being no potential from which either is derived. 
This irregularity of definition for the diflerent parts of the field is 
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at least very confusing and for these general cases we therefore 
proceed on entirely different hnes When there are no currents m 
the field we can of course use the present method with great 
advantage. 

163. The vector potential. Since the magnetic force is always 
solenoidal the value of the integral of its normal component over 
any part of a surface depends solely on the boundary curve of that 
surface and must therefore be expressible in terms of that boundary 
alone Tins is accomphshed by means of Stokes’ conversion of a 
surface integral into a line integral and requires us to find a vector 
which is such that its components (A^. , Ay , A^) satisfy 
■R — _ ^A^ 

dz 

and two similar equations this is expressed in the form that 

B = curl A, 

and then for any surface/ and the boundary curve s 

= j(Ads), 

the former integral being taken over / and the latter round its 
boundary curve 

The vector A is called the magnetic vector potential"^ and its 
significance wiU subsequently appear 


164. If a magnetic particle is placed along the axis of z at the 
origin the potential is 


SO that by definition of the vector potential A 
5Ag ^ dAy _ „ _ Smars: 

dy dz ^ dx'^ 47??® ’ 


dK 

cz 
dA_y 
ox 


dA, 

dx 

cJ^ 

dy 




= ±5, = 


Zmyz 

m 

““W 


These equations are solved by 


A _ ^^2/ 
*■" 47rr3’ 


A — 


4v?5 


0 . 


* Maxwell, Treatise^ n § 405. 
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The result is that the vector potential in the case of a magnetic 
particle is at right angles to the axis of the magnet and to the 

radius to the point and is of magmtude , where 6 is the 


angle between the axis of the magnet and the radius to the point 


and its sense is that of positive rotation round the axis of the 

, rrn. msmd mr&mO , ^ 

magnet The expression — — = — — — shows that we may 


break it up into components for mi smO 
may be interpreted as twice the area 
of the triangle formed by m and i and 
the vector is at right angles to the area 
and its components are the projections 
If we now use generally r to denote 
the radius vector from the centre of 
the magnet to any external point in 
the field, m the vectorial moment of 
the particle and the umt vector along 
r, then we see that 



Fig 21 


477^2 477 *- -*7 


IS the general expression for the vector potential at the point in 
the field 


165 The above formulae for the vector potential of a magnetic 
particle may now be used to enable us to write down a vector 
potential for any fimte magnet We have merely to replace m by 
Idv and then integrate over the whole body We get at once 



a formula which certainly applies at points outside the magnetism 
At points inside the magnetism r can vamsh in an element of the 
integral but the integral is nevertheless quite convergent and A 
IS thus representable quantitatively, in a physical theory which 
neglects purely local actions, by this integral at every point of the 
field But as regards its differential coefficients, by means of which 
B IS derived from it, it is dependent on the unknown distribution 
of the local polarity This is of course qmte in keepmg with the fact 


* Maxwell, Treahse, n § 405 



170 


THE MAGNETIC EIELB 


[CH IV 


that the magnetic field mside the magnet, considered as dne to 
the aggregate of the molecular magnetic elements, by means of 
which the vector potential is defined through the relation 
curl A = B, itself involves this local contribution. But in the 
previous theory we were able to discard the local part of the 
magnetic force, depending on the molecular character of the dis- 
tribution at the point, from which alone indefimteness arises. It 
may be surmised that we should in hke manner discard from the 
vector potential the purely local contribution which is the source 
of its discontinuity This may be effected as usual by the aid of 
integration by parts At a point inside the material medium the 
field may be then separated into two parts, the first due to the 
medium beyond a physically small closed surface surrounding it, 
and for this part the function A and its first gradients can be 
represented analytically by integrals of the above type which are 
entirely convergent and determinate since r cannot be less than a 
finite lower hmit, the second part is due to the elements inside the 
surface thus drawn On integration by parts the contribution of 
the former to the expression for A may be put m the form 


and IS thus expressible as a volume integral together with an in- 
tegral over interfaces of transition of the magnetism, and also an 
integral over the surface of the cavity the volume integral is con- 
vergent and does not depend on the form of the cavity, while the 
integral over the surface of the cavity is fimte and with the part 
due to the distribution inside the small surface drawn is the sole 


representative of the influence of the local molecular configuration, 
in our present procedure it depends on the form of the cavity , in 
actual practice it depends on the local molecular configuration. 
By the general prmciple, the mechanically eflective functions are 
the analjrfcical mtegrals obtained by excludmg this undetermined 
local part. This leads to an expression for the total vector potential 
of the medium treated as continuous 



' curl I 

T 




the latter surface integral being taken over the transition boundary 
of the magnetism. 

* Larmor, Aeth&r and Matter, p 260 
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166 The values of the magnetic potential m two special cases 
may be noted In the case of the magnetic filament we may apply 
the first formula of paragraph 164 and we find then that 

4irA= f 

' S ^ 


If the filament lies in the axis Oz for example we have 


47rA, 


= _1 ‘ 
dy 


mds 

7”’ 


47tA, 


= - /■ 
•' dx} 


d r mds 


‘A,= 0, 


(x, y, c) being the coordinates of the point at which the potentials 
are calculated If m is umform these give 


A, = 


where 


‘st’ 


A IS therefore equal to the gravitational force at the same point 
due to the same filament loaded with mass m per umt length, but 
it IS directed perpendicular to the plane of this forge and the wire 


The uniform magnetic shell case is still simpler This is obtained 
from the form for the particle by replacing m hyn^rdf and inte- 
grating over the surface of the shell this gives 

^A = t[ [n,V]f, 

which on reconversion by Stokes’ theorem gives 

= T f ^ , 


these integrals being taken round the boundary of the shell. The 
form of this result emphasises the fact that the efiect of the shell 
depends only on its strength and the shape of its boundary curve 


167. Since a closed linear current of strength J is equivalent as 
regards its magnetic field to a magnetic shell of strength 

follows that the vector potential in the field of such a current is 
simply 1 ^ rds 

~~ 4770 1 r ’ 

the integrals being extended round the circmt. 
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We can even generalise this result to give us the magnetic poten- 
tial of any distribution of currents in space, in fact regarding such 
distribution as being made up of current filaments laid side by side 
we get by simple addition of their fields 



the integral now being extended over the whole of space. 

168 Induced magnetism. We have so far treated the mag- 
netism of a body without reference to its origin, it being always 
supposed that the distribution of magnetisation in the field was 
given explicitly among the data of the problem We made no 
assumption as to whether this magnetisation is permanent or 
temporary, except in those parts of our reasomng in which we have 
supposed the magnet broken up into small portions, or small 
portions removed from the magnet in such a way as not to alter 
the magnetisation of any part 

We must now consider, as in the analogous dielectric problem, 
the magnetisation of bodies with respect to the mode in which it 
may be produced and changed. A bar of iron held parallel to the 
direction of the earth’s magnetic field is found to become magnetic, 
with its poles turned the opposite way from those of the earth, or 
the same way as those of a compass needle in stable equilibrium 

Any piece of soft iron placed m a magnetic field is found to 
exhibit magnetic properties If the iron is removed from the field, 
its magnetic properties are greatly weakened or disappear alto- 
gether. On the other hand a piece of hard iron or steel retains its 
magnetic properties acquired when placed in a magnetic field 

If a magnet could be constructed so that the distribution of its 
magnetisation is not altered by any magnetic force brought to act 
on it, it might be called a permanently or rigidly magnetised body 
There is no known magnetic substance which perfectly fulfils this 
condition, but it is nevertheless convement for scientific purposes 
to make a distinction between the permanent and temporary 
magnetisation, defining the permanent magnetisation as that which 
exists independently of the magnetic forces, and the temporary 
magnetisation as that which depends on those forces This dis- 
tinction is however not founded on a knowledge of the intimate 
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nature of tke magnetisable substances: it is only the expression of 
a convenient hypothesis*. 

169. The temporary magnetisation in a particle is always 
dependent on the magnetic force acting through it, and it is 
therefore called the induced magnetisation and the body is said 
to be magnetised by induction. In such a case the polarisation 
intensity must be a vector function of the magnetic force. Unless 
this relation is a hnear one, that is, unless 

^35 = -f H- /iis'Bg + Iq^, 

~ /^21 ^aj 4- Bj, + fX23 4" j 

Ig = + t^'By + /Xgg'Bg 4- log, 

the mathematical theory is qmte intractable, so we shall frequently 

assume these to be true. Fortunately for a large number of sub- 
stances such hnear relations appear to represent the facts exactly, 
but there are certain practically important cases where they do 
not even approximately represent the relation between I and B. 

If Iq = 0 there is no permanent magnetism and if the medium 
IS isotropic the mne coej0hcients p,,./ reduce to one and in that case 

I = /.'B 4-1, 

The Simple linear law will be approximately correct if the inducmg 
field IS small. 

170 Let us now examine the magnetic field equations on the 
assumption that some such hnear relation holds. The formula- 
tion involves three vectors (i) I the intensity of magnetisation, 
(u) B, the magnetic force which is always a stream vector, and 
(ui) H, the magnetic flux or induction vector which is the gradient 
of a potential in all statical cases When 

I = I, 4- iu'B 

we have H = B (I — ft') — I, 

= ^B — Iq. 

* Various forms of the mathematical theory of magnetism have recently been 
constructed on the assumption of the existence of a distribution of permanent 
magnetic matter. In this ease the magnetic mduction vector is no longer solenoidal, 
its divergence determinmg the density of the magnetic matter. This procedure is 
adopted m order to secure a closer analogy with the electric case and to remove 
certain discrepancies supposed to exist m the more usual form of the theory 
Cf E Cohn, Das eUctromagnetiscke Feld, p 510, R Gans, Ann. der Fhysik, 13 
(1904), p 634 and Encyclopadie der vmth. Wi>sseyisch. Bd v. Art. 15. 
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The coefficient /^ == 1 — jit' is called generally the coefficient of 
induction of the medium, it is not now the same as Kelvin’s per- 
meabihty, for we have interchanged the sigmficance of our vectors 
If there is no permanent magnetism about yu is exactly the reciprocal 
of Kelvm’s coefficient, but now it expresses the permeability to 
mechamcally efEective force If p. = 1 as is the case in space free 
from magnetisable media, the whole of the magnetic force is 
mechamcally efEective, but when, as is for example the case in 
iron, [L IS small the material itself practically destroys the mechamcal 
effectiveness of the complete field 

In the mathematical formulation of the scheme it is better to 
express everything m terms of the potential in the most general 
case div B = 0 

and H = — grad ^ — Vj/t, 

so that div ^ ^ 

or div grad — div ^ , 

which if the medium is homogeneous reduces to 

= div Iq 

These are the characteristic equations of the potential in the theory 
Any problem as to the effect of the presence of magnetisable media 
in a magnetic field now simply reduces to a determination of the 
appropriate solutions in the different regions of the field, these 
being chosen so as to agree with one another at the adjoining 
boundaries 

171. The boundary conditions are easily obtained m the usual 
way. In the first place it is clear that the potential function itself 
must be contmuous over the whole of space, and this carries with 
it the equahty of the tangential components of the induction on 
either side of a boundary surface, further the normal component 
of the force is always contmuous across any surface or 

the suffices 1 and 2 denoting the diff erent media on the two sides 
of the surface But m each media 

B = l(H + Io), 

H' 
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SO tkat — (Hi + lojn — -7 (Hjj + lojnj 

H'l H'2 

or in terms of tke potential 

1 \ 

jLCi dn jLtg dn V/Xi /X 2 ‘ 

If j as IS often tke case, one of tke media is air we can put fjL 2 ~ 1 
and lo^ = 0 so tkat tkis condition reduces to 

fji^ dn dn ”” 

or in tke complete absence of permanent polarisation 

1 ^ dxjs^ 

fjLi dn dn * 


172 Tkis potential metkod. again becomes ineffective in tke 
most general case wken tke magnetic field is in part due to a dis- 
tribution of currents tkrougkout it or any part of it. In tkese cases 
it IS more convement to define tke field by its vector potential A 
wkick IS defined by tke volume integral 

in tke absence of abrupt transition layers From tke form of tins 
defimtion it is obvious, on analogy witk tke electrostatic potential 
case, tkat eack component of A satisfies tke ckaracteristic equation 

V^A = - (C + c curl I), 

0 


at eack point of tke field 
we kave 


Wkere tkere is no current or magnetism 
V^A = 0, 


and tkus we kave similar ckaracteristic equations to define tke 
function A in tke case of continuous distributions of currents and 
magnetism In practice discontinuities only ccur on certain closed 
surfaces in tke field and we tken solve tke above equations separately 
for tke different volumes into wMck tkese surfaces divide tke space 
and tken fit up tke different solutions on tke boundaries in tke 
usual way. 
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If tlie magnetisation I is in part induced and m part permanent 
then in the case when a hnear law of induction is vahd and the 
medium is homogeneous and isotropic we have 

I == + Iq, 

and thus curl I = fi' curl B + curl lo 

= /x' curl curl A + curl Iq 
= jLx' (V^A — V div A) 4* curl Iq . 

Now the vector potential A is not completely defined by the relation 

B = curl A, 

and we may add the further condition 

div A = 0, 


which is in fact satisfied by the special values of this function given 
above, without restricting the generality of our analysis If we do 
this we have j _ + curl , 


and thus the characteristic equation for A becomes 
V^A = ^ (C + /x'cV^A i- c curl lo) 

or /iV^A = i (C + c curl lo), 

c 


wherein /x == 1 — /x' is the permeabihty coefficient of the medium 


The boundary conditions at a surface of continuity can also 
be interpreted in terms of the values of the vector potential com- 
ponents. In fact agam on analogy with the electrostatic case we 
see that the discontmmty in A at a surface where the magnetisa- 
tion changes abruptly is the same as the discontinuity of the 
vector [n^I] at the surface, being the direction vector for the 
normal to the surface at the point. If we care to take account of 
the mduced nature of the magnetism and again assume a linear 
law we can say that the discontinuity in A is the same also as 
1 

that of - [HiIq], Iq being the part of the magnetisation which is 
not so mduced. 

At the only other type of discontmmty, a surface current sheet, 
the components of A, hke potentials in statics, are continuous (this 
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ensures the continuity of the normal induction — a necessary con- 
dition), but the gradients of these components are discontinuous 
in such a way that the discontmuities in the tangential components 
of B are proportional respectively to the perpendicular components 
of the surface current flow 

173. The coefficients of mutual and self-induction. Before 
leaving these general relations we must return for a moment to 
the idea of the flux of magnetic force for a current circuit m any 
field This IS defined as the total number of tubes of magnetic 
force which thread through the circmt and analytically it is 
given by the mtegral (cf page 168) 

N = l(Ads) 


taken round the circuit If is due m part to a series of linear 
conductors carrying currents Ji, J^, we know that the corre- 
sponding part of the vector potential A is given by 




so that the term m N due to these currents is where 


an 


47rC 



This constant a„ is the coefficient of mutual mduction for the given 
circuit and the wth circuit giving rise to the field It is obviously 
a true mutual coefficient dependmg on the form and relative con- 
figuration of the two cucuits 


A smgle current circuit has of course a magnetic field of its own 
and therefore also it will have a coefficient of induction on itself, 
or as we say, a coefficient of self-induction, but a more refined 
analysis is needed m this case for its evaluation 
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174 The energy relations of the magnetic field. The 
analysis of the general energy and mechanical relations of the 
magnetic field with induced magnetism is to a certain extent analo- 
gous to the similar problem connected with polarised dielectric 
media discussed in Chapter II In so far as this is the case we can 
therefore content ourselves by quoting results, interpreting them 
however in terms of the vectors of the present theory 

The work done by -the magnetic forces in separating the poles 
of a small doublet m at a point in the field where the force is B is 

(nxB), 

and this in the usual way represents a diminution in the magnetic 
potential energy of the field. Thus in the estabhshment of a dis- 
tribution of magnetic polarisation of intensity I the magnetic 
potential energy increases by 

- 1 (IB) dv. 

This store of potential energy which is associated with the magnetic 
field and media is created by the combined action of the mechamcal 
forces acting on the media and by the internal elastic or motional 
forces resistmg the setting up of the polarisation. If then in any 
small virtual displacement the work of the external forces is STF 
and the internal energy increases by — so that the work done by 
the mternal forces themselves is — ZE ^ — we have 

8F - = - 8 j (IB) dv 

= - 1 (I8B) dv-j (B8I) dv 

The usual argument by the prmciple of virtual work now shows 

that r 

STF - - J (I8B) dv 

is the virtual work of the mechanical forces acting on the magnetic 
media, from which these forces can be derived. In fact this is the 
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part of tke total energy variation which, is left when the internal 
constitution defined by the vector I is maintained constant, so 
that the internal energy associated with it must also be constant 

175. Confining attention for the moment to the element S?? we 
see that the work supphed by it to outside mechanical systems which 
it drives — ^that is, the reverse of the work which the reaction forces 
exerted by these outside systems themselves do — ^in traversing any 

path IS thus r 

SvJ (laB), 

the integral being taken along the path. If I is a function of B, 
that is, if the magnetism is in part thoroughly permanent and in 
part induced without hysteresis, so that the operation is reversible, 
this work must vamsh for a complete cycle, otherwise energy would 
inevitably be created either in the direct path or else in the reversed 
one of the complete system of which S-y is a part. Thus the negation 
of perpetual motion m that case demands that 

(I SB) - 

being the complete differential of a function of (B^. , By , B^) 
involving only even powers If the polarisation follows a hnear 
law, as it must do if the field is small, 0 is quadratic or 

4 * ^ i (/x^'Ba,® 4- + /igg'B/ + 2/xi2^B^By -f- ), 

so that I/jj = /^2 f 

ly = ®a; “b ^3/ "b , 

In the simple case of isotropic media we have 

4 > - 

so that I = /x'B 

In addition to this energy concerned with the attractions, the 
magnetic forces in the field expend energy m polarismg or orientating 
the individual molecules against the mternal forces of the medium, 
of aggregate amount in the whole field 


= |(B8I)< 


This part has nothing to do with mechamcal forces. It is stored 
up as mtemal energy of a purely elastic or thermal character. If 


12-2 
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the polarisation gradually breaks away some or all of this is lost 
m heat and the phenomenon of hysteresis results. 

When the relation between I and B is hnear and isotropic the 
two parts of the total energy, the mechanical and molecular parts, 
are both equal numerically 

S« j (BSI) = Svj 8 
= Sw j (I8B), 

and this is the usual theoretical result If there is no hysteretic loss 
of any kind we may take 

where the integral is extended throughout the substance, as the 
potential energy of the mechamcal forces acting on the medium 

176. When there are currents in the field the differential work 
equations of the previous paragraphs have to be modified by the 
inclusion of terms depending on these currents 

The energy of an electric current in a magnetic field, that is the 
mutual energy of the field and the current, can be calculated as the 
energy of the equivalent magnetic shell in the same field and it is 
therefore equal to 

-Ij j(n^B)df^-\j jBJf 



N bemg the number of unit tubes of magnetic force which thread 
the circuit. 

This fundamental result may also be approached in another more 
tentative manner. Taking first the case where the magnetic field is 
due to a simple magnetic pole of strength m, the mutual potential 
energy of the pole and the current J is the potential of either in the. 
field of the other In this special case it is therefore 

m , 

e/co, 

6 
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where co is the solid angle subtended by the current circuit at the 
position of m. But this is equal to 



for mo) IS the number of tubes of force in the field of the pole m 
which pass through or its aperture, in the positive direction 
corresponding to the circulation By addition then the general 
result IS seen to be true, whether or not a potential function exists 
at all points of space 


I 

177 In the case when there are a number of hnear current cir- 
cuits m the field as well as the magnetic media the total magnetic 
potential energy in the field is 

N,J,, 

and now the variational equation is 

STF - = - [ (ISB) dv--^ JrBNr 

J Cr = l 

- [(BSI)dv-- i iV,8J„ 

' c J .^1 


in which again the two parts are easily recogmsed, the currents J 
serving for each circuit to define an intrinsic property of that 

circuit Thus r in 

8W=- (I8B)dv-^ S J,SN^ 

J c j.=i 

IS the work done in the displacement by the external forces apphed 
to the magnetic media and current circuits, whilst 


SE, = f (B8I) i S N^SJ, 

J c 

represents the total change in the internal energy of the system 

In this more general case the usual argument based on the 
negation of perpetual motion requires that should be a com- 
plete difierential in aU cases not mvolving hystexetic degradation. 
That IS that is a function of the current mtensities such that 


d^_ 
dJr ~ 
dN^ BNs 
dJs ~ dJr 



~ dj^dj; 


Thus also 
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for all values of r and s In the simplest cases will be quadratic 
and thus the N^s will be hnear functions of the J’s with constant 
terms depending possibly on the distribution Iq The significance 
of these relations and the coefficients in them — the coefficients of 
self and mutual induction of the circuits — has already been dis- 
cussed and need not further detain us, the only additional point 
brought out in the present method of approach is that the mutual 
relation ^ ^ 

for any two circuits is an essential general consequence of the 
principle of conservation of energy 

178. Now let us apply these results m a particular case. Suppose 
the magnetic field arises from a distribution of rigid magnetic 
polanty of density Iq at any point in the field together with a system 
of linear currents. The total energy in the field can then be calcu- 
lated as the work done in buildmg up the rigid magnetism and the 
currents gradually in the presence of the magnetisable substances, 
the induced magnetism simultaneously taking the appropriate 
value at each stage of this process. 

If then at any instant the force intensity in the field is B the 
work done by external agency in bringing up an additional small 
increment of polarity BIq to each place in the field is equal to 

-J (BSlo)dv, 

integrated over the field Similarly the work done in increasing the 
currents by the small amount 8J amounts to 

-H = Sjj B„df,, 

Cr=l Cj = l Jfr 

where is the total flux of the field through the circmt of the 
typical current and is a barrier surface closing this circuit on 
which therefore Nj. can be counted 

The total amount of energy stored in the field is therefore such 
that its diflerential increment is 

- [ (BSlo)dv-^SSJ, f B„d/r 

J Or^l Jfr 

179. The last part of this diflerential expression can however 
be converted into a volume integral over the field In fact if is 
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the magnetic potential of the field at the typical stage of its develop- 
ment 1 P 

where s denotes any closed path which encircles once the typical 
current only and , 8^2 denote the values of 8 ^ at two infinitely 
near points on either side of the barrier/, the first being obtained 
on starting along s where it cuts through / and the second on 
arriving back at/. Thus our integral for each circmt is 

or if we reckon the two sides of the barrier as difierent sides of the 
same closed surface we have this equal to 

- jB„S<f>df 

Since each of the currents has a barrier surface the whole space is 
a singly connected region with the two sides of each barrier and a 
surface at infimty as boundary. We may therefore apply Green’s 
theorem to the region and convert the surface integral into the 
volume integral 

j (BV) S^dv + J 80 div B dv, 

the infimte surface contributmg nothing in all regular cases’^ 
Since div B = 0 and V80 = — SH this is simply 

- [ (BSH) dv, 

and IS therefore an integral over the whole field. 

The total work put into the field is thus expressible in the form 

- J (BSH) dv-J (BSIo)<J?; 

Of course if there are no currents in the field we have 

j (HB) dv = j (HSB) dv = j (BSH) dv = 0 

* The change of sign occurs because the Bn is the component of B along the 
inward normal at the boundary of our Tolume 
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180 Now if I IS the intensity of the induced magnetism at any 

stage B = H + (1+ lo), 

and thus SB = SH + Sip + SI, 

and the total work put into the field is therefore equal to 

- I (BSB) dv + j (B8I) d/o 
= -JS jB^dv + l(BSI)dv 

Tte second part of this total energy represents tke internal elastic 
energy stored up in tke magnetic media on account of tke magnetic 
polarity induced m tkem , it is stored up in tkese media as energy 
of an efiectively non-magnetic nature and is meckamcally unavail- 
able Tke first part tkerefore represents tke true magnetic potential 
energy of tke field and on a tentative tkeory we could regard it as 
distributed tkrougkout tke field witk a density at eack place equal to 

for tke infimtesimal ckange or 

- 

for tke complete field 

181 In tke case of a knear law of induction and wken tke 
medium is isotropic we have 

1= /u'B 

= (1 - i^) B, 

so tkat tke energy stored in tke media on account of tke polarisations 
induced in tkem appears as tke integral of 



Tke total energy in tke field in this case however appears as tke 
volume integral of zl _ 

-4b^ + (L^)b^ 



SO tkat it can be regarded as distributed tkrougkout tke field witk 
this density. 
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182 Of tlie total energy of purely magnetic nature stored in tlie 
field the part r rs 

IS concerned mainly with the rigidly magnetised masses, being in 
fact the force function of their mechamcal interactions and of the 
interactions of the currents and induced magnetism with them Oi 
the remainder, the part r rir 

- I IdB 

IS concerned m a similar manner with the induced polarity, being 
the force function of the mechamcal actions on the induced 
magnets 

The remainder, or 

- -ij B^dv + j dv (I + Ig, dB), 

IS therefore concerned solely with the currents and is the force 
function of their mechamcal interactions and the interactions oi 
the magnets with them Since 

B = H + (I + lo) 

this part reduces to r rH 

- J dv j (H8B), 

and may therefore be regarded as distributed throughout the field 

with the density rir 

- (H8B) 

'0 

at each place If, as is generally the case, there are no rigid magnets 
about, this latter part of the total energy is the only part that is 
mechamcally available, provided it is not prevented from so being 
by frictional forces tending to degrade it The part of the energy; 
corresponding to the induced polarisations and arising from theu 
reactions with the currents is in some respects mechamcaUy avail 
able, but only in so far as the presence of the magnetic masses 
increases the available energy associated with the currents giving 
rise to the field 

A s imil ar transformation to that employed above in the reverse 
manner shows that 

- I dv ^ s 
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180 Now if I IS the intensity of the induced magnetism at any 

stage B = H + (1+ lo), 

and thus SB = SH + Sip + SI, 

and the total work put into the field is therefore equal to 

- I (BSB) dv + j (B8I) d/o 
= -JS jB^dv + l(BSI)dv 

Tte second part of this total energy represents tke internal elastic 
energy stored up in tke magnetic media on account of tke magnetic 
polarity induced m tkem , it is stored up in tkese media as energy 
of an efiectively non-magnetic nature and is meckamcally unavail- 
able Tke first part tkerefore represents tke true magnetic potential 
energy of tke field and on a tentative tkeory we could regard it as 
distributed tkrougkout tke field witk a density at eack place equal to 

for tke infimtesimal ckange or 

- 

for tke complete field 

181 In tke case of a knear law of induction and wken tke 
medium is isotropic we have 

1= /u'B 

= (1 - i^) B, 

so tkat tke energy stored in tke media on account of tke polarisations 
induced in tkem appears as tke integral of 



Tke total energy in tke field in this case however appears as tke 
volume integral of zl _ 

-4b^ + (L^)b^ 



SO tkat it can be regarded as distributed tkrougkout tke field witk 
this density. 
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engineering practice and a good deal of experimental work has been 
carried out to determine the precise conditions govermng them. 
The energy dissipated in a single cycle in soft iron may amount to 
10^ ergs per cubic centimetre and in hard steel to even ten times 
this amount Various empirical formulae have been proposed to 
allow of its approximate calculation for practical purposes Until 
quite recently the best of these appeared to be the Steinmetz 
formula expressing the loss as a function of the maximum H used 
in the cycle ^ ^ 

where j8 = 1 6 approximately and X is a constant of the material 
used Recent work seems however to favour the somewhat simpler 
binomial formula ^ _j_ 

a form which is in fact suggested by the geometrical shape of the 
{B'H) curve whose area represents this loss for one cycle 

184 Kinetic or potential energy'^ Since all our expressions 
for magnetic energy occur with a negative sign it is reasonable to 
enqiure as to whether it is not possible to alter our conception of 
these things in such a way as will enable us to use the expressions 
with the positive sign 

Now it will be remembered that in general djmamics everything 
IS determined by the Lagrangian function L which is the difference 
between the kinetic energy T and the potential energy TF, 

L = T- W 

Thus if a part of the energy of any system be counted as kinetic 
energy, that is reckoned in T, it must have the opposite sign to 
what it would have if reckoned in TF. At the bottom all potential 
energy is probably of kinetic origin, but if counted as kinetic 
its sign must be reversed Calling it potential energy merely 
means that we do not want to trouble about its actual con- 
stitution*. 

The difference of sign m the energies does not of course affect 
the sign of the forces with which they are associated. In the most 
general case for steady systems the Lagrangian analysis shows that 

* The process of ‘ignoring’ coordinates in analytical dynamics is practically 
equivalent to convertmg the energy in the coordinates from fcinetic to potential 
Of Larmor, Proc L M 8 (1884). 
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tte internal forces are determined as the positive gradients of the 
function, so that for instance the force in the S coordinate is 

dd “ dd dd 

Thus if the energy is reckoned as kinetic the force is determined 
as its positive gradient, whereas if it is potential the negative 
gradient has to be taken The difference of sign in the gradient 
thus ]ust balances the difference in the sign of the types of 
energy. 

185 The suggestion has therefore been made that all magnetic 
energy should be treated as kinetic energy This of course conforms 
to the modern view as to the mechanism involved 

In the establishment of a current by the direct application of a 
fimte electromotive force m the current circuit we find that the 
full current is not immediately produced, it rises gradually to its 
steady value We may therefore enquire as to what the electro- 
motive force is doing during this time when the opposing resistance 
IS not able to balance it It is increasing the current of course , but 
an ordinary force acting on a body in the direction of its motion 
increases its momentum and commumcates kinetic energy to it, 
or the power of doing work on account of its motion Thus if, 
as appears most natural, we assume that a current has motional 
energy, we may say that the unresisted part of the electromotive 
force has been employed in increasing the internal motional or 
kinetic energy of the current But the internal motional energy of 
a current IS identical with the energy of the magnetic field associated 
with the current, so that if we regard the energy of a current as of 
the kinetic type we must also regard the energy in a magnetic field 
as kinetic energy 

There is of course no essential difference between the magnetic 
field of a current and that of a magnet, so that we must also assume 
in that case that all magnetic energy is kinetic. This of course fits 
in with the Amperean view which regards magnetism as con- 
stituted of minute molecular current whirls. 

186 In spite of the slight confusion which may thus arise we 
shall follow Faraday’s suggestion and treat all magnetic energy as 
of the kmetic type and we shall henceforth denote it by T. It must 
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however be particularly emphasised that we have no defimte proof 
that this energy is kinetic. It is merely a matter of convenient 
choice so to regard it, and the mechanical relations of onr system 
are entirely independentof such choice, fortheLagrangian function, 
on which everything depends, is the same in both cases. 

In our previous work we have always regarded the energy of 
magnetism as potential energy and all our results have been 
deduced on this basis Thus if we quote in future any of our previous 
expressions for magnetic energy care must be exercised to see that 
they are in all cases quoted with the reversed sign. As can be well 
imagined this sudden change of procedure is of some signihcance 
in the theory, the lack of appreciation of which has residted in 
some confusion in the usual presentations of this subject 

187 The magnetomotive forces The forces acting on a 
magnetically polarised medium can now be obtained either from 
the energy expressions or by an analysis by forces on the elementary 
poles similar to that given in the second chapter But now it is 
the force on the volume elements alone that is reqmred and there- 
fore the part of the complete force B which has to be used is the 
mechamcally effective part H, omitting the local term m I, the 
polarisation This local part of the force will of course act on the 
medium but the reaction to it is not transmitted by material 
stress but is compensated on the spot by molecular action due to 
change of physical state induced by it Thus the mechamcally 
effective force is made up of a bodily force F and a torque G, where 

F = (IV) H, G = [IH]. 

Under the usual circumstances these expressions are identical 
with the ones given by Maxwell m his treatise The remarkable 
property is there estabhshed, and is the direct analogue of our 
result for polarised media, that independently of the form of the 
relation between the magnetic induction and magnetic force m the 
medium and whether there is permanent magnetism or not, this 
bodily forcive can be formally represented in explicit terms as 
equivalent to an imposed stress viz it is the same as would anse 
from (i) a hydrostatic pressure (n) a tension along the bisector 
of the angle 6 between H and JB, equal to HE cos^ 6, (ui) a pressure 
along the bisector of the supplementary angle, equal to BE sin^ 
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together with an outstanding bodily torque turning from B towards 
H equal to RB sin 29 When B and H are in the same direction, 
the torque vamshes, and a pure stress remains in the form of a 
tension {BH — along the hues of force and a pressure in 
all directions at right angles to them There is of course no warrant 
for taking this stress to be other than a mere geometrical represen- 
tation of the bodily forcive It is however a convement one for 
some purposes Thus the traction acting on the layer of transition 
between two media, in which H changes very rapidly, which might 
be directly deduced in the same manner as the electric traction 
above may also be expressed directly as the resultant of these 
MaxweUian tractions towards the two sides of the interface As 
there cannot be free magnetic surface density the traction on the 
interface is represented, under the most general circumstances, 
whatever extraneous magnetic field may there exist, by purely 
normal pull of intensity 2ml^ towards each side 

188. To obtain the forces on the magnetic media or the rigid 
magnets we may however — and often with more advantage — 
proceed to calculate first the energy of the media m terms of the 
coordinates which determine their general configuration and then 
to apply the general principle of virtual work 

If the positions of the magnets are determined by generalised 
coordinates Lagrangian sense and if the external 

or apphed force components correspondmg to these coordinates 
are ©i, ©g, . , then the work done by external agency during a 
displacement of these media is 

©23^2 H“ ) 

whilst the work done by the internal forces resisting the setting up 

of the polarisation is r 

-j (B8I)d:^; 

Thus in the most general virtual change in the configuration of the 
system — a complete definition of which involves a specification of 
the polarisation — ^the magnetic potential of the system increases by 

SW = -I (B8I) dv + 0i80j + @^88^ + . . 

The usual argument based on the assumption of reversibihty and 
the negation of perpetual motion now requires that ST7 should be 
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a complete differential of some function W winch ultimately 
measures relative to some standard configuration the potential 
energy of the system which it possesses in virtue of the magnetisa- 
tion of its constituent masses. We have seen however in our previous 
discussions that under the simplest conditions 

Tf 

so that its complete evaluation is a mere matter of integration. 

If now the polarisation is maintained constant during the dis- 
placement the first part of 8 W vamshes and we have then simply 
8PF = -f- ©28^2 "t* • y 

or since SW is a complete differential 

is the force component in the coordinate 0^. which is exerted on the 
magnetic media by external agency in order to maintain the pre- 
sumed equilibrium conditions 

189 The determination of the forces exerted on the conductors 
carrying currents through a magnetic field can be effected in the 
same general manner. The general equation of virtual change of 
energy, now including a term due to changes in the current 
strengths, is 

SW = - [ (BSI)dv--i NSJ + + 9^86^ + , 

Jv 

where also the coordinates d include those of the conductors and 
the value of PT is f , 

integrated throughout the field. 

The force in any coordinate 6^ is then 

de^ ’ 

and can be found as soon as the value of W can be determined m 
the appropriate form This general method of procedure for finding 
the forces, to which we shall return at a later stage, is not however 
always the most convenient It is sometimes simpler to examine 
the matter in closer detail. 



192 


THE DYKAMICS OF THE MAGNETIC FIELD [OH. V 

190. The interaction between a steady current and a single 
magnetic pole is first analysed The potential of the field of the 
current at any point is 

J<xi __ Jr cos Bdf 

the integral being taken over any barrier surface /bounded by the 
circuit, r denoting the distance of the point from the typical element 
df and 6 the angle between the normal to df and r This can be 
written in the form* 



The force in the field is therefore the vector 

which transforms by Stokes’ theorem to the vector 

the integral now being taken round the circuit $ bounding the 
surface / 

This result admits of interpretation as the sum of effects due to 
each element of the current If we take a vector J ds in the direction 
of the element ds of the current and another r from ds to the point 
in the fi-eld, the two form the sides of a triangle of area 

Jds . r sm (r, ds ) , 

thus the part of the force due to ds is 
Jds sin ds 

W =- 

and IS at right angles to both vectors so as to turn positively 
round the tangent to the circuit when it is taken positively onwardsf 

191. The action of the single magnetic pole on the circuit has a 
resultant equal and opposite to this force The constituent forces 

* In. these expressions the operator V refers to differentiation at the point on 
the surface or curve, these being e(iual but opposite in sign to the same differentia- 
tions Vp at the field-point. 

t The law of Biot and Savarts, Jour de Savants (Pans, 1821), p 221. 
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may however be apphed at the elements of the circtnt; the reason 
being that the couples 


4cfTTcr 


so introduced are in eqmlibrium* Thus the action of a pole m on a 
current J may be calculated by combining the forces 


_1_ 

47rc 


[Jds, V]^ 


at each element of the current 


This result admits of immediate generalisation in fact for any 
magnetic system we see that the force on the current element in 
ds IS ^ 

the sum 2 being taken over all the elementary poles of the system; 

1 m 

B ^VS- 

4:77 0 

IS the magnetic force due to the whole magnetic system at the posi- 
tion oi ds Thus the force on the current in any field is 

it IS perpendicular to the plane of B and ds and its actual amount is 


J B 

4:7TC 


dss in Bds 


This argument is however restricted to the case where the 
magnetic force is derivable from a potential which is only the case 
when the current elements under investigation are in parts of space 
devoid of magnetic matter, where the force is identical with the 
induction which is always so derivable under static conditions 
The result is however quite general as can be seen in another way 

* The couple associated with any element of the circuit is completely represented 
in the vector sense by the chord of the projection of this element on a unit sphere 
round the field-pomt, this pomt bemg the centre of projection The circuit bemg 
closed the vector polygon of the couples is closed so that they are m eq^uilibnum 

13 
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by an appbcation of the other form for the potential of a current 
in a field, VIZ. W=--NJ. 

c 

This expression was of course deduced as the potential of the field 
system in the presence of the current, but it is of necessity a 
mutual affair, that is, it is the energy of either system in the field 
of the other. It is a function contaimng the coordinates of both 
bodies and by varying one set we get the actions and by varying 
the other set the equal and opposite reactions. The principle of 
equality of action and reaction which in its simplest form is Newton’s 
third law of motion, is in its generahsed form a consequence of 
the existence of a potential energy function 


192 Suppose now that the variation in the configuration of the 
system is produced by the element AB of the wire of length ds 
movmg out into a near parallel position A'B' at a vectoiial distance 
8s from its original position. The change in W due to the displace- 
ment of this bit alone is 




JBN 


= — J (number of tubes of induction through ABB'A')lc 
We must now estimate the number of tubes through this small 
area ABA'B\ It is obviously equal to the product of the com- 
ponent of the magnetic induction perpendicular to the area by the 
area, and this is 

BN = ds . 8/ Bj, sin dsSs' = ([8s' . ds] B). 

But if F is this resultant force 

(F 8s') = - 8F = - (B . [8s' . ds]) 
c 


= ^([ds.B] 8s'), 

and thus the resultant force on the current element is 

F = ^[ds.B], 

its direction being perpendicular to the directions of B and ds and 
the actual magmtude 

Jds _ 

— B . sin Bds 
c 
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This agrees with the former result deduced from elementary 
principles. 

The whole force exerted by the magnetic system on the current 
IS thus compounded of all these elementary forces applied at the 
corresponding elements of the circmt. Their composition is effected 
in the usual way. 


193 Electromagnetic induction — Faraday's Law, If we 
push the arguments of the previous paragraph further and examine 
the effects of changes in position on the electrical conditions of the 
conductors we shall be led to another important law. We again 
confine our attention to the simple case where a single conductmg 
circuit of resistance R and in which an electromotive force E, 
arising from voltaic action, exists is under the action of a dis- 
tribution of rigid magnetism more general cases will be examined 
at a later stage 

If the magnets are allowed to move the external forces necessary 
to maintain the equilibrium conditions do work during the small 
time-interval 8t of total amount 


+ j (I8B) dv=+St I (l ® j dv 


During this time the electromotive forces from the battery also 
provide an amount of work EJ3t in driving the current so that the 
total work provided to the system is 


This work is accounted for in two ways (i) heat is generated in the 
circuit of amount J^R 8t, and (u) the magnetic (kinetic) energy of 
the field has been increased by 



dB^ 

dt 


dv = 8i 



dv 


The principle of energy thus reqmres that 

or 


13-2 
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The integral in the last equation is however, in the usual way, 
equivalent to 1 d,N 


where N represents the number of lines of force through the circmt 
due to the magnetic field. Thus we have 


c at 


In other words in addition to the electromotive force of the battery 
there is an additional apparent electromotive force in the circuit 
which is proportional to the time rate of reduction of the magnetic 
force fiux through the circuit This is precisely Faraday’s result. 


194. Faraday’s*** notion of representing a magnetic field was by 
lines of force, as a field of flux in tubes. He then discovered that 
the essence of the electromotive force necessary to drive the current 
observed in the near circuits was the change in the flux through the 
circuit. He deduced experimentally the following rule 

Whenever the total flux of magnetic force through any circuit vanes 
there is an elect'i emotive force induced in the ciicuit whose magnitude 
IS proportional to the rate of diminution of the total number of tubes 
of induction threading the circuit. 

This law has been found to be true umversally when either or 
both the magnetic system and current circuit are moving, and it 
has in consequence become the foundation stone of electromagnetic 
theory, with the various developments of which the remainder of 
our discussions are concerned. The deduction we have given shows 
the connection of this law with the mechamcal principle of energy, 
a connection first pomted out by Helmholtz and Kelvin. 

195 If E denotes the electric force measured in electrostatic 
units the electromotive force in any closed circuit is 

[ 

J s 

and accordmg to Faraday this is equal to 



* JSxp. lies n. p. 127 
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where B denotes the vector of magnetic induction, the integral 
being extended over any surface / bounded by the circuit s, and c 
IS a constant depending on the units adopted. We thus have 

anotter circuital relation forming tlie second fundamental equation 
of our subject. Faraday’s name is usually attached to it. 

This relation of course imphes that there is a defimte value for 
the magnetic force flux through the circuit, i e. it must be the same 
on whatever barrier surface /it is calculated This imphes of course 
that B is a stream vector or that 

div B = 0, 

which IS of course a relation always satisfied by this vector, so that 
the equation so interpreted is quite consistent with our former 
ideas and needs no extension as in the previous case. 

196 Faraday’s law can easily be expressed in differential form 
in a similar manner to that employed in paragraph 158 for Ampere’s 
law. Cbnsider for example any closed circuit drawn in the con- 
ducting material and count the number of lines of magnetic in- 
duction which pass through it. Then according to Faraday’s law 
there will be an electromotive force in the circmt which is pro- 
portional to the rate of diminution of this number of lines of 
induction The electromotive force is 

j 

and according to Faraday this is 

c dt ’ 

where -2^ = 1 so that we have 
[E,<fo = - - 

a form already quoted for the case of hnear conductors. It is here 
regarded as appljdng to any circuit drawn in the conducting sub- 
stance, whether that circuit is the path of one of the elementary 
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currents or not. By again using Stokes’ tteorem we can write tMs 


m the form 




SO that if the circuit is not moving we have 

or owing to the arbitrary nature of the circuit 

IdB 

j- = curl E, 

c at 

which is the required form. 

It can also be expressed in a very simple form in terms of the 
vector potential introduced above so that 

B = curl A. 

From the fundamental solenoidal property of B it follows that 

taken over any surface must be expressible in terms of the boundary 
curve of that surface. But Stokes’ theorem shows that 

J^B„df= 

where A is the vector defined above. Thus for any surface 
IdN Id r A ^ 
c dt ^ cdtJs ® 
and if the circuit is fixed this is 

But by Faraday’s rule this is the same as 

E^ds, 


L 


SO that 


E= - 


c dt 


is a particular solution for the electnc force at a point: to generalise 
it we must add the gradient of any acyclic function <f> which would 
give nothing on integration round the closed curve 

IdA 



196-198] 


SELF-INDUCTION IN A CIRCUIT 


199 


This IS an expression for the electric force which is in fact equivalent 
to Faraday’s law. 

197. A current possesses a magnetic field of its own and if this 
field IS varying, as it will do if the current is changing, the flux 
through the circuit will vary and there will then be an electro- 
motive force in the circmt The flux through the circmt is at each 
instant proportional to the current and increases with it, so that 
the induced electromotive force m the circuit is negative m the case 
of increasing current and positive m the case of decreasing current , 
it therefore always acts to impede the change of current It is as 
though the current possessed inertia and momentum proportional 
to the flux through it, which resists any tendency to change This 
IS the idea of the self-induction in a circuit 

If a IS the coefficient of self -induction in a circmt, the flux of 
force through the circmt when a current J flows in it is 

aJ. 

The induced electromotive force for changing J is therefore 

a dJ 

so that Ohm’s law for the circmt is now 

^ ^ ^ a dJ 

c dt 

The self-induction of the circmt will not therefore show itself whilst 
the current is steady but will have considerable effect on the flow 
of a variable current or even on estabhshment of a steady current 
which for a short period is a variable affair 

198 The general electrodynamic theory of currents. The 
developments in the previous paragraph illustrate in certain cases 
the application of elementary dynamical principles to the solution 
of electrodynamic problems concermng the action and interaction 
of linear current systems We have however so far only apphed 
the energy principle and this, although sufficient in statical cases, 
IS not wide enough for the general case when there is more than 
one degree of freedom. We shall now discuss an apphcation of the 
general results of analytical mechamcs to a scheme which will 
enable us to deduce from the energy expressions already obtained 
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all the meehanical and electrical equations of a system of linear 
currents with any number of degrees of freedom It was found 
by Maxwell that the apphcation of Lagrange’s equations to the 
most general problem expressed in this way leads to results which 
are in entire agreement with the experimental facts 

The palpable coordinates of such a system are evidently the 
current strengths and the geometrical coordinates of the system, 
these being the only quantities directly accessible to measurement 
The motions which define the currents are necessarily of the type 
which Helmholtz described as cychc. The parameters which deter- 
mine the instantaneous position of such a system are of two kinds 
(i) the parameters of the first kind which are of the general type of 
coordinates in mechamcs These parameters occur in general in 
the expression of the kinetic energy with their differentials with 
respect to the time To this group belong, in the present instance, 
those geometrical parameters which determine the position of the 
circuits : (u) the parameters of the second group on the other hand, 
which are the coordinates of the cyclic motion, do not themselves 
appear in the expression for the kinetic energy, only their time rates 
of change being involved If the kinetic energy is known to be 
correctly expressed in terms of the coordinates and velocities 
exphcitly we have therefore no dificulty in separating the co- 
ordinates into their respective classes But in systems where the 
internal connections are only partially known, a difficulty may 
occur, in so far as in obtaimng the expression for the kinetic energy 
it may have been convement or even necessary to introduce the 
generahsed momenta in the cychc motions, in order to obtain a 
usable expression. Bor example in the hydrodynamical analogue, 
m determining the forcives between cores in problems of cyclic 
motion, the circulations in terms of which the energy is usually 
expressed must be treated as generahsed momenta It is therefore 
necessary and essential to have a clear view of the circumstances 
which determine whether the various quantities which enter into 
the specification of the energy are to be classed as velocities or 
momenta The basis of the distinction between these two classes 
of quantities is of course fundamental, it is to be found m the way 
in which they occur in the Hamiltonian analysis of the dynamical 
problem The essential property of a velocity is that it is a perfect 
differential coef5.cient with respect to the time; any function 
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mvolvmg rate of change of configuration, which enjoys this property, 
so that its time integral is a function of position only may be taken 
to be a velocity; provided we, if need be, contemplate also a corre- 
sponding force. On the other hand, any such function of the rate 
of change of configuration, even though it be a perfect differential 
with respect to the time, must be treated as a momentum, if it is 
known to remain constant with time while no external forces are 
applied to it , for if it were a velocity, hnked up with other velocities, 
its constancy in the free motion could not usually fit in with the 
analytical theory. 

199. In the theory of cychc fluid motion, the circulations being 
constant must thus be taken as momenta, and, when the energy 
IS expressed in terms of them, it must be modified before the f orcives 
can be derived from it in the manner of Lagrange and Hamilton 
In the theory of electrodynamics, on the other hand, the electric 
currents are not unalterable with the time, even if no applied electro- 
motive forces are applied, and as they are the differential coefficients 
with respect to the time of defimte physical quantities, the charges 
of electricity, they may be taken as the velocities, provided we 
recogmse the play of the correspondmg (electromotive) forces 

In the electrodynamics of complete circmts however there is no 
reason, in that theory taken by itself, why the functions defined 
hereinafter as the electrokinetic momenta should not be taken as 
the velocities instead, if so desired, for they satisfy all the above 
conditions, though of course the corresponding forcives would be 
of quite different types from the usual ones This remark is in illus- 
tration of the fact that the distinction between momenta and 
velocities is to a certain extent one of convemence We shall how- 
ever adopt the method indicated on account of the enormous 
difficulties underlying this suggested alternative 

200. The system we shall treat will consist of w-conductmg 

circuits carrying currents J We have therefore w-cychc 

coordinates in which the velocities are Ji, .. , in addition to a 
certain number of ordinary geometrical coordmates 6-^, > B^ 

which determine the relative configuration of the system. The actual 
cyclic coordmates may be taken as the integrals of the currents 
with respect to the time reckoned from a definite instant, i e. the 
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quantities Qi,Qz, Qn electricity whicli since that instant have 
crossed any cross-section of the respective conductors 

T ^Qi j dQz 

The generahsed force components corresponding to the cychc 
coordinates are the electromotive forces which work on the currents 
flowing The work function of the forces applied in these coordinates 
would thus be n 

BWq = S 

r = 1 

if we assume impressed electromotive forces E^, . E^ m each 
circuit respectively, since the work of the electromotive force E in 
any virtual increase of the coordinate Q defined as above is E BQ, 

We have also to include the virtual work of the apphed 
mechamcal forces if there are any. In the general Lagrangian 
method the generahsed force component 0 which corresponds to 
the coordinate 6 is the coej05cient in the work done when that 
coordinate is alone altered Thus 

BWe = ^&Be 

If the forces are apphed from without BW would represent energy 
added to the system. If they are merely forces exerted by one part 
of the system on another or against the external system the work 
in them would come from the energy of the system and must there- 
fore he taken as — 8 We. 

201 We have to take into account the resistances to the flow 
of the currents These may be introduced either by including them 
in the generalised impressed or external force components corre- 
sponding to the cychc coordinates, or by the more general method 
involving the introduction of a dissipation function. If the resist- 
ances in the circmts are JSi, then on the first method the 

impressed electromotive forces m the separate circuits would have 
been respectively diminished by RzJz, • order to 

obtam the resultant force components The more general method 
consists in the introduction of the function 

into the general dynamical scheme 
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In order to obtain complete generality we shall assume that each 
circuit has included in it a condenser, or an appreciable capacity 
for storing energy. It is only in this case that the potential electric 
energy is at all comparable with the magnetic kmetic energy If 
the original charges in these condensers were Qq^, Qq^, . then the 
general potential energy function for the system would be 

^ (Qor ~ Qt)^ (Qsy Qr) (Qos ~ Qs)i 

and the product terms would be neghgible in most cases if the 
condenser in each circuit is of such a form as to concentrate its 
field sufficiently to prevent mutual influence with the others 

We shall leave out of account any so-called permanent magnets 
or magnetisable substances in which the magnetisation is not 
capable of following the field without hysteretic loss ' Permanent’ 
magnets are in reality far from permanent and are indeed very 
erratic things, their properties are very indefimte and a theory 
including them becomes largely an empirical subject We may 
thus regard the coefficients of induction of the circuits to be 
dependent merely on the geometrical configurations in the circmts 
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The electrokinetic energy of the system is, as before, given 


2 T = 



-|“ 2'Eiars 


dt 


dt 


This is kinetic energy of some kind, we do not as before need to 
know of what kind We only want its amount in suitable terms to 
enable us to apply general dynamical methods, this is the great 
advantage of the present line of attack 


We must now also include the kinetic energy of the movement 
of the material conductors because the material conductors involved 
may possess very considerable masses The positions and general 
configurations of these masses are as before specified by the 
generahsed coordinates 61,62, 6^ and the kmetic energy corre- 

spondmg to them will be denoted by so that the total kinetic 
energy is given by T + 

IS of course a quadratic function of m which the 

coefficients are functions of 61, 62, . 0m • 

Por absolute generality we should include in the complete 
expression for the kinetic energy terms involving such things as 
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(QrOs) but this would be getting beyond our theory. In all reahsable 
cases and certainly in all those cases where an equilibrium theory 
IS applicable the electric changes adjust themselves so quickly 
compared with the slow motions of ordinary matter that the 
general electromagnetic system is at each moment sensibly in an 
eqmhbnum condition, so that there is practically no interaction 
between the kinetic energies of the electromotive and material 
systems such as would arise from mixed terms in the energy func- 
tion involving both their velocities — a fact verified experimentally 
by Maxwell The expression for T thus represents completely the 
energy of the system as far as electromotive disturbances are con- 
cerned, whether the system is in motion or not It is therefore 
sufficient for the determination of the electrical conditions The 
other part is solely the ordinary kinetic energy of motion of the 
conductors and is alone necessary for the determination of the 
mechamcal relations of the electrodynamic field 

203 We can now proceed to apply any of the usual methods of 
obtaimng the equations of the motion in the various coordinates, 
electrical and geometrical The most general method involves a 
use of the principle of least action which represents the most 
general principles of dynamics in their most condensed form If 
the system is governed by dynamical laws at all, we have merely 
to obtain the energies m their most compact form and then to 
substitute them in this principle. Lagrange’s principle of least 
action is in fact the infalhble method to apply to all dynamical 
systems and is the one which avoids the investigation every time 
of the conditions pecuhar to each case. We shall however find it 
more convenient for the present case, in which we have actually 
determined the form of the functions, to take the slightly less 
general form of the principle which is contained by the expression 
that the motion is determined by the ordinary Lagrangian equations 
in dynamics. 

If we apply the general dynamical equations to the geometrical 
coordinates which determine the configuration of the system we 
find that there is an equation for each such coordinate 6 of the type 

ddiT + T^) diT-hT.) dW dF ^ 
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wliicli since — = 0 can be put m the form 
dOr 

dAde) de ^ do^do^Be 

The two terms on the left represent with signs changed the kinetic 
reaction of the circuits to ordmary motions. The terms on the right, 

represent the mechamcal force exerted by the system in the 
coordinate 0. The second part arises from the electrokinetic energy 
of the system and the first from the electrostatic part. We call the 
former the electrodynamic forces and the others the electrostatic 
ones 

We thus see that the electrodynamic forces of stationary currents 
always tend to increase the electrokinetic energy T, We then 
speak of — T in this sense as the elect} odyiiamic potential of the 
system , it plays the part of the force function of the electrodynamic 
forces This is Neumann’s result***, which is in agreement with the 
result of our discussion of the steady case in paragraph 189 


204 If we apply the general dynamical equations to the electrical 
coordinates we find that there is an equation for each circuit of a 
type dd{T 0 (T + Ti) dW 

dt Bq~ ~ ' aQr ^Qr ^Qr 

But since T-^ is a function of the 0’s and 0’s only and does not 
contain either or Q^, this reduces to 

dAdqJ dQr^BQr dQr 

and there are as many of these equations as there are circuits, so 
they are sufficient to determine the electrical motions in the 
circuits 


On the analogy with the ordinary Lagrangian equations the term 


* “Ueber ath allgememes Pnuzip der matlieiiiatisclieii Thcone der induzierteu 
Strome,” Berlin AhMg (1848). 
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IS tke applied force acting in the coordinate. The term on the other 
side, d ^ 

dt \d^J ^Qr 


which, since the actual coordinates Qx,Qi> • corresponding to the 
cychc velocities do not explicitly appear m any of the functions 
involved, reduces to d dT 


dt SQ/ 


and with sign changed it represents what Kelvin calls the kinetic 

dT 

reaction of the system In fact — , that is the difierential coeffi- 

^Qr 

cient of T with respect to the cyclic velocity Qr, is a sort of 
momentum in the circuit — it is called the electrolinetic momentum — 
and then on the ordinary analogy there is a kinetic reaction to the 
variation of this momentum in each circuit, which in the present 
case acts simply as a sort of additional electromotive force in the 
circuit. 


If we write then 

dJ, 


n 

S=1 


so that the momentum corresponding to each circuit is identical 
with the instantaneous magnetic induction flux through the circuit 
Thus there is an additional electromotive force in each circuit 
which IS proportional to the time rate of reduction of the magnetic 
force flux through that circuit. This is the general form of Faraday’s 
result apphcable for each circuit when the field is of any variable 
type. 


205. Before closing this discussion it may be as well to add 
further details of two special cases illustrating certain general 
principles. We have the kinetic and potential energies and the 
dissipation function m the form 

2TF =/ (01, 02, ... 0„), 
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and m addition there are the impressed electromotive forces 
,, E^m the respective circmts. 

The general equations are then of the type 

If the solution shows that the currents are periodic forced \ibra- 
tions with a frequency n then all the quantities may be treated 
as dependent on the time bv the factor and thus we can have 
d/dT\ dT 

dAdq) iq; 

and when % increases indefimtely we must have 



in each circuit Thus in the case of enormously rapid \ubrations of 
the currents, their distribution in the various conductors is inde- 
pendent of the resistances and is determined by the fact that the 
kinetic energy (and not the dissipation) function is a minimum 

A similar remark applies when the question under consideration 
is one of imtial impulse effects 

This explains why it is that when a rapidly alternating current 
IS sent along a wire, the current really only travels in the outer 
layer of the wire, the mean distance between the various filaments 
in the current being thereby mcreased and their mutual inductance 
and the kinetic energy of the field decreased to their mimmum 
values 

When W = 0 it IS convement to express everything in terms ot 
the currents Thus in the problem of steady electric flow 

when all the quantities E^ representmg impressed electromotive 
forces are constant, the currents are determined directly by the 
Imear equations dF „ 

Wr ^ 

which express the condition that the function 

{F-^^E,Jr) 

IS a Tniynmnm . If all the ^’s are zero this is Joule’s law of minimum 
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dissipation for steady currents. The above is the more generahsed 
form including impressed electromotive forces. 

206 Equilibrium theory. In the usual treatment of the 
dynamics of rigid bodies we express the energy functions, and 
dynamical relations generally, m terms solely of the palpable 
coordinates of the body and the velocities in them. This however 
implies certain restrictions on the nature of the body and its motion 
which are in practice never actually realised. In fact we know that 
when we hit a body so as to start it off suddenly, the actual observed 
motion is set up by a most comphcated process. Firstly a wave of 
compression is sent off through the body from the point of apphca- 
tion of the blow, and the further parts of the body take up their 
motion only when this wave reaches them and imparts the necessary 
momentum and energy The umform motion of the body is not 
therefore attained until this wave disturbance has been smoothed 
out over the whole body, m most cases of practical importance 
however the time occupied by this process is so exceedingly small 
that we can neglect it altogether and regard the observed conditions 
as instantaneously estabhshed, and this is implied in the term 
‘rigid body,’ Of course there is a shght dissipation of the energy 
of the wave disturbance, and it is not all transformed into the energy 
of the observable motion, but some goes into heat ; but this quantity 
IS usually so small that we are fully justified in treating it as non- 
existent or, again, the body as rigid Of course there is the theory 
at the other end where we investigate these waves of compression, 
but the two cases are extremes and as a rule we need not mix the 
one with the other. 

There is just the same pomt in the usual electrodynaimc theories. 
We shall soon see how Maxwell was induced to his theoretical 
explanation of all observed electrodynamic actions as being trans- 
mitted through and by that hypothetical medium, the aether, 
which occupies the whole of space; an essential point being that 
the actions are transmitted by this medium with a finite velocity. 
It therefore follows that any disturbance produced in the conditions 
at any part of an electromagnetic field will smooth itself over the 
whole field by sending out an electromagnetic wave through the 
field m a manner exactly analogous to that described above. If 
however the variations arbitrarily produced in the conditions at 



205-207] 


MAGNETOSTRICTION 


209 


any point of an electromagnetic field are slow enongli, we can con- 
sider the adjustment of the correspondmg new conditions through- 
out the whole of the field to take place so quickly as to be almost 
instantaneous, so that the whole field is at each instant practically 
in the eqmlibrium condition under the circumstances pertaining 
at that instant. 

Thus if we confine ourselves to the discussion of phenomena the 
period of any change of which is large compared with the time taken 
by radiation to get across the system and adjust any new conditions, 
we may adopt an equihbrium theory and use the results obtained 
for absolutely stationary states as apphcable at each instant to the 
slowly varying motion (quasi-stationary state) That is, in the 
present case if the changes in the values of the current strengths 
or the positions of the circuits are very small and insigmficant m 
the time taken to adjust an eqmlibrium condition throughout the 
field, then we may treat the currents in each circmt as definite 
quantities, i e. the same all round the circuit, and the field at each 
instant can be determined m terms of their instantaneous values 

The velocity of adjustment of electrical conditions in air turns 
out to be 3 X 10^^ cms per second, so that for any ordinary sized 
system the condition that changes in its configuration should be 
small in the time occupied by radiation in gettmg across the system 
hardly restricts the apphcation of the results obtained except in 
the case of very rapid oscillations, of the type in fact used to start 
electric waves For the present therefore we have implied this 
restriction to an ^ eqmlibrium ’ theory and have assumed that the 
state of the motion actually observed adjusts itself so qmckly that 
at each instant it is practically in eqmlibrium under the conditions 
pertaimng at that instant 

207 Magnetostriction. As paramagnetism is in general a 
constitutive phenomenon we should expect relations to exist 
between the magnetic and mechamcal deformations of media 
exhibiting this type of magnetisation Such relations are however 
observed only m the case of the ferromagnetic substances m 
general a magnetic field causes a change in dimensions of such 
bodies while, reciprocally, mechamcal deformations produce changes 
in the magnetic properties The various effects of this kmd that 
have been observed are 
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(i) Joule effect*. If a rod of iron or steel is subjected to a mag- 
netic field whicli may be varied continuously from zero upwards 
it will be found that the rod first increases in length up to a maxi- 
mum at a certain field strength after which it again begins to shorten 
and may even become shorter than its original length For very 
large fields however it appears to approximate again to its natural 
length 

Accompanying this change of length there is also a sideways 
contraction or expansion but Joule’s original idea that these are 
just what are required to balance the extension so that the volume 
remains constant does not appear to be justified In the case of 
iron the volume is increased by magnetisation whilst in the case 
of cobalt there is actually a decrease of the volume 

(u) Wiedemann effect-f. When a rod of ferromagnetic substance 
IS magnetised longitudinally and then simultaneously a current is 
sent along the rod producing a circular magnetic field, the super- 
position of the two fields causes the two ends of the rod to rotate 
in opposite directions. 

This IS probably only a complex Joule effect and it is accompamed 
by the inverse effects, for when a rod of iron is magnetised longi- 
tudinally in a solenoid a twist imparted to the rod establishes a 
circular magnetic field in it, or if it is magnetised circularly the 
twist will give rise to a longitudmal field 

(in) Villari effectX. Thomson § has pointed out that there are 
certain reciprocal relations m magnetism where, if the changes m 
length were known, it might be predicted with certainty the effect 
which a longitudmal puU or compression would produce in the 
same specimen in the way of changing its magnetic properties. If 
a ferromagnetic rod shows an increase in length due to a magnetic 
field, the same rod wiU show an increase in magnetisation when 
stretched or a decrease in magnetisation when compressed longi- 
tudmally For substances which show an mcrease in magnetisation 
for weak fields and a decrease for strong fields, there is a certain 

* FMl Mag 30 (1847), pp 76 and 225 Of also Bidwell, Proc. P JS 65 (1894), 
p 228, 56 (1894), p 94, Williams, Phys Mev 34 (1912), p 258 

*f EUhtr%z%tatf Bd m p 689 

t Pogg Ann 126 (1868), p 87 

§ A^licationa of Dynamics to Phys. and Ch&m (1888), p 47. 
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critical field strength, where the intensity is unafiected by extension 
or compression This is known as the Viliari reversal point Sub- 
stances which show this reversal efiect also show an analogous 
reversal of the Joule effect as Bidwell demonstrated for iron 

A theory of these effects has been attempted by various writers 
but perhaps the most generally successful one is that given by 
Thomson* who makes use of the energy principle to obtain the 
reciprocal relationships observed to exist between strain and 
magnetisation. The first step in the deduction is to set up the 
potential energy function for a magnetised medium in terms of 
suitable magnetic and strain coordinates For the former we may 
take the magnetic field B and the intensity of magnetisation I 
where I = /cB so that the energy corresponding to this part is 
potential and of amount i 

Hh J (IdB) 

per umt volume The elastic energy per umt volume is as usual of 
the general form 

Im +/2 4- + in {e^ + 2ef - 2eg - 2fg), 

fi g being in the usual notation of elastic solid theory the com- 
ponent strains, n the coeficient of rigidity and m — njS the bulk 
modulus The total potential energy is therefore 

J Wdv = j dv + im (e^ +P + g^) 

+ in {e^ 4-/2 + ^2 _ 2e/- 2eg - 2fg) 

Now by the principle of energy this energy function must be a 
miniTmi m m the positions of equihbnum so that its variation with 
respect to any coordmate is zero In this way equations are obtained 
which appear to be adequate to account quahtatively for all the 
observed magnetostnction effects, includmg the reciprocal relation- 
ships between torsion and magnetisation; but apparently no 
attempt has been made to apply them quantitatively 

* Applications of Dynamics, etc p 47 Cf also Larmor, Phil Trans A, 190 
(1897), pp 283-299 
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CHAPTER VI 

MAXWELL’S ELECTROMAGNETIC THEORY 

208. Maxwell's generalisation of Faraday's theory. The 

previous discussions refer to electric and magnetic phenomena 
which are either actually stationary or at least so slowly variable 
that they admit of treatment along similar lines For cases m 
which this restriction is satisfied the laws of Ampere and Faraday, 
apphcable in reahty only to closed currents, provide a sufficient 
and satisfactory foundation To obtain a theory applicable under 
more general conditions Maxwell assumed that all electric dis- 
charges and motions are effectively of the nature and possess the 
properties of systems of closed currents, being completed when 
necessary by the so-called displacement current in the aether and 
in the dielectric media and then it was merely necessary to complete 
the scheme to assume that the fundamental relations in their 
simplest and differential form are applicable under all circumstances 

Maxwell, with Faraday, saw all the obvious phenomena of 
electromagnetics merely as the terminal aspects of a variation of 
condition in the space (or field) surrounding the apparatus The 
observed actions are then to be imagined as transmitted through 
and by a something, the aether, in this field, this aether being 
capable of varying its condition In reahty such an aether is merely 
a defimte framework to which we can attach the vector quantities 
of the electromagnetic field, although it is frequently convenient 
to have a defimte representation of its mode of action, that is a 
description of its mode of activity in dynamical or analytical 
terms. The essential characteristics of a description of this kind is 
of course that the values of the vectors at a defimte point of space 
are directly connected only with their values at infinitely near 
points and only indirectly with the conditions at fimtely distant 
points This is why the differential relations of the field are likely 
to be of more fundamental physical importance than any integral 
or other equivalent forms of such relations. 

209. The vectors necessary for a complete specification of the 
conditions in the electromagnetic field at any point are. 
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(i) E, the intensity of the electrostatic field measured generally 
by the ratio of the resultant force to the charge on a small con- 
ductor placed at the corresponding point, a reservation being made 
if the point IS inside polarised matter 

(ii) P, the polarisation intensity of the dielectric media, which 
with the aethereal displacement E forms the composite vector D 

D = E + P. 

(ill) B, the magnetic force intensity, this being defined so that 
under all conditions B = 0 

everywhere, there being no free magnetism. 

(iv) I, the magnetic polarisation intensity of the magnetisable 
media This vector also gives rise to an auxiliary vector H defined 
at each point so that B = H -}- I 

this vector H we call the magnetic induction, but add a warmng that 
it IS the induction of mechanically effective foice that is to be 
understood 

(v) G, the total current density of Maxwell’s theory, which in 
the most general case contains terms representing all possible types 
of coordinated or average motions of electrons. There is 

(а) Cl, the current of conduction, is, as we have already seen, 
made up of a drift of electrons or ions, the positive ones travelhng 
in one direction, the negative ones in the opposite direction, under 
the influence of the electric force 

(б) Gg, the polarisation current associated with the material 

medium We have already seen how the estabhshment of a con- 
dition of polarisation in a dielectric medium is accomplished on the 
Larmor-Lorentz view of the subject, by an electric displacement 
which may be caused either by turmng round the httle bi-polar 
molecules, or by an actual displacement of the charges relative to 
one another in the molecule A time variation of such a state of 
afiairs would therefore involve an electric current in the dielectric. 
The displacement in any position is the same as if the positive pole 
started from the final position of the negative pole and moved up 
to its final position The total amount can thus be estimated and 
IS such that dP 
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(c) A material medium moving with the velocity equal at the 
(sc, y, z) point to u and having m the neighbourhood of that point 
a charge of amount p per unit volume, clearly contributes a con- 
vection current of density pu. The elements of the moving medium 
may be the molecules or ions as in electrolysis, so that conduction 
currents are merely particular examples of convection currents 
The convection current may however also consist simply of a con- 
vection of free electrons so that it is difficult to distinguish between 
conduction and convection currents, although it is usual and con- 
venient to use the distinction provided by the applicability of 
Joule’s and Ohm’s laws 


(d) The convection of a material medium merely polarised to 
intensity P also supplies a part to the volume distribution of electric 
currents but its determination requires more refined analysis We 
first notice that except in so far as it is equivalent to a volume 
distribution of charge of density — div P, the polarisation cannot 
give nse to a current unless it is changing and that then its con- 
tribution to the volume density of the current is increased by 

dt^ 

its rate of change at a point fixed relatively in the moving dielectric 
d’P 

But if denote the rate of variation of P at a fixed point of 

space we know from a well-known theorem in vector analysis that 
the rate of change of the polarisation flux "B^df through any 
surface df moving with the dielectric is 

+ T1 div df, 


so that 




The total convection current due to the polarisation is therefore 
simply 

+ curl [Pu], 

the first term representing of course the current due to the varying 
polarisation mentioned in (h) above. 

210. The sigmficance of the various terms in the complete 
expression for the true electric flux density which depend on the 
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electric [and magnetic] polarisations can also be eshibited in a more 
analytical form, if we assume that all such polarisations result 
entirely as the average aspects of a more or less complex distribution 
of electrons or point charges of both signs In such a case the part 
of the current density depending on these electrons at any point 
in the medium is the limiting ratio of the volume of the physically 
small element Sv to the sum ^ 

extended over all the electrons inside it, v is the velocity of the 
typical electron In effecting the summation care must be taken 
to refer each electron to its proper position m the matter Havmg 
fixed on a defimte point in the medium moving with the velocity u 
we notice that the electron attached to it is displaced from that 
point through a distance r on account of the polarisation, and has 
therefore a velocity 

u + = u 4- ^ + (uV) r 

The electron which is actually at the point in the matter under 
review and which properly belongs to some other point has therefore 
the velocity „ + f. _ (rV) u - (rV) f, 

it being assumed that the velocity of an electron is a continuous 
function of its position in the matter This is the value that has to 
be taken for v in effecting the summation as above. 

Again we must notice that the summation is to be taken only 
over those electrons actually in the volume element under considera- 
tion, the number of which is a function of their displacements. In 
fact m setting up the displacements typified by r the charge dis- 
placed across any surface is 

S denoting a sum for the electrons in the volume element r^df, 
A simple application of Green’s lemma shows that the statistical 
effect of this displacement is the same as if each electronic charge 
inside the surface were reduced in the ratio 

1 — div r : 1, 

the number remaimng unaltered. 
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It is thus the summation of 

Sy {1 - (Vr)} [u + + (uV) r - (rV) u - (rV) - (rV) (uV) r 

or, neglecting quantities of higher order in the displacement, of 

S J u - u (Vr) + (uV) r - (rV) u + ^ ^ (Vr) - (rV) , 

that IS to be effected Owing to the smallness of the volume element 
hv we may assume that u and its space gradients are constant 
throughout, whilst = S^r = P Si;, 

where p is the density of the free charge and P the polarisation 
intensity of the element Thus 

Hq (uV) r = (uV) Htqr = (uV) IPSv 
Xqa (Vr) = u (V, Sg'r) = u (VP) hv, 

Xq (rV) u « (Xqr, V) u - (PV) u Bv 
Due to these terms we have therefore a current of density 

| 0 U + ^ + («V) P - (PV) u - u (VP) + P (Vu) 

= + -^ + curl [Pu], 

which agrees with the result obtained above 

The remaining terms have another significance They are 

-S5{|(Vr)+(rV)|}--Sj(Vr)* 

= - P? ^ {(Vr) r] 4- curl J jsg r, ^ | , 

where in these equations the operator V is presumed to affect all 
quantities immediately following it 

The second term on the right-hand side of the last equation 
receives its main contribution from those electrons which are 
executing rapid orbital motions about their mean positions in the 
matter, the contribution of any one electron being proportional to 
the moment of its momentum about the equihbrium position. 
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Moreover if the orbital motions are to any extent permanent the 
sum (Vr) r 

for these electrons will be practically independent of the time 
Thus when some or all of the electrons are executing motions of 
the type considered there is an additional term m the complete 
expression for the current density which to the first approximation 
is equal to ^ 

where 1 ^ Sa r, ^ 

2e ^ dt ^ 

In this form we recognise that the additional term in the current 
is the same as would be contributed by the medium magnetically 
polarised to intensity I, if the magnetism is regarded as eqmvalent 
to a distribution of minute current whirls This is a tentative sug- 
gestion of an electron theory of magnetism, which will be further 
discussed in the sequel For the present we shall usually disregard 
terms of this type in the current expression 

211 In the whole of the above discussion it has been assumed 
that the matter extends continuously throughout and beyond the 
element under direct observation If as is sometimes the case it is 
necessary to include the effects of discontinuities in the material 
distribution these can always be estimated by regarding such dis- 
continuities as continuous rapid transition regions throughout 
which the defimtions given above remain effective In this way it 
is easily seen that a surface of discontinuity in the material medium 
is to be regarded as the seat of a current sheet of density 

|c[naIi]i,S 

where Ii = I + - [Pu], 

c 


and 111 IS the umt vector normal to the surface in the direction 
from the side 1 to the side 2 The notation implies that it is the 
difference of the values of the fimction on the two sides that is to 
be taken as the current density 

Thus, for example, in any continuous piece of matter with a 
definite boundary the electronic motions in it may be specified in 
their average aspect as being equivalent to a distribution of body 
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throughout its mass together with the surface current sheet of 
density c [iXiIJ == c [IiuJ 

at any point of its outer boundary. 

These surface currents are important when we consider the 
dynamical aspects of electromagnetic phenomena 

212 Maxwell’s theory may now be stated in the general form 
It states that under any of the most complex conditions the electric 
and magnetic vectors at any point of the field always satisfy the 
two fundamental differential vector relations 

(i) Faraday’s Law 1 d'B 

jr = curl E 

c at 

(u) Ampere’s Law 1 

- G = curl H, 
c 

the vector B being however restricted to satisfy the condition 

div B = 0. 

These relations are of course not sufficient in themselves to 
completely determme the correlations of the field We know how- 
ever that the vectors are connected by certain constitutional 
relations which we have examined in some detail on previous 
occasions There will be some relation connecting the electric force 
with the conduction current density — a general form of Ohm’s 
law — and also relations between the polarisations and the inducing 
forces These constitutive relations will of course depend essentially 
on the nature of the ponderable matter involved and as they can 
only he obtained experimentally they can only be regarded as more 
or less approximate The first two relations will be of the nature 
of dynamical principles and must be regarded as exact 

213 In any given material medium devoid of hysteretic quality, 
the mtensity of electric polarisation P must be a mathematical 
function of the electric force E which excites it In ordinary cases, 
certainly in aU cases in which the exciting force is small, the 
relation between P and E is a linear one thus in the general 
problem of an aeolotropic medium there wiU be nine static dielectric 
coefficients. The prmciple of negation of perpetual motions requires 
this hnear relation to be self-conjugate and so reduces the mne 
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coefficients to six. In the special case of isotropy there is only one 
coefficient and the relation may be expressed in the usual form 



where e is the single dielectric constant of the medium 

In problems relating to moving material media the question may 
naturally arise whether the value of e for the medium is sensibly 
affected by its movement through the aether. When it is considered 
that each molecule that is polarised by the electric force has effec- 
tively two precisely complementary poles, positive and negative, 
it becomes clear that a reversal of the motion of the material 
medium cannot alter the polarity induced hence the mffuence of 
the motion on € can only depend on square and higher even powers 
of the velocity 

In cases in which the magnetisation induced m the medium is 
of sufficient magmtude to be taken into account, similar statements 
will apply to it In the general crystalline medium there are six 
independent coefficients of magnetisation these reduce for an 
isotropic medium to a single coefficient and the relation between 
induction and force is jj ^ 

A simple equation of this kind, representmg hnear and reversible 
magnetisation, applies to substances such as iron only when the 
field is of small intensity 

Finally the relation between the current of conduction Gj and 
the electric force may be taken as a hnear one involving nine 
independent coefficients of conductivity in the case of isotropy 
these reduce to a single one 

It has been found by experiment that coefficients of electric 
conduction, unlike the other coefficients above considered, remain 
constant for all intensities of the current up to very high limits, 
so long as the temperature and physical condition of the conducting 
substance are not altered. This is what was perhaps to be antici- 
pated from the circumstance that conduction arises from the 
filtering of the simple non-polar electrons or ions through the con- 
ducting medium under the directing action of the electric force, 
not from orientation of polar complex molecules which may originate 
hysteretic changes in their cohesive grouping in the substance. 
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For a body of compound nature at rest and m which both polarisa- 
tion and conduction currents can coexist the relation between the 
total current of Maxwell’s scheme and the electric force is more 
complicated than those given above In fact 

G — Gj + !D 

- E + €E, 

and this and the relation __ 

are the two directly required in the theory involving only media 
at rest. 

With these four relations we have then a complete electro- 
magnetic scheme which, if presumed to apply in the whole range 
of electrodynamic phenomena, is a sufficient basis for the mathe- 
matical development of the subject with regard to media at rest 

214 Finally we must notice that the circuital relation of Ampere 
reqmres one further condition to be satisfied by the current vectors 
of the general theory In fact since 

curl B = — C 
c 

it follows at once that under all circumstances 

div G = 0, 

or the current of the theory must be circuital This is the same as 
saymg that all currents must follow in complete circuits 

If we define a current as a flow of electricity (or electrons) the 
discharge of a condenser with a vacuum dielectric must constitute 
a current with a break in it, so that in a case of this kind the 
current is an open one and our theory could not possibly apply 
to it However Faraday insisted from the beginning that all 
currents however produced are circmtal Maxwell, following this 
hint, soon discovered the wonderful simphcity introduced into the 
theory by the assumption and he therefore formally included it as 
an integral part of his theory. In cases like the discharge of a 
condenser it involves the hypothesis that there is in the aether gap 
some sort of release of strain taking place which possesses the 
electrodynamic properties of a current or a movement of electricity. 
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215 The point here involved has been discussed at length in a 
previous chapter*, but the following example will provide the 
general analytical form of the hypothesis Consider the process 
involved in charging a conductor existing alone in the field. As 
we charge the conductor a state of "polarisation’ is gradually 
established m the surrounding dielectric medium (and aether) 
being accompamed by a "displacement’ in the Maxwelhan sense 
away from the conductor It is the essence of Maxwell’s hypo- 
thesis that, m addition to the true electric displacement involved 
in the polarisation of the dielectric medium, there is some effect 
in the aether, an aethereal displacement he calls it, which is not 
an electrical displacement but for some reason or other its rate 
of change has the properties of a true electric current The actual 
measure of this current is obtained as follows if G' denote the 
current intensity of the true electric flow supplying the charge to 
the conductor then the integral 



taken over any closed surface / enclosing the conductor, indicates 
the rate at which the charge on the conductor is increasing, or if 
we use Q for the charge on the conductor at any time t 


Cn'df = 


dt‘ 


When however there is a charge Q on the conductor the conditions 
in the surrounding field are such that if D denotes the totality of 
displacement in the dielectric (aethereal and true electrical polarisa- 
tion) at any point, then r - ^ 

J^^nd/=Q, 

so that we have — j C^'d/ = ^ df, 
or j\c„' + D„)df=0, 

where we use time rate of change of This indicates 

that the vector G' f) 


IS always circuital, that is, always flows in closed circuits. Thus if 
we add to the true current of electrons the time rate of change of 


* Page 97 
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the total displacement we obtain a total current vector which is 
always oirciutal. But D == P + E, 

and thus the total displacement current 

D = P + E 

consists of a part P depending on the presence of the dielectric 
which is a real displacement of electric charge in the molecules of 
the medium The part E is the part of the displacement current 
which must be ascribed to some action in the aether , it is Maxwell’s 
aethereal current. The only way of explaining the existence of this 
current is by a theory of the constitution of the aethereal medium, 
about which however we know so little. A dynamical theory of its 
mode of action can however be described which gives some idea 
of what sort of thing this displacement current is and of how it 
simulates an electric how*. 

We must make a distinction between the true current 

G' + P, 

which is a true flow of electricity, and this fictitious current in the 
aether. The contrast is in reality between the total current 

C' + + E 

and tiie true current The total current always contains a part (£) 
which IS not electric flow at all but is a something possessing the 
electrodynamic properties of a true electric flow. 

The important thing is that now every current is effectively 
circuitaL Looking at it from the practical side the only case where 
the distinction comes in is that of the electrostatic discharge All 
currents of conduction are m themselves complete In techmcal 
electrodynamics electrostatic discharges are of little account 
although of late years the phenomena of wireless telegraphy has 
imparted a techmcal aspect even to this side of the subject. 

It took over thirty years before anything hke a decisive test of 
this hypothesis of Maxwell’s was obtamed At the beginning there 
were no phenomena in which the dynamical relations of an electric 
discharge could be investigated Hertz however finally succeeded 
in discovering the electric waves whose existence and theoretical 
relations had been deduced by Maxwell as an essential consequence 


* Cf. Larmor, Aether and Matter ^ 
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of his theory and thereby provided the necessary experimental 
proof of the hypothesis on which the theory is based 

The total current density of the general theory is therefore 

and it is always circuital. 

216. The units in the electromagnetic equations. In the 
process here employed of the construction of a mathematical theory 
of electricity and magnetism defimte sets of units have been intro- 
duced as associated with the different classes of phenomena As 
we now see that aU the various phenomena are in the most general 
case correlated with one another there must be some defimte relation 
between the various systems of units thus adopted the theory 
would otherwise not be consistent with itself 

The chief object in the choice of a system of umts is to obtain 
the simplest expression for our purposes of the fundamental 
physical relations on which the particular theory is based. 

In any relation connectmg physical quantities of fundamentally 
different characters, certain constants must occur in order to secure 
that the dimensions of the fundamental quantities correlated are 
the same For example in the expression of the mechamcal action 
between two point charges and concentrated at a distance ? 

apart we say that the force between them is proportional to 

a quantity of a fundamentally different kind We therefore write 



and choose the dimensions of y so as to make the dimensions of 
both sides of this equation the same This constant y is then an 
absolute constant of the theory, whose value and dimensions depend 
however on the choice of units for the other quantities involved in 
the relation. In the simple electrostatic theory as we have developed 
it we choose to measure a quantity of electricity so that the constant 
y in this expression is a simple number (without dimensions) 
numerically equal to Jtt. This means that with the same notation 
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as before the dimensions of a quantity of electricity are given by 
the symbolical equation 

[< 2 ] = 

The dimensions of the electric displacement D then follow as the 
quotient of charge by a surface, those of the force intensity E as 
the quotient of force by charge, those of the potential being then 
the product of the dimensions of E and a length, and finally the 
dimensions of a current density are those of a charge divided by 
a time and a surface In symbols 

[<?] = 

[E] = 

[D] - i-i], 

m 

These are the quantities that occur in the specification of the 
electric part of the general scheme The magnetic quantities can 
be similarly examined and the results are identically the same as 
those ]ust given for the analogous electric quantities or in symbols 

[ff] = 

[ 5 ]= 

217 But we have introduced relations connecting these two 
classes of quantities here involved, these relations however both 
contain a constant c so that as usual a definite choice of units is 
not imphed in the form of their expression adopted If however 
we interpret the equations in terms of units as defined in the earlier 
part of this work it is found that the constants have the dimensions 
of a velocity Their actual magnitudes could then be obtained by 
measurements of the relative magnitudes of the quantities involved. 
We could for instance determine the constant c in the relation 

[ 

J 3 C 

connectmg the magnetic field of a linear current with the strength 
of that current by examining the field of a given current and 



216 - 218 ] THE UNITS IN THE EQUATIONS 225 


evaluating directly the integral on the left 
in the relation 


Again, the constant c 




connecting the electromotive force in a circiut with the rate of 
change of induction through it, might be deduced by moving a 
circuit in a known magnetic field and determimng the current 
produced in it If measurements of this type, or others mvolving 
the same principles, are made it is found that the constant c has 
the same value in both equations, viz : 


c = 3 . 10^® cm /sec.* 

We shall therefore continue to use the equations of Ampere and 
Faraday with the same constant c and imply the value just given. 


218 For practical purposes however the umts here introduced 
are many of them of inconvement magmtude so that other umts, 
fractions or multiples of these theoretical umts, have been intro- 
duced The chief of these practical umts are given below with their 
definitions 


1 Ampdre is 3 . 10^ VSr absolute umts of current 
1 


1 Ohm is 

SOTT 


1 Volt IS 


3 '\/47r 


10-2 


resistance 

potential 


These umts are arranged so that the equation 

G = kE 

still holds when all quantities are measured in practical umts. 

1 Coulomb IS 10“^'\/47r absolute umts of electric quantity, so 
that 1 ampere is the current which carries 1 coulomb across 
each section of the wire per umt time 

1 Watt is 10’ ergs 

1 Joule is 10’ ergs per second 

1 Farad is SOtt . 10^^ absolute umts of capacity. 

1 Microfarad is SGtt 10® absolute umts of capacity. 


* The most recent and accurate values give c=2 9980x10^® and Weinberg’s 
detemdnation for the velocity of light gives 2 99852 ±0 00024. 


I. 


15 
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The practical units of magnetic induction and force (called tlie 
Gauss and Maxwell respectively) are identical witli the theoretical 
units multiphed by V 47 t In addition there is a unit for what is 
called the %nductanc6s which is the induction through a circuit when 
the electromotive force in it is 1 volt and the inducing current 
varies at the rate of 1 ampere per second, this unit is called the 
Henry, and 

1 Henry is 10® absolute units of inductance =10® cms. 

219. The electromagnetic potentials. It is often convenient 
to interpret the fundamental equations of Faraday and Ampere in 
a dif erent mathematical form. We have already introduced the 
vector potential A which is defined by the relation 

B = curl A. 


In terms of this potential Faraday’s equation becomes 

, _ 1 1 dA, 

curl E = curl -rr , 

c dt 

so that a particular solution for E is 

E — _ ^ dA 
c dt 

The general solution for E is now simply derived by the addition 
of the gradient of an acychc potential such a term having always 
a zero curl. Thus generally we may write 

and it consists of two parts, the first of which is of electrodynamic 
origin and the second of static origin. 

These formulae have been derived independently m connection 
with the integral forms of the fundamental relations where addi- 
tional characteristics of the potentials are brought out To dis- 
tingmsh it from the vector potenUal A, the static potential <f> is 
often called the scalar potential 

The three difierential equations mvolved in the vector relation 
B = curl A 


are however not sufiGlcient to determme A because if A is one solu- 
tion then obvioTisly ^ ^ 

is another, x bemg any function of the coordinates. To define A 
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more completely we may therefore impose another condition. 
Maxwell takes A = 0, 

and this appears to be the most convenient although it still leaves 
a certain amount of indefiniteness From this definition of A we 
deduce at once that 

curl B = curl , curl A 

= — V^A + grad div A, 
and if we take div A = 0 this gives 

curl B == ~ V^A. 

This equation being analogous to that of Poisson we may consider 
A to be the potential of a distribution of matter of density curl B, 
attracting according to the inverse squares law. We thus see that 

A = ~ [ curl B ~ , 

477 J r ’ 

the integral extending to the whole of space occupied by the electro- 
magnetic field 

Now B = H + I, 

and curl H = i G , 

c 

so that A = ^ f (G H- c curl I) ~ 

4770 J ^ ' r 

In the case of a hnear conductor carrying a current of strength J 
and when there is no magnetic matter about this reduces to 

“STcJ T’ 

where ds is the vectorial element of the conducting Ime along which 
the integral is taken 

220. In the general case we have also 

p = div D = div E -h div P, 

or on inserting the value of E in terms of A and and noticing that 
div A = 0 we find that 

V2^ = - (p - div P) 

= — (p + p')j 

where p' is the Poisson density of ideal electrification which is 

15-2 
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equivalent fox some purposes to the electric polarisation. It follows 
then that , 1 rp 4- p' 

r *■ 

so that ^ 18 the static electric potential of a distribution of density 
ip + p')- 


221 Most subsequent writers have adopted a slightly difierent 
definition of the vector potential which has certain advantages over 
that given by Maxwell. Starting from the definition of the magnetic 
induction in terms of a vector potential and the consequent deriva- 
tion of the electric force in terms of this same potential and a scalar 
potential (j> as above, it is assumed that these two potentials are 
connected by the equation 


div A -f 


c dt ^ 


0 


It is then easy to verify that A and satisfy respectively the 
equations 1 


and 


+ !>■). 


where in the former equation is used to denote the density vector 

of true electric flux. 


Under ordinary circumstances and in finite regular fields the 
appropriate solutions of these equations follow immediately from 
the usual solution of the generalised wave-potential equation* 
When the conditions of the field vary in both space and time we 
have in fact 1 r dv 

A = A|[G, + cciirlI]^, 

the integrals bemg extended over the whole of the field , 9 as usual 
denotes the distance from the typical element of integration to the 
field-point at which the functions are calculated and the square 
brackets serve to mdicate that the values of the fxmotions afiected 


* The solutioa is given by Jeans m JSlectricity and Magnetism, Ch. vri, and by 
Lorentz m Theory of Electrons, p. 233 
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are to be taken for tbe instant t ^ being the instant at wbicli 
the functions themselves are evaluated. 


The advantage of this form of defimtion is that it expresses both 
potentials directly in terms of the positions and motions of the 
actual charge elements. The potentials themselves are usually 
called the retarded potentials because the contributions to them due 
to charges at a distance r away is not due to the instantaneous 
value of these charges but to their values at the previous time 

0 This means of course that the effect of any change in the 

charge distribution is not felt at points a distance ^ away until a 
time ? /c after it has occurred, which is interpreted as implying that 
effects of electric changes are propagated outwards through space 
with the uniform velocity c in all directions 

The retarded potentials*^ are to be strongly contrasted with the 
instantaneous potentials of Maxwell’s theory, and although they 
are perhaps more consistent with a propagation theory it is not to 
be inferred that the instantaneous potentials of Maxwell’s theory 
necessarily imply the instantaneous propagation of effects from 
all parts of the field It must be remembered that on both forms 
of the theory the potentials have been introduced primarily for 
analytical simphfication and they do not necessarily represent 
directly defimte physical quantities, although it may in certain 
circumstances be convement to regard them as so doing The 
ultimate procedure in either case involves the ehmination of these 
potentials and the expression of all necessary relations m terms of 
the physical quantities that are propagated, without the aid of any 
auxiliary mathematical conceptions 


222 The retarded potentials are the most useful for the deter- 
mination of the field of specified charge and current distributions 
but in their above form they are not directly smtable for numerical 
calculation, inasmuch as the elements of charge [p] dv or current 
[Cl] dv\ which enter in their expression are not all present in the 

* Cf Larmor, Aeth&r and Matter ^ pp 111-112 

t We shall for the present drop the term in the vector potential due to the 
magnetisation. It can be replaced quite easily at any stage or may be mcluded m 
the current 
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volume element dv at the same effective instant. To render them 
more useful we must express the integrals exphcitly as functions 
of the instantaneous distributions of the charge and current 
elements, which are the data usually specified in any problem. 

Eegarded as functions of t the densities p and Gj for a given point 
of space may in the limit be discontinuous, as for instance when 
the boundary of a charged conductor crosses the point, but from 
the nature of the case the number of discontinuities or infinities 
which occur durmg any finite interval of time is necessarily fimte, 
and for each such irregularity the aggregate variation is also fimte. 
Hence the quantities [p] and [Gj] which occur in the integrals for 
the potential functions can always be expressed as Fourier integrals 
Doing this and supposing that the values of both functions at any 
point (scg, y^, z^) are prescribed for all values of t we get 

where m both integrals dv is the typical element of volume round the 
point {x^, y^, Ze) and 

= (a; - x,y (y ~ y^)^ +{z- 

and p and G^ are now regarded as functions of r with , ye j 
as parameters. 

Although these integrals appear to require a complete knowledge 
of the future history of the field for its present determination, they 
m reality do effectively define the field at the present instant inde- 
pendently of such knowledge. We may in fact choose p and Cj 
quite arbitrarily as far as future time is concerned; but when these 
values have been chosen the values of [p] and [G^] and hence also 
of <f> and A are quite determinate for all time : they have the proper 
value for all past time whatever values may be selected for the 
future. If it is desired to express the integrals exphcitly in terms 
of specified quantities only then the sine or cosine integrals must 
be used, but this seems to be unnecessary in the present instance. 

We may now in these expressions rearrange the order of integra- 
tion in the triple integrals , for this only amounts to a rearrange- 
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ment of the terms of a triple sum which, is for physical reasons known 
to be absolutely convergent We may therefore effect the mtegra- 
tion with respect to v first and then the difficulties of the kind 
mentioned above do not present themselves, because the summation 
is that of instantaneous contributions at the time r from elements 
all over the field. 


The whole of the circumstances m the surroundmg field can now 
be determined from these forms of the potentials To determine the 
electric force and magnetic induction vectors we use the relations 
_ IdA , , 


B = curl A, 




so that = ^ [p., - -C.,)drdp. 


O-f-0 


1 f f+oo r+ao g \ C / 


H-) 


1 3 r r+oo r+oo p \ / 

and = p [C,r,]dTd^ 


4- 






[Giri] drdix, 


wherein denotes the unit vector in the line joimng the typical 
element of integration to the field-point where the functions are 
calculated so that 


223 If the total charge distribution in any field is of density p 
and the current flux is due solely to the convection of this density 
with velocity v, then the above scalar and vector potentials can be 
written in the form in which 

4^A. = l. T" r“ 

SttcJ -00 J -00 J ‘r 

where dQ = pdv is the charge elemeiLt in the small volume dv at 
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the time r. When the charge is of amount e and concentrated in a 
small volume element round the point [x ^ , these expressions 


reduce to 


4^W-_ « T" f+“ 


47rA = 


e [■+'" f+* vdrcZju 

-00 J 


27rc 


Now change in these integrals the variable r to r where 


r' = T + - 

c 


so that Jt' = ir (l + ~) = dr (l - , 

!■+“ 

— GO J 


then we get, for instance, 

e /*+«> r+«> 


s 

1 

1 < 


L V c/_ 





since the limits for t' are the same as those for r when (v) < c But 
the double integral m this last case is a proper Fourier integral 
whose value is 9 


SO that 4^(j> = 

Similarly we find that 


e 


4^77 A = 


e[v] 

where in the last two expressions square brackets serve to indicate 
the values of the functions affected at the time (t — 


The whole circumstances m the fi.eld of the moving charge element 
can now be readily deduced and the expressions for the electric and 
magnetic force vectors at any point obtained by simple differenti- 
ation of these potentials. It is however easier to deduce them from 
the general results. In fact if we put in these expressions = pv 
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and carry out the volume integration and then transform the 
integrals as we have just done for the potentials we find that 


47rE = 


whilst 


477B = 


g [vri] 


^ dt 


cr^ 


+^ 

^dt 


g[vri] 




wherein denotes the umt vector in the direction of the radius r. 

We must now bear in mind that the quantities inside the large 
square brackets are functions of r = ^ - as well as {x, y, z) 


exphcitly, but 


dr 

dt 


1--^ 

c 


and hence - ^ f 1 — — ) = 1 — 

c dt]^ \ c j ^ 


r(vr) + - V“-j 




and 


1 dv. 


c dt 

Hence finally we have 




V 

c 


(-?). 


E = 


B- 


4770 ® 


4770® 




+ 






T’^i] ^ [vTi] (c^ - v° + (vr)) ^dr^' 


\dt 


+ 


C7^ 


(©•] 


224. We first notice that 

B = [riE] 

so that the magnetic force is everywhere perpendicular to the 
electric force and to the radius from the field-pomt to the effective 
position of the charge element at the instant On the other hand 
. , r e (c® — V®) 
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so that the electno force is not transverse to the radius vector 
unless c = | vj, but the deviation from perpendicnlanty becomes 
smaller and smaller as the distance from the charge increases. 

Again smce 1 - = 1 - 


it IS easy to verify that 

SO that 

=- 1^(1)’ [7 (■^*-3 

Also smce B = [r^E] 





we have [Br J = — [r^, [r^E]] = E — (r^E) 

and thus also E = [BrJ + (c^ - v) 


The part of the electric force not depending on the acceleration 
and the predonnnant part m the field near the electron is 

whilst the correspondmg part of the magnetic force is 

B, = ^[vEJ. 

JJTow the vector is parallel to the direction of the radius 

from the field-pomt to what would be the instantaneous position of 
the moving charge (as distinct from its elective position) if it be 
assumed that it has moved from its effective position with the 
constant velocity [v] that it then had. 

If the motion of the particle is with constant velocity in a straight 
line this is the whole field, but for it the formu- 
lae can be expressed even more explicitly in 
terms of the position of the particle at the in- 
stant under consideration. If the motion is 
with velocity v in the straight line 00 ' and 
if the time taken from 0 to O' is t then the 
length of 00' is vr. Further if the potentials 
are calculated at the point P distant r = cr 
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from 0 and r' from O', then 0 is the position of the particle which 
gives rise to the field at P when the particle itself is at O'. Thus 
in the above formulae we have 



= OP ('l - 1 cos O^P 
— OP — vt cos O^P 


= OP- 00' cos O'OP. 

Now = O'P® = OP2 + O0'» - 200' . OP cos (SVP 

= (OP - 00' cos 0^P)2 + 00'* sm* O^P 
But from the figure it is clear that 

OP sin OVP = O'P sm OOT. 

Thus 00' sin O^P = . O'P sm OO’P = — sin OO^P 

Of* c 

and therefore 

r'* = (OP - 00' cos O'OP)* + ^ sin* OO^P, 


or 


[<*-?)]■ 

Thus in terms of the position and velocity at P' we have 

» _ 1 

^ 47rr' , 


(- 5+^0 




A = 


ev 


47rc?' 






formulae which will be derived in another manner on a later 
occasion. 


If the motion of the particle is accelerated the part of the field 
depending on the acceleration which predommates at large dis- 
tances from the particle and is msigmficant in the rest of the field 
is determined by 

® W (S) “ c ’ '^]] 

E = [BrJ. 


and 
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Tkus in tHs part of tte field the electric and magnetic forces are 
both perpendicular to the radius vector from the efiective position 
of the particle to the field-point under review; they are also per- 
pendicular to one another and of equal magnitude. 

If the velocity of the motion is small we have practically 

and E = [Br J 

so that the electric force is tangential to the meridian circles and 
the magnetic force to the parallels of latitude, the polar axis being 
parallel to the effective acceleration The full sigmficance of these 
results will appear later. 

225. The energy in the electromagnetic field. Since we 
became convmced of the impossibihty of perpetual motion there 
has always been connected with our conceptions of natural 
phenomena the idea of that something which we call energy The 
kmetic and potential energies of matter were the kinds of energy 
first recogmsed and for this reason it is customary to try to associate 
any new form of energy which turns up with something which m 
its properties is akin to matter Thus arose for example the idea 
of the material aether which formed the basis of the older wave 
theory of light and which ascribed to this aether elastic and inertia 
properties and then regarded the energy of the light waves as 
composed of the kinetic and potential energy of the medium The 
main object of Maxwell’s electric theory is to adopt the idea of an 
* elastic aether to explam the electrodjmamical actions of electro- 
magnetic systems, although care has been taken not to attribute 
to this aether any nature analogous to that of ordinary matter and 
the theory is in fact quite independent of any definite assumptions 
or hypotheses we may make as to its constitution Thus far therefore 
we merely use the word ' aether ’ as a convenient means of describing 
those properties of space which are concerned in electromagnetic 
phenomena, those properties being mathematically expressed by 
the general equations of Maxwell’s theory, which contain in them- 
selves not only the totahty of the older laws of electrostatic and 
electrodynamic phenomena, but also the laws for the propagation 
of light and electric waves in space. 
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In reality the universe consists of matter and the electro- 
magnetic field in the aether. If the electromagnetic field were not 
present our eyes would not indicate to us the presence of the 
matter. In fact natural phenomena m general appear to us as a 
result of the interaction between matter and the aether A simple 
materiahstic conception of things regards the interaction of the 
material constituents as the essence of the affair and regards the 
electromagnetic theory merely as an auxihary means of formulating 
the laws of these interactions, matter is the only actuahty We 
may however with equal justification regard the matter from the 
other point of view We can regard the electromagnetic aether as 
the only actuahty and matter as a special manifestation of a 
^condition’ in this aether Such a view is of course one-sided but 
it is helpful in preventing us from going to the other extreme 
There is in fact one point in its favour, our knowledge of electro- 
magnetic phenomena is much more precise and extensive than our 
knowledge of matter 

For the present however we shall not defimtely make any special 
hypothesis either one way or the other, beyond assuming that there 
IS something to which we can attach the energy which is associated 
with any electromagnetic field Whatever views we may take as 
to the aether we shall always find it at least expedient to retain the 
concept of energy with the associated idea that it is something 
defimte which can be distributed and transferred through the space 
occupied by matter. Recent physical speculation is even tending 
to raise this energy to an even more important place m science 
it dispenses entirely with aether and matter as mdependent entities 
and regards energy as the one fundamental quantity with which 
physical science deals , matter then is only manifest through efiects 
the ultimate result of which is a change m its energy either as 
regards its total or distribution. 

There are however certam difficulties in this new view, mainly 
concerned with the defimtion and specification of the energy in 
any body, and an even more general procedure has been suggested 
but not yet sufficiently developed for us to take much cognisance 
of it at present 

226. The energy of the electromagnetic field must be con- 
tinuously distributed throughout the field and our present object 
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is the investigation of its distribution and transfer in that field. 
For most dynamical purposes it is necessary to know not only the 
total amount of the energy in the field but also how it is distributed 
in the field. For example in a dynamical theory of an elastic solid 
it IS always necessary to know the potential energy w per umt 
volume at any point (a quadratic function of the strains in the 
element dv at the place) as well as the total potential energy 

W = f wdv, 


before using the results in any mechanical discussion. The im- 
portant point IS that we must be sure that this represents the 
actual distribution and not only the total amount. We might, for 
example, m the process of obtaining TT, have integrated by parts 

and so obtained f , , ^ f , 

= J Wn af-hjw dv, 


W: 


where the surface integral is taken over a surface / bounding the 
system If this surface is indefinitely extended we can neglect this 

part and thus r , , 

W — \wdv, 


and w' 4= But by integratmg by parts we always mix up the 
energy from difierent parts of the system to get that at the typical 
volume element, the energy in any element would then depend on 
ah the distant elements and we should not then have a proper local 
distribution. In the case of media hke the aether this is one of the 
complexities to be met with and we have to find out as best we 
can the proper distribution of energy; but in any case we are never 
absolutely certain that our simply obtained energy distributions 
have not after all been obtamed by some such process as integration 
by parts and do not therefore represent the true distribution 
required. 


227. With these preliminary remarks let us now consider the 
conservation of the total energy in any electro dynamic field* In 
this case we interpret the general principle in the form that the 
diminution of energy inside any closed surface in the field is equal 

* The present treatment follows the Imes sketched by lArmor m Ph%l pTctns. 
A, 190 (1807), p, 285, and developed m farther detail m his lectures. 



THE ENEBGY EQUATION 


239 


226, 227] 


to the flow of energy outwards across the surface. In other words 
if is the total energy inside, — dEjdt is equal to the flux of energy 
outwards over the surface, and we ought to be able to express this 
flux as a surface integral m the form 


f S„d/, 

•'Z 

denoting the outward normal component of the vector deter- 
mining the energy flux, which will of course have magmtude and 
direction like the flux of anything else 

The total energy E of course represents the available electro- 
dynamic energy in the field If W represents the potential energy 
and T the kinetic energy then 


dE __ dW ,d^ jp 
dt dt dt 



wherein F represents the electromagnetic energy dissipated in the 
space considered per umt time, either directly into heat or in the 
performance of mechamcal work on the masses with free charges 
or polarisations. 


The potential energy is very generally expressed by 

TF = f di; r(E . SP) + 1 
J V J 0 J V 

where P is the polarisation intensity of the molecules of the medium 
produced by the electric force E The first term represents the work 
done against the material reactions to the settmg up of the polarisa- 
tion and is stored up as internal potential energy in the polarisation 
of the medium, being simply the orgamsed part of the energy of 
elastic stress The second part represents the purely electrical part 
of the potential energy associated with the polarisations in the 
molecules representing energy of strain in the aethereal medium 
due to the presence and configuration of the electrical charges. TTe 
have of course excluded the existence of hysteretic eflects m the 
polarisation of the medium so that it is generally reversible. The 
polarisation is presumed to be an elastic aflair invohdng no 
dissipation. 

Again we know that the energy dissipated per second is 
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Gi representing the part of the total current depending on the motion 
of the free electrons. This current consists of two essentially distinct 
parts concerned respectively with the true conduction electrons 
and with those giving rise to the convection currents In both 
cases the electric force acts on the free electrons and increases their 
velocities, but in the former case this increase is dissipated by 
collision mto irregular heat motion, whereas in the latter it is con- 
verted into mechanical energy of effectively non-electric nature 
In the most general case the convection current will arise in the 
motion of charged bodies and polarised media 

We now have 

^ = [ (E.E)dv+ I (P.E)dv 

or — I (E . D) dv, 

J u 

and J = I (E . Cj) 

= I (E.C-D)dv 
= J(E.C)dv-J (E.D)dv, 
so that ~ +F = J(E.C)dv. 

'We have therefore ^ = ~ — j C) dv. 

li Maxwell’s ideas on the nature of the electromagmetic actions are 

dJE 

tenable we must now be able to express as a surface integral 
so that 

Various possibilities are now open to us. This is all we can learn 
about the distribution of the kinetic energy from the energy 
principle alone. We can however make further simple hypotheses 
and thereby gain additional insight into the matter. 
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228. The most natural hypothesis is obtained by transforming 
the last integral by the substitution 

• 1 

- G = curl H 
c 

We get then 

J(E curl H) (Z-y = — |[EHLf?/ + j'(H curl E) dv 

f)*, 

SO that ^ = - I^S„d/+ c [ [EH]„<f/+ j (h dv. 

We might now take S = c [EH], 

and then we should have 

or T = JdyJ (HdB), 

provided of course that the integrand is a perfect differential This 
means that this is a possible form for T if the induced magnetism 
IS reversible 

But r(HdB) = - TridB), 

Jo lo 

so that in the absence of the magnetic media the kinetic energy 
would be distributed throughout the field with the density 

which is the form assumed by Maxwell If we regard all magnetic 
energy as kinetic energy, then this special form of the density would 
suggest that the magnetic induction is a kmd of velocity in the 
aether 

On this hypothesis we have 

dT 

for this IS what remains when we identify with the other part 

of the complete expression. This means that the vector 

S = c[EH] 


L 


r6 
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represents the flux of energy, the integral of the flux of this vector 
across any surface represents the rate of change of energy inside 
the surface The resultant flux of energy at aftny point is 

c{H .Esm m), 

and IS directed perpendicular to both H and E , the energy flows 
perpendicular to both forces in the field. 

This is Poyntmg’s result and this vector S is usually called after 
him. It IS however necessary to emphasise the fact that it repre- 
sents the flux of energy in the field only on the hypothesis that the 
kinetic energy is distributed in the medium with a density 

cB 

(B.dB) per unit volume, and even then it is uncertain to an 

'0 

additive vector quantity which integrates out when taken all over 
the surface/ However, following a usual practice in physics, it is 
best to adhere to the simplest hypothesis The actual phenomena 
strongly suggest that the flux of energy is correctly represented 
by this vector and the addition of anything else is merely a 
gratuitous comphcation which is not, after all, necessary 


229 There is however no defimte and precise reason why we 
should take the matter this way, we might have adopted some 
other scheme The only other one of any importance is obtained 
by performing the first integration by parts in some other way 
We found that dT dE f „ , 

and we integrated by the substitution - G = curl H We might 

c 

however foUow another course and introduce the vector potential 
A by the substitution 


E.-lf-. 

c dt 


grad 6, 


and then we have 


(E G) ^ ^ I . cj dv — I* (G grad <^) dv 

f(^’ divCd?)- j 


div G ~ 0, 


and since 
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we see that 


/(E 0)*.-lJ(cf)*-f^^O.« 


SO that now we have 
dt dt 

We might now take 


l4o.V+lj{c^)i. 


-W- 

and then we should have 


This IS the general form of a result which has received very 
influential support from some quarters* and there is something to 
he said for it Consider the case of a conduction current flowing in 
complete circuits If we regard the electrons as the energy earners 
then the work done is measured by the energy expended by the 
electric force in pulhng them about This is to a certain extent a 
reasonable hypothesis even if it entirely neglects the aether On 
the aether theory the energy of an electric particle is really dis- 
tributed in the field around it, the electrons themselves are thus 
simply keys or singular points which bind or lock up their own 
portion of the energy. 


There are however difficulties of a far more fundamental kind 
involved in this new type we cannot for instance assume in 

general that r M r iC 

j dv j (GcZA) = J dvj {AdC), 

so that, even if there is no magnetism, the intrinsic energy of the 
field of kinetic type is not all available energy. In other words we 
should have to assume something hke an hysteretic quahty for the 
free aether, so that the magnetic energy in any field will be a 
function of the history of the generation of the field and may not 
vamsh when the field is again reduced to zero We shall examine 
presently another aspect of this conclusion 


Again the new expression for the kmetic energy, involvmg as it 
does the vector potential, is correspondmgly incomplete in its 
♦ Cf, Macdonald, Electric Waies, chs, rv, v, Ym. 


1 6-2 
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mathematical defimtion. Both the scalar and vector potentials are 
insufficientlj defined and cannot therefore without further arbitrary 
restrictions represent definite physical entities, and a theory inter- 
preted in terms of them necessarily remains indefinite from the 
physical pomt of view Of course it is not a pnon impossible that 
one of the sets of potentials does in fact represent some physical 
quantity so that this difficulty may not prove to be so serious as 
it seems at fiirst sight 

In any case we cannot defimtely say that either form is wrong, 
and the particular form of theory adopted is entirely a matter of 
preference and not proof The chief point to be noticed is that we 
get difierent distributions of magnetic energy according to the 
assumptions we make, the differences are, it is true, unimportant 
in the ordinary statical and dynamical aspects of the theory so far 
examined, but cases will be examined where the two distributions 
are of fundamentally different types In some types of fields, for 
example, the densities of the magnetic energy on the two theories 
are equal in magmtude but opposite in sign 

There are of course other forms of the transformation leading 
to formulae for the energy distribution and transfer which are in 
a way intermediate between the two forms here given, but we have 
given sufficient details to illustrate the uncertainty in the matter. 

230 General electrodynaimc theory*. The tendency of the 
physical mvestigations outlmed m the previous chapters has been 
towards the construction of a dynamical theory which shall give 
a consistent account of eleotrodynamic phenomena, i e to answer 
the question as to the possibihty of obtaimng a complete parallel 
to the processes m any electromagnetic field from those observed 
in some imaginary system of masses moving according to the 
ordmary laws of mechamcs. To reply completely to such a question 
it 15 not necessary to make any definite assumptions as to the 
mechanism underljung the phenomena, all we have to do is to show 
that they can be described by means of the general equations of 
mechanics 

The most general dynamical principle which determines the 

* Cf Larmor, Aether and Matter, ch vi; Lorentz, La theone Heciromagnitique, 
§§ 5o-61, Helmholtz, Ann. Phye. Chem 47 (1892), p 1, Sommerfeld, Ann d Phys. 
46 (1892), p 139, Eei2, EJaslizitat und EUktrizitat (Leipzig, 1893) 
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motion of every material system is the law of Least Action, ex- 
pressible m the usual form 

sJiT-WJdt^O, 

wherein T denotes the kinetic energy and TF the potential energy 
of the system in any configuration and formulated in terms of any 
coordinates that are sufficient to specify the configuration and 
motion in accordance with its known properties and connections, 
and where the variation refers to a fixed time of passage of the 
system from the initial to the final configuration considered The 
power of this formula lies in the fact that once the energy function 
is obtained in terms of any measurements of the system that are 
convenient and sufficient for the purposes in view the remainder 
of the investigation involves only the exact processes of mathe- 
matical analysis 

Now we have in the previous section succeeded in obtaining 
expressions for the potential and kinetic energies associated with 
any electromagnetic field and it thus only remains to interpret these 
functions in terms of suitable coordinates, before applying the 
general laws of dynamics to determine the sequence of events in 
any such system But whatever view we may take as to the con- 
s'^itution of the aether and the electrons it is quite obvious from the 
whole of the preceding discussion that all electrical effects must be 
explicable on the hypothesis of the aether with the electrons or 
discrete atomic charges moving about in it freely or grouped into 
material atoms thus as far as we are at present concerned the 
only difference between the aether and any material medium must 
simply be due to the presence of convection currents of electrons 
that IS, wherever there is matter there are these convection currents 
Thus in a mechanical theory the electrodynamic state of any system 
will be completely known if we can specify the positions and motions 
of all the electrons in it together with the displacement, in Maxwell’s 
sense, in the aether, and herein we have sufficient data for our 
present dynamical analysis Of course for the purposes of electro- 
dynamic phenomena of material which we can only test by obser- 
vation and experiment on matter in bulk a complete atomic analysis 
of this kind is almost useless , for we are unable to take cognisance 
of the single electrons to which this analysis has regard. The 
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development of tlie theory whicli is to be in line with experience 
ought instead to concern itself with an efiective differential element 
of volume, contaimng a crowd of molecules numerous enough to 
be expressible continuously as regards their average relations, as 
a volume density of matter As regards the actual distribution in 
the element of volume of the really discrete electrons, all that we 
can usually take cogmsance of is an excess of one kind, positive or 
negative, which constitutes a volume density of electrification, or 
else an average polarisation in the arrangement of the groups of 
electrons m the molecules which must be specified as a vector by 
its intensity per unit volume while the movements of the electrons, 
free and paired, in such elements of volume must be combined into 
statistical aggregates of translational fluxes and molecular whirls 
of electrification With anything else than mean aggregates of the 
various types that can be thus separated out, each extended over 
the effective element of volume, mechamcal science, which has for 
its object matter in bulk as it presents itself to our observation and 
experiment, is not directly concerned Nevertheless it is convement 
on account of simphcity to formulate the problem in terms of the 
separate electrons and to reserve the details of the process of 
averaging, which must in reahty be imphed throughout, until the 
mechamcal relations of the system have been formulated m full 

231 Let us therefore proceed directly to the formulation of the 
mechamcal relations of a system of discrete electrons in a field of 
aether, the potential or electrostatic energy of this system being 
expressed by the integral 

F = i \'Efidv, 

extended throughout the entire volume of the electrodynamic field, 
whilst the kinetic energy*^ is expressed by 

T=i I B^dv 


* The principle of Xjeast Action was employed m the manner here adopted by 
Prof l^armor but with the kmetic energy expressed in terms of the vector potential 
The present deduction was given by the author, FM Mag 32 (1916), p 195 The 
most general formulation without the simplifying restnetions adopted above is 
given in Phil, Trans A, 220 (1920), pp 207-245 
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The complete Lagrangian function for the system is therefore 
Z = Xo + i J (B* - E2) dv, 

Lq being that part which does not depend on the aethereal con- 
figuration as specified in the displacement E, but which does depend 
essentially on the size, constitution and motion of the electromc 
nucleus, as well as on the forces, not of electric origin, exerted on 
it from the material atoms, or otherwise, if such are presumed 
to exist 

We could now conduct the variation directly were it not for the 
circumstance that our variables are not wholly independent in 
fact the variations of E and B are subject to the conditions as 

div E — Sg = 0, 

and j ^curl ® ^ ^ ~ ~ 

In these expressions E denotes a sum relative to all the electrons 
in the volume considered, each with its proper charge q and velocity 
r, r being the position vector of the typical electron The second 
relation is a vector one and is therefore equivalent to three inde- 
pendent equations 

Hence we must now introduce into the variational equation four 
Lagrangian undetermined functions of position Aj^, Aj, A,, the 
last three of which may be regarded as the rectangular components 
of a vector A It is thus the variation of 

Izdt-hjdi |<^ divE — ^A curlB — 4-E|(Ar) 

that is to be made zero , afterwards determimng the form of and 
A to satisfy the restrictions which necessitated their introduction. 
In conducting the variation we can now treat the electric force, 
magnetic induction and the position coordinates of the electrons 
as all independent 

As regards the electrons q the variation gives 

f dt (sio - Sg (SrV) + S 2 (r, (SrV) A) + S 2 (8rA)| , 

J { c C ) 

where A must now be regarded as assuming the succession of values 

it takes as the point whose position is defined by the vector r 

moves through the aether, not the succession of values it takes at 
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a fixed point Integrating by parts we get that tMs part of the 
variation is equal to terms at the time limits together with 

jdt {Sio - (8rV) + S | (i-, (8rV) A) - 2 | (Sr , 

where the symbol ^ is used to denote the time rate of variation 

of A relative to the moving electron thus 
SA dA , . 

dt ~ dt'^ ^ 

Now (r, (SrV) A) - (Sr (rV) A) = ([f, curl A] Sr) 

so that the main part of the variation of the integral due to the 
electrons is 

jdt jsio + S? (Sr, _ V<^ - J i [f , curl A]) j 

As regards the variation of the state of the free aether defined 
by the vectors E and B we have the terms 

jdtjdv |(B8B) - (ESE) + di div SE - (A curl SB) + (a | 

On integrating the last three terms by parts we get that this part 
of the variation is equal to terms at the time limits together with 

jdtjdv [^(B - curl A, 8B) - (e + + y~, Se) 


- I dtj df{<f>BE„ - [ASB]„}, 


wherein the last integral is taken over the infinite bounding surface 
of the field 


As usual m such problems we are not concerned with the terms 
at the time limits because they may be as a rule suitably chosen 
Also if we impose the natural condition on that it should be con- 
tinuous everywhere and vamsh at the infimtely distant boundary, 
the surface integrals introduced also vamsh and we are left with 
the complete variation of our generahsed Lagrangian function in 
the form 


f 81^ - 2 dfg, _ 1 curl A] + grad 4 >, 8r) 

— j |(- A — - E grad<^, SE^ (iu d- [ /(Z® (B — curl A 8'R\ 



231,232] 


THE DYNAMICAE EQUATIONS 


249 


232. Now the variation Sr which determines the virtual dis- 
placement of the electron q and the variations SE and SB which 
specify the electric displacement of a point in the free aether, can 
now be considered as independent and arbitrary, hence the co- 
efficient of each must vanish separately in the dynamical variational 
equation We thus obtain three sets of equations of types 

B — curl A = 0. 

I (If) - 3 = 0 

■where for simplicity Zg has been assumed to depend onlv on the 
coordinates and velocities of the electromc charges These equations 

are the same as 1 . 

E = - - A - grad<^, 


d (dLa\ 

dAdr) 


B = curl A, 

dZo 1 I j , 

a? = - c A - grad.^ 



These are the differential equations which deteimine the sequence 
of events in the system The first two show that the functions 4> 
and A, introduced as undetermined multipliers, are respectively 
the scalar and vector potentials of the theory The third, expressed 
in the ordinary language of electrodynamics which avails itself of 
the conception of force, shows that 




IS the electric force which tends to accelerate the motion of the 
electrons q, each electron being presumed to have a constitution 
which enables it to offer a kinetic reaction of an electric nature to 
the action of this force We here speak of the electric force acting 
on the single electron which in strictness is really more than our 
analysis gives us The equation thus interpreted should really 
have a S, a sign of summation, m front of it to show that it is an 
aggregate equation for all the electrons in the volume element, 
with which we are in reahty deahng Certam considerations will 
however be offered which pomt to the conclusion that the result 
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is correct if interpreted for the single electron separately, and we 
shall therefore often make use of the result in this form 

233. Thus the whole mechamcs of the electromagnetic system 
IS summed up in terms of these forces of ordinary type acting in 
the aggregate on the individual electrons. Therefore for a complete 
specification of such a system it is merely necessary to know, in 
addition to the ordinary dynamical relations of the masses moving 
in it, also the aggregate of the ‘apphed’ forces acting on the 
individual electrons which they contain, the force of electro- 
Hynfl.imn origm acting on the matter in bulk is the aggregate of 
the forces acting on its electrons, and it is only in these impressed 
forces that the electrical conditions mamfest themselves. The total 
force of electrodynamic origin on any body is thus* 

Sg{E + ^[uB]), 

which makes up m all a static part and a kinetic part 

We shall return to a more detailed examination of these forces 
in a later paragraph, but it is perhaps worth while considering at 
the present stage the results of an experiment made by H A Wilson 
to distmguish between the electromotive force acting on the elec- 
trons and the electric force in the aether, by examimng the eSect 
on a dielectric body of motion through the aether. 

Wilson rotated a hollow dielectric cylinder in a uniform magnetic 
field parallel to its axis, thus brmgmg in a force of electrodynamic 
ongin which for all the electrons in the dielectric acts radially 

* The occurrence of the magnetic mduction instead of the magnetic force m 
this expression is important and must be emphasised It pomts once agam to the 
conclusion that the mduction is the fundamental vector of the theory, as m fact is 
obvious from our previous discussions of the energy relations of the magnetic field, 
in fact from one pomt of view the only essential point where our treatment of these 
relations difiers from that usually given lies m the choice of the magnetic induction 
instead of the more usual magnetic force, as the ‘aethereal vector* Agam the 
conclusion that the induction is the true magnetomotive force would appear to 
invalidate the argument of Kempken {Ann d. Phys. 20 (1906)) whereby he derives 
the fact that IjfL is constant m permanent magnets, mstead of /, which is usually 
regarded as remaining constant in these cases Of also Gans, Ann d Phys [4], 
16 (1905), p. 178 
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outwards from the axis of the cjhnder, i.e. perpendicular to the 
direction of their motion and to the lines of force of the magnetic 
field and of amount at any point equal to 

s 

V being the velocity. This force gives rise to an electric displace- 
ment across the shell of dielectric from the inner to the outer surface 
and in consequence there will be a difference of potential established 
between these surfaces, by coating them metallically and connect- 
ing by sliding contacts with the quadrants of a galvanometer a 
measurement of the potential difference was easily made. 

The force producing the displacement being merely of kinetic 
origin, there will be no aethereal part in the displacement which 
will therefore be of intensity per imit volume equal to 

D = (e - 1) Bv, 

6 being the dielectric constant Wilson verified that the potential 
difference between the surfaces was proportional to 

(€-1) Bv, 

with sufficient exactness to pstify the basis of the explanation here 
offered The result of this experiment also has another important 
bearing which will be mentioned later 

234 The transmission of force in the electromagnetic field 
We now turn to the discussion of the mode of transmission of force 
in the electromagnetic field We know from experience that forces 
are exerted by one body on another as a result of the existence of 
an electromagnetic field in the space surrounding them, or even as 
the result of an interchange of radiation, and we want to get a theory 
of the matter. According to the ideas which we have developed the 
mechamcal actions on the parts of the material system resulting 
from the estabhshed electromagnetic field are to be regarded merely 
as the terminal aspects of a state of stress in the medium (the 
aether) between the bodies, the action of one body on another being 
transmitted through and by this medium We should therefore be 
able to represent these forces as an imposed geometrical stress 
system apphed in the medium between the bodies. The forces 
acting on the part of the system enclosed m any surface drawn in 



252 


maxwell’s electromagnetic theory [cH VI 


tlie field would then be expressed as statically equivalent to a 
system of tractions over the surface (statically equivalent meaning 
that the resultants are the same as if we imagined the forces to be 
apphed to rigid systems) 

The problem of determming this stress admits of an infinite 
number of solutions owing to our indefimte knowledge of the actual 
properties of the aether, which is the ultimate seat of the strain 
condition A rough mechanical analogy would be obtained by the 
consideration of two oppositely electrified bodies set in an insu- 
lating jelly, they will tend to come together and will thus create a 
state of stress m the jelly around them, and this stress will balance 
their attractions This balancing stress reversed would thus com- 
pletely represent the actions between the bodies But different 
kinds of jelly would give different stress-representations, and the 
problem of determimng this representation is indefinite until the 
jelly IS specified This indefimteness does not however trouble us 
much at the present stage We only want a physical solution of the 
problem which can be expressed m general terms independent of 
the particular nature of the problem, and this can be obtained with 
certain hmitations The present discussion however leads to one 
of the points where electric theory has not yet been probed right 
to the bottom The solution obtamed is useful and suggestive but 
it cannot yet be Imked with our general physical theories 

We must here emphasise that it is the mechamcal forces on the 
material bodies that we are going to deal with If there is no matter 
in the small volume, any system of tractions over its surface must 
balance among themselves 

235 We examine qmte generally the forcive on the portion of 
any electrical system enclosed by an arbitrarily chosen surface /, 
assuming that it is ultimately the same as the resultant of the 
forces on the separate electrons associated with the matter of the 
system and constituting in their average relations its free charge 
and dielectric and magnetic polarisation. In estimating these forces 
account must however be taken of all the electrons properly associ- 
ated with the matter, even if they are displaced across to the outside 
of the surface/, but not of those electrons temporarily inside / and 
really beiongmg to the matter outside The force exerted by the 
field on any ' bound ’ electron is in reality applied to the matter at 
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the point of it to which the electron is bound and not at the point 
where the electron may be found For the purposes of the calcu- 
lation we may therefore conveniently regard the portion of the 
material system under consideration as abruptly terminated by 
the surface / and therefore isolated from any portion outside this 
surface In all other respects it will be assumed to be perfectly 
continuous throughout 

If V denote the vector velocity of the typical electron with charge 
e moving in a field at a point where the electric force and magnetic 
induction vectors are E, B respectively, the force on it is 

The force on the element 8v of the matter inside the surface f is 
therefore , , . 

VE + i [G'B]| Sv, 

where p' denotes the average charge density in the element and G' 
the average current density of the electric flux 

The average charge on a small element Sv inside the surface is 
(p — div P) 8v 

if p is the density of the free charge and P the intensity of the 
polarisation at the point In addition to this distribution there is 
however a surface charge of density P^ at the abrupt outer boundary 
of the portion of the system under consideration, that is the surface 
/ itself. 

Again the average current density in the interior of the medium is 
Gj -j- pu. H — -}“ c curl I 2 j 

where G^ is the true current of conduction; u the average velocity 
of the matter at the point, and 

I^=I + J[Pu] 

IS the magnetic polarisation mtensity, includmg the quasi-magnet- 
ism arising from the convection of electrically polarised molecules. 
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This current distribution bas also to be adjusted at the boundary 
of / by the inclusion of a current sheet on that surface of density 

cPillJ, 

■where % is the unit normal vector at the pomt 

The electric part of the total forcive on the enclosed system will 
therefore be given as regards its hnear component by 

f(p-divP)Edv + l PnBdf, 

the volume mtegral being taken throughout the space inside / and 
the surface integral over this surface itself A reduction of the 
latter integral by Green’s lemma shows that this forcive is the 

same as r „ ^ 

J {pE + (PV) E) dv 

Eemembermg now that the surface/ was arbitrarily chosen we may 
interpret this as implying that there is a forcive per unit volume on 
the system of intensity 

P,=pE4-(PV)E 

This IS the whole of the average hnear electric force on the medium 
In addition there is a torque per umt volume of intensity 

G. = [PE], 

as is easily seen on analogy with the statical case 

236. The force on the portion of the medium under review due 
to the magnetic field is similarly 

-J [Gi -V pu ^ ^ + c curl Ii, b 1 (Zu + I [[I,nJ B] df 

The second integral transforms similarly by Green’s lemma to the 
volume mtegral of 

— [curl Ii, B] -h grad (IiB) — I div B, 

where the differential operator in the second term affects only the 
B function. Thus since B = 0 

we may take this part of the forcive as distributed throughout the 
medium with intensity 
1 " 

= ^ Gi + pu+^,B +grad(IiB) 
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per unit Tolume at any place We shall henceforth use Gj to include 
the convection and polarisation currents as veil as the conduction 
currents, so that the expression for this part of the forcive reduces to 

Fm = ^ [GiB] + grad (IiB), 

where the restriction is still imphed in the operator in the last term. 

This IS the complete expression for the magnetic part of the total 
forcive per imit volume on the medium. 


237 Following our previous theory we now try and express 
these forces on the electrical system or any part of it by surface 
integrals over the boundary of the volume contaimng it To do 
this we must first express them in such a form that 

dT,, , ax,, 

dx dy 

for then I T^dv can be transformed to 
J 'O 

f T,„d/, 

taken over the surface of the volume This determines the T’s as 
the components of the stress system m the usual way 


We consider the electric and magnetic forces separately As 
regards the electric part we follow Maxwell’s hint developed in our 
previous discussions* and try as before 




dz 








In this case however the relationship does not hold there is an 

outstanding term which cannot be included in the difierentials 

To see this easily we notice on difierentiating this expression out 

that it is 1 a „ 

(DV)E,-i£(E2)+E,p, 


vIlicIl differs from the above value by 
aE. , _ 8E^ 


dy 

vrhich IS 


+ D, 


fd^ 
\dy ■ 


dx / \cx 

-p 

cy 

cEj.'i 

ozj’ 

* See page 90. 
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or in vector notation 
but 

so that this IS 


— [E curlEJaj, 

IT, 

curl E = ^ , 

G at 

c [_ dt ^ Qu 


The difference between this case and that discussed m chapter ii 
IS obvious In the statical case we were able to put 

aE^ _ ^ ^ 

dy dx ^ dx dz ^ 

so that there was no discrepancy. These equahties are however no 
longer satisfied because they imply the existence of an electric 
potential. 


Similar results apply of course to the other components of the 
stress system Thus if we leave out for the present this outstanding 
part of the forcive, we see that the main part of the electric force 
actmg on the matter is expressible as a stress system which can 
be specified by the matrix 

EyD/gj } EyDg 

EgEjij, EgEy, E^Eg ^E^ 

This IS identical with that obtained in the statical theory and is 
therefore amenable to the simpler specification there developed. 
It can m fact be dissected into parts. 

(i) A simple hydrostatic pressure J E® throughout the medium 
The negative sign shows that it is a pressure 

(u) A tension along the internal bisector of the angle between 
D and E equal to _ „ 


(lii) A pressure along the external bisector equal to 
E D sm^ ED. 

(iv) And the torque per unit volume 

[E.D]. 

This couple or torque is represented as part of the stress system 
and so the specification is complete, there is no discrepancy 
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Tins IS the general result, if the medium is isotropic it reduces to 
a pull along the hnes of force equal to (ED) with a hydrostatic 
pressure JE^, and this is Maxwell’s system. 

238 A similar argument apphes to the magnetic part of the 
forcive on the element. The a;-component of this force is given by 






Now the usual analysis shows that 


('e) -a H 

and since curl H = -f 

c c V at J 


the last term in this expression is equal to 


[B b], 

whence 

[b,H.— 1h.+ 1 b] + |(B,HJ 

and similar results apply to the other components The mam part 
of the forcive can thus be specified as a stress system whose com- 
ponents are given in the matrix 

-h JP, B,H, 

B,H,, H,B,-iH2 + iP, B,H, 

B,H,, B,,H„ H,B, - ^ ^P 

but this leaves out a part 

b1 

cldt 

which cannot be expressed by a surface integral. 

Thus of the whole electrodynamic forcive per umt volume on the 
medium there is a total outstanding part 

c L dt \ c dt 

which cannot be included in the stress specification. 


17 
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239. Electromagnetic momentiim. The result of the dis^ 
cussion of the previous paragraph is that the resultant electro^ 
dynamic force actmg on the matter inside any given closed surface 
drawn m an electromagnetic field may in the main be expressed as 
the resultant of certain attractions across the surface, but that in 
addition there is a forcive per unit volume of amount 

which cannot be so included The fact that this outstanding force 
appears as a complete difierential with respect to the time suggests 
that it may be regarded as representmg the reaction to a rate of 
change of some kind of momentum. This leads directly to the idea 
of electromagnetic momentum which thus appears as being dis- 
tributed throughout the field with a density at each point equal to 

i[EEl. 

This hypothesis provides a convenient representation for many 
purposes, and it brings the phenomena into hne with dynamical 
theory In fact in certain simple cases the quantity here defined 
as momentum behaves exactly as if it were an addition to the 
ordmary mechamcal momentum of the system. But there are 
difficulties m other cases because this added momentum is of a 
very different kind to that mvolved in dynanaical theory In spite 
of these difficulties it has become usual and it is convement to 
retain the term momentum m the sense of providing a simple and 
efiective mode of expressmg certain mathematical results The 
actual force distribution would then be expressible partly as a 
static stress distribution on the surface and partly as the kinetic 
reaction to a rate of change of momentum in the interior 

240 To illustrate the meamng of the new quantity defined as 
momentum we consider the comparatively simple case where the 
whole field arises from a number of point-charges (electrons) 
moving in any manner under each other’s influence We restrict 
the discussion to the case of small and slowly varying motions so 
that the vectors in the surrounding field are functions of the 
velocities only, and we shall neglect all powers above the second 
of the ratios of these velocities to that of radiation (c) We take 
the typical particle with charge qs situated at the instant t at the 
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point referred to a convenient framework of axes and mo^mig 
witk velocity v The scalar and vector potentials at the point r of 
the surrounding field are then efiectively deternuned by the formulae 


and 


s s * s 

A = S A, = S = S 

S 4^ S 07, c 


By definition the total hnear momentum associated with the 
system of particles is , . 

M = iJ \^B]dv 


integrated throughout the infimte field. This is equal to 
- I [E . curl A] (Zt) = - S f [Eg curl A,] dv 

C J C Q J 

+ i E I {[E, . curl Ay] + [E,, curl AJ} dv. 

0$,s 

The terms in the first sum, corresponding each to a separate 
particle, cannot be evaluated without further detailed assumptions 
as to the intrinsic structure of these particles It is easy to see 
however that each one must be of the form where wZg is a 

constant depending solely on the electrical constitution of the 5th 
particle, and this will be verified by the calculation in greater 
detail in a later chapter of the value of ?7is for certain types of 
particle These terms therefore represent an addition to the 
momentum of each particle of additional momentum of ordinary 
type, just in fact as if its mass were increased by the amount »?s 
To this extent therefore the concept of momentum of electro- 
magnetic type IS a reasonable one The difficulties however present 
themselves when we pursue our calculations further 

As regards the other terms we have 

I [E, curl Ay] dv = ~j [V.^, . [VA,,]] dv 

= [V,Vy]]^,.^y<ft’ 

= -i[V. [VyVy]]|^,^yi«. 


17-2 
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Now approximately wlien the particles are small compared with 
their distance apart 



Mi' f iL = 


where 7ss» is the radial distance between them. Thus 



curl As,] dv= - [Vs [V,, Vj,]] ?ss- 

= - {Vs, (Vs,Vs) »ss- - Vs- (Vs . Vs,) rss-} 


Mi 

B7rC7s 


+ V3,}, 


wherein is the umt vector along the radius joimng the positions 
of the sth and s'th particles A similar result holds for the other 
integral, and thus finally by addition we have 


M = S mgVg 4- S -f- [(Vg -f Vg,) + (VgUgg.) Ugg, + (Vg,Ug,g) Ug.g] 

We see at once from the form of this expression that it is not 
merely the sum of terms arising simply and solely from each separate 
electron The momentum of each one separately must involve 
terms depending on the positions and motions of all the others, and 
so it is a very different quantity to the momentum of ordinary 
dynamics. 


241*. The above analysis does not m reahty determine the 
momentum of each particle separately This can however be done 
by a more indirect method depending on a use of principles estab- 
lished m an earher paragraph We have seen that the Lagrangian 
function from which the motion of the particles can be determined 
is quite generally of the form 

£ = io + (B^ - E2) dv. 


By writing B = curl A, integrating by parts and using the 
relations * , i 
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it IS easy to prove that 

Z, = io + iSg-, j(v,A)-^j 

The evaluation of the last integral requires a httle care, but if 
we notice that to our order of approximation 

dE, 


dt 


= (v^V,) 


it can be carried through on exactly the same Imes as before and 
it proves to be 


[V + V, 2 - 2 (v,v,,) - (v,U,,,)2 - 

+ 2 KUjs,) (v^ u,,,)], 

together with a series of intrinsic terms, one for each particle, 
depending solely on the charge and motion of the particle, but not 
in any way on those of the others, and proportional to the square 
of its velocity 


In the evaluation of the first terms in the expression for Z we 
must use more accurate forms for the potentials than those already 
given For approximately umform motions we can use the formulae 
for umform motion 


and 


^ 4r77J, 


1 _ 








47rc?. 


c2 c2 


i 

J 

n-i 


which to our order of approximation 

r 2 


ULUXj^Ly 


^ 47rr, 

A _ 


1 + Zi 

2c? 2o^ 


4!7rcr. 


1 + 


2c* 2c* j 


Inserting these values we find that 
i = io + iS (m,v,* _ i S ^ [- 2c* + (v,u„,)* 

S OTTC s s' ^BS* 

+ (v.,u^,)* - V,* - V,,* - (v,u„ ) (VyU,.,) + 3 (v.v,,)]. 
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The part of this function is inserted for complete generality* it 
IS the part — such exist — ^which does not depend on the electrical 
conditions of the particles. 

Adopting now the general definition of momentum in analytical 
dynamics we can say that the linear momentum of the ath particle 
has an electromagnetic component equal to 

i + tv»'] 

This IS of course a new definition of electromagnetic momentum 
which IS more specific than that given above but it is in reality 
consistent with the previous definition because the sum of these 
separate momenta is in fact, as is easily seen, equal to the total 
momentum of the system determined above from the first defimtion. 
The previous method unfortunately does not give precise details 
for the separate particles, but in so far as the dynamical method 
leads to results consistent with it, we may say that m a general 
sense the idea of electromagnetic momentum is not so far removed 
from the dynamical one as suggested at the outset. 

In any case the hnear momentum of a particle m addition to an 
intrmsic part always contains terms depending on its own charge 
and on the position and motion and charge of all the other particles 
of the system The more important of these extra terms is that 
which is proportional to the sum 

V 

s' 

which is precisely the vector potential, in the field of the charges, 
at the position of that particular one under investigation, and this 
part will exist even if the particle itself is at rest We thus derive 
the result that an electrified particle at 9 est in the neighbourhood of 
other and moving particles possesses in general a certain amount 
of momentum owing mainly to the asymmetric disposition of its 
electric field in the magnetic field of the moving particles 

In the simple case where all but one of the particles constitute 
by their motion a hnear electric current unaccompanied by an 
electric field we have 




241,242] 


ELECTROMAGNETIC MOMENTITM 


263 


and also = = 0. 

8* SS' s' ^ SS* 

Furtlier since tlie motions form a closed cnirent we have 
S (v,,u,5,) + (v,v^)] = 0, 

as in Ampere’s analysis Thus now we have practically 

Z = I mv2 + 5 (Av) + 

where J is the current in the conductor, a the coefficient of self- 
induction of the conductor and A the vector potential of the field 
of J In this case the momentum of the single particle is simply 

mv H- - A, 
c 

so that the term in the vector potential is all there is besides the 
intrinsic part 

242 We shall return to further aspects of this question at a 
later stage, but before we leave the matter now it might be as well 
to add one further warmng note We have obtained the expression 
for the momentum originally by tr3ung to reduce the volume 
integral of the electromagnetic forces to a surface integral Since 
we were only partially successful in this attempt — the outstanding 
terms suggesting the momentum idea — it follows that the expres- 
sions we have obtained both for the stresses and the momentum 
must be arbitrary, but of course in a mutual manner We cannot 
be qmte certain that we have obtained the correct stress, and a part 
of what we have obtained may really be simply a part of the 
reaction to momentum which we have succeeded in expressing as 
a surface integral For example, we have 

-Im B]-[,^V B]}a-i^^G 

Now the two terms in the middle bracket when differentiated with 
respect to the time can be included in the stress specification because 
they are complete spatial derivatives This would leave a new 
expression for the momentum density, viz. 




dA _ 

^ -R 

dt 
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wMcli differs fundamentally from the previous form under certain 
circumstances. Of course in cases of quasi-stationary motion of the 
type investigated in detail above there is no real distinction between 
any of the forms as the independent dynamical derivation requires, 
but in less simple cases, particularly those involving radiation, there 
will be very vital differences. 

The most general form of the relation between the momentum 
and stress vectors of the field will be obtained in another connexion 
on a future occasion*^. 

* Cf. page 386. 



CHAPTER VII 

ELECTROMAGNETIC OSCILLATIONS AND WAVES 

243. The general problem with electromagnetic waves - 
We have already had cause to investigate m a previous chapter a 
possible source of a very rapidly oscillating field (viz that associ- 
ated mth a condenser discharging through an induction) in which 
we can no longer neglect the time taken to smooth out the field, 
and as this case has an important theoretical as well as practical 
bearing, we shall examine it more closely by more general methods. 

The general problem is the mvestigation of the conditions in any 
electromagnetic field consequent on a rapid alteration of the con- 
ditions in any one part of it, perhaps by discharging one conductor 
in the field by connecting it through an induction to another con- 
ductor in the same field Complete generality will be obtained by 
the disposition of dielectric and other conducting bodies throughout 
the field, the whole being then mcluded in one scheme. 

The generalised scheme adopted by Maxwell for the treatment 
of these cases has already been set out m detail, the underlymg 
idea being that the electromagnetic phenomena are the result of 
some action, mechanical or otherwise, transmitted from one body 
to the other by means of a supposed medium, the aether, occupying 
the space between them, the mode of action of this medium being 
completely specified by the two fundamental circuital relations of 
the theory. 

The essential pomt of this scheme mvolves the assumption of a 
quasi-current in the aether of density 

which IS equal to the time rate of change of the aethereal displace- 
ment. This current in addition to the real displacement current m 
the dielectrics* being sufficient to secure that aU currents flow in 
complete cycles. We can thus adopt the two circuital relations of 

* Throughout t.hia chapter where not otherwise specified we shall assume that 
linear isotropic relations hold between the eleotno and magnetic forces and the 
induced polansations respectively 
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electrodynamics as descriptive of tlie general state of affairs 
their differential form they are 


~ = curl H, 
c 


In 


1 ^ 
c dt 


= curl E 


These equations represent the simplest conception of a general 
electromagnetic theory of these things They could not of course 
be right unless in addition G — 0 


and also div B = 0, 

the first being secured by Maxwell’s hypothesis and the second 
indicating that it is B and not H that must be used to count the 
flux of force 


These two dynamical equations expressing exact physical prin- 
ciples are independent of the constitution of the substances m which 
the action takes place As however they involve four vectors they 
are not sufficient for a complete scheme and we must again intro- 
duce the constitutive relations dependmg on the nature of the 
media occupying the field The first one expresses the total current 
as a function of the electric force in the form 

a-<,E + |(,E) 

The first term, representing the conduction current, expresses an 
exact relation as far as experiment can follow it, but the second 
expresses the best we can do in our theory, it represents however 
a fairly good approximation to the facts. The second relation 
between the magnetic induction and magnetic force also assumes 
the form R= fxB, 

and in the simplest cases /j, is constant This relation is however 
not so exact as the above. 


244 These four relations represent Maxwell’s complete scheme * 
adopting the latter we can write the first two in the form 

1 « oE € i^E 
curlpB = — 

c cdt 


curl E == — 


im 

c di 
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We shall now limit the complete generality of our scheme by the 
assumption that there are no magnetic bodies present so that we 
can take ju = 1 everywhere 

We deduce at once that 


cr dE € d^E dB 

c ~dt c dt^ ~~ dt 


= — c curl curl E 


= cV^E — c grad div E. 
But we have p = div eE, 

and yet 0 = div (eE + Gi) 

-| + »divE, 
or | + |d.v(,E)-0, 

or again ^ ^ 


which means that p = p^e ^ 


This equation shows that the changes in p are independent of the 
external electromagnetic influence, so that even if there is an 
imtial electrical volume charge distribution it will decrease very 
rapidly except in the very improbable case when eju is a very large 
quantity We may thus consider that p == 0 always, for we may 
take the origin of time when p = 0 The equations then become 


dt^ ’ 


Since now 


div eE = 0. 


In general we can neglect the displacement current m the metallic 
conductors m comparison with the conduction currents. Our 
equation thus reduces to the form 


V^E = 


dt’ 


which exhibits the propagation of the electromagnetic disturbances 
mto the conductmg substances as a simple process of diffusion. 



268 ELECTROMAGNETIC OSCrLLATIONS AND WAVES [CH. VH 


In. the dielectric parts of the field cr = 0 and the equation becomes 


& 




which shows that the electric field m the dielectric can be propa- 
gated as a simple wave motion in the medium with a velocity 


V ^ 

A similar discussion easily shows that the magnetic force is 
propagated in an exactly similar manner, the equations satisfied 
by It in the separate media being 


(i) m the conductors 


(li) in the dielectric 


^ (^dt' 

c® dt^ 


These equations represent the characteristic differential equations 
of the theory. In attacking any problem where there are different 
regions (conductmg or dielectric) we have to solve the different 
equations for each region and the corresponding solutions have 
then to be connected by the appropriate continuity conditions at 
the boundary. 


We notice that any discontinuities m crossing the surface at any 
point clearly arise from the distribution over a surface element 3/ 
surrounding that point, fox the disturbances propagated from the 
more distant parts are virtually the same at points on the two sides 
of the surface whose distance apart is infimtesimal compared with 
the linear dimensions of 8/. Moreover if this is the case the discon- 
tinuities will be the same as m the correspondmg static or stationary 
condition of that part of the boundary 8/, because the field from it 
produces almost instantaneously its effect at an infimtely near 
point. "We may therefore conclude at once that, in the general case, 

(i) the tangential electric force must be continuous unless a 
double sheet distribution exists on the surface. This case is 
excluded. 


(ii) the normal magnetic induction is also continuous* this 
follows also as a consequence of the general circuital property of 
that vector. 
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(m) the total normal electric current component is also con- 
tinuous 


The first and second of these conditions are however not mde- 
pendent for we know that 


1 ^ 
c dt 


= curl E, 


so that if the tangential components of E are continuous the normal 
component of B must also be continuous 

Q 

Also since — = curl H, 

c 


we see from the third relation that unless there are surface current 
sheets at the surface the tangential components of the magnetic 
force must also be continuous 


There are thus in all two independent boundary conditions which 
have to be satisfied 


The previous general equations with these boimdary conditions 
provide us with a complete scheme of equations for all electro- 
magnetic wave problems 


245 The skin-eflcect and perfect conductors. Before pro- 
ceeding to the consideration of particular problems we shall apply 
these results to the general case discussed above with the additional 
assumption that all the conductors in the field are perfect 

In this case we have a = 0 for all the conductors and therefore 
inside them yag q 

and also V^H = 0, 

which combined with the general results 

div E = 0 and div H = 0 
show that inside the conductors 

E = H= 0, 

there is no field inside the conductors In external space on the 
other hand we have still 
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but if the alternations of tbe field are not too fast tbe time variations 
on the right-hand side containing the very small factor is 

neghgible and the e(][uations can then be written in the simpler form 

V^E = 0, 

and V2H = 0. 

We know moreover from the boundary conditions that the 
electric force ]ust outside the conductors is normal to their surface 
but the magnetic force is tangential even in the general case 

The physical explanation of these solutions is now obvious The 
electromagnetic field exists only in the dielectric between the con- 
ductors. The hues of electric force go across from one conductor to 
another and the magnetic ones are round about The positive and 
negative charges on the surfaces of the conductors are the termina- 
tions of the tubes of electric force in the intermediate field The 
real propagation of the effects thus takes place in the dielectric 
medium, a given field being propagated through that medium with 
a velocity depending only on the medium "^erever the electric 
force arnves at a conductor it pulls the electric charges on the con- 
ductors (the electrons) about until the statical force due to their 
rearranged distribution counterbalances the electric force in the 
field on any one of them, i e until there is no resultant electric 
force mside the conductors The conductors are full of charges 
(positive and negative) more or less free which slightly adjust 
themselves, concentrating on the surface so as to get the necessary 
field in the interior of the conductors which cancels that of the 
oncoming wave. If the conduction is perfect the redistribution of 
charge at each instant takes place mstantaneously and thus the 
field m the conductor nght up to its surface is annulled, the charge 
on the conductor creating the mduced electric force is entirely on 
its surface. If the conduction were not so good, the electrons would 
not be so free and the electric field would at each instant penetrate 
into the conductors a httle way before bemg annulled by the 
reaction of the field due to the electrons which it pulls about. 

This is the general idea of the phenomena. Before electrons were 
discovered the matter could not be put so definitely. As early as 
1884 however Poynting, Hertz and Heaviside emphasised the point 
that where a current is used to transmit the power the energy 
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travels in the dielectric round about, which is the real elastic thing, 
the conductors only acting as guides to prevent the disturbance 
spreading 

There is a rough mechanical analogy m the propagation of waves 
in an elastic medium with holes in it In this case the transverse 
waves or waves of shear travel along through the elastic matenal 
adjusting itself by material deformation of the surfaces of the holes 
so that there is no elasticity inside the holes. In the electrical case 
the dielectric is the elastic medium through which the field is 
propagated by wave motion, this field (or the elasticity in it) is 
annulled at the surfaces of the conductors (the holes) by the puilmg 
about of the mobile electrons on their surface The conductors thus 
appear as places where there is no elasticity, where the electrical 
elasticity of the aether is annulled by the mobile electrons. 

The property of perfect conductors thus appears to be merely 
a negative one, viz that of cancelhng the elasticity of the aether 
An imperfect conductor is one in which this damping action is only 
partially successful. 

246 We are thus led to the general idea that the whole afiair of 
the electric currents is actually in the field outside the conductors, 
the current merely providing a convement mode of describing the 
changes taking place On this view all the energy of the current 
IS to be found in the dielectric medium surroundmg the conductors , 
and the heat developed in these conductors is the energy which has 
soaked in as it were from the store in the surrounding field. Let 
us consider for example the case of a long straight cylindrical con- 
ductor carrying an alternating current of maximum intensity J 
The conductor is surrounded by an electromagnetic field in which 
the hues of magnetic force are circles round the wire. As regards 
the electric force we know that just inside the conductor it is 
directed along the axis and is just sufficient to drive the current, 
this bemg secured by a shght imtial accumulation of charge on the 
conductor. But this force cannot change m going across the surface 
of the conductor so that just outside it is also tangential and equal 
to the internal value. Thus at a place just outside the conductor 
the flux of energy is into the conductor normally and is equal per 
unit area to cH . E 
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Tlius tlie total energy flowing into unit length of the conductor from 
the external field is the integral 

c f E .Eds, 

J 8 

taken round a ring on the conductor. By symmetry this is equal to 

cE j Eds, 

and j Eds = ^^ 

so that the energy flowing m per umt length is 

EJ, 

which is the energy dissipated into heat m the unit length of the 
conductor, hy Joule’s law. We thus see that when a current is 
flowmg along a wire energy flows in sideways from the external 
field in ]ust sufficient quantities to account for the energy converted 
mto heat. Prom this point of view the energy appearing in the 
form of heat is supphed from the aether 



Fig 23 


Let us now assume that the wire is a long straight cyhndrical one 
vsith a cyreular cross-section of radius a. Then if the current flow is 
umform all along the wire the magnetic force will be in circles 
round its axis and the electric force directed along the axis. To 
obtam a closer insight into the field thus specified we shall find it 
convement to refer the field to a system of cylindrical polar co- 
ordinates (r, 6, z) with the axis along the axis of the cyhnder The 
only components of the field vectors at any point which are not 
zero are and , and these are symmetrical round the axes of 
the field. In the conductor these two components are connected 
by the relations 


J, ~ 1 

c rdf 


/ -Cr \ ^ 


dr ’ 
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246] 


to whicli the fundamental field equations of Ampere and Faraday 
reduce under the special circumstances of tlie present problem It 
IS of course assumed that it is possible to neglect the displacement 
current in comparison with conduction current, this is justified in 
most cases of any real importance. 


It follows then that 


Id/ dE^N 


dt 


di )' 


A particular solution of this partial differential equation is* 
where we have written 

^iva 


X = vr. = 


r 2 . 


and where Jq (®) satisfied Bessel’s equation 


X 


Since the field cannot become infimte inside the cylmder J© must 
be taken as the Bessel function of the first kind, viz 

Jo (jr) = - 

TT J Q 

The density of the current flux at any point m the interior of the 
cyhnder is given by 

G, = cjE, = aCe^^^Jo (x), 

and its distribution over the cross-section is thus determined. 
Remembering the particular approximate forms of the function Jq 
when its argument is small and large we notice that for very 
slowly alternating currents the distribution is practically uniform 
across the section, but for very rapid oscillations it is confined to 
a very thm layer at the surface 

To excite this field in the mtenor of the conductor we must 
apply along its outer surface a field of strength 
Eo^ = Ge^^^Jo (j/'a), 

a being the radius. 


* Cf Rayleigh, Phil Mag [5] 21 (1886), p 381, 0 Heaviside, Electrical Papers, 
n pp 39, 168, J Stefan, W%m Ber 96 (1887), p 917, Ann, d Phya 41 (1890), 
p. 400, Abraham, Encykl d Math, Wiasenach v, 18, p, 614 
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The total ouirent flowing throngli a section of the cylinder is 

J — f oE^tdr 
Jo 

2ip t 

or J — (®)}a!-*'a 

We may thus wiite the relation between the complex expressions 
for J and Eq^ 

=.(«+»4 

whence it follows that 



From this relation we can get the two real quantities R and L 
The physical meaning of these coefficients R and L can now be 
directly deduced by an application of Poynting’s theorem as above 
explained If we now denote by Eq^, J the real parts of their 
respective complex representations as above, we shall find for the 
energy which enters per umt time and length into the conductor 
from the external field 

-2^(rS4-a=|(E,.rB[*),.„ 

= E,,J. 

But from the above this is 

Suppose now we integrate this equation over a complete oscillation, 
the energy entermg the conductor must then just be equal to the 
heat developed in the circuit as Joule’s heat* this is given by the 
first term on the right of the above equation. The second term on 
the right of this equation which disappears on integration over the 
whole oscillation must then give the increase of the magnetic energy 
of the field of the current inside the wire. According to this 
explanation it is usual to call R the effective resistance and L the 
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effective self-inductance (per unit length.) of the conductor for th.e 
particular period of the oscillating current. 


If the period of oscillation is long or the radius of the wire small 
va will be small, and we may use the approximate form for which 
expresses it as an ascending power senes , it is then found that 

, \ 

12 180 

13 (BaY \ 

U 4320 


i2 = i2,( 


14-' 


where we have used 




Rq — 


GTTa^ 


The effective resistance only departs shghtly from the value for a 
uniform current. 


247 The fundamental equation of wave propagation. 
have so far tacitly assumed that any quantity which is determined 
mathematically by certain scalar or vector component quantities 
which satisfy an equation of the type 



is essentially propagated by a wave motion throughout the field. 
That this IS so follows from our knowledge of such phenomena as, 
for example, accompany the propagation of sound through any 
elastic medium , but it may be mferred directly as a mathematical 
consequence of the imphed condition involved in the characteristic 
equation. 

The general problem in the present aspect of the theory is to 
determine how any electromagnetic disturbance is propagated 
across space fiUed with dielectnc and conducting masses m any 
specified configuration, and to see how the conditions at any one 
point of this field are affected by those occurring at any other. 
The complexity of the conditions mvolved naturally excludes the 
determmation of a simple solution for the general problem, and we 
must therefore be content with the examination of simpler problems 
with restricted circumstances. 

We fijst examine the general case of the propagation of effects 
from a specified type of disturbance located in a finite region of an 

l8— 2 
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infinite homogeneous isotropic dielectric with zero conductivity. 
The disturbance will for simphcity be assumed to be of a continuous 
character and to have been in operation for an indefinite period 
previous to the mstant at which the field is examined*. 

Suppose we enclose the origin of the disturbance by any closed 
surface / then at all pomts in the region outside this surface the 
field vectors will satisfy an equation of the type 






The function^ satisfying this equation must necessarily be regular 
at all pomts outside / even at an mfimte distance, and it therefore 
follows from the general problem analysed in the introduction 
(§§ 25-29) that the appropriate form for the function at time t at 
the typical field-point outside/ is 

where each mtegral is taken over the surface / bounding the origin 
of the disturbance, r is the distance of the element of this surface 
from the pomt of the external field where the conditions are 
examined, and square brackets as usual indicate that the functions 
afitected are to be taken for the time 



Now let us see what this formula means. The conditions at any 
point in the dielectric medium outside the surface / depend only 
on the conditions of the field on the surface itself, so that any 
alteration of condition m the disturbing system inside / affects the 
external field only through the medium of the field on the arbitrary 
separatmg surface. Moreover the conditions existmg on any ele- 
ment df of this surface at a given mstant are not effective at any 
external point distant r from it until after the time r/c This suggests 
the view that the conditions originated at any point m the field 
travel out from that point into the surrounding field, traversing 
each part of the intervening field in turn and proceeding from 
point to pomt with the velocity c. 

* More general cases are examined by Love, Proc L M, S. [2] 1 (1903), p. 37^ 



247,248] 


THE WAVE POTENTIALS 


277 


This is the essence of a radiation theory and is exactly analogous 
to the phenomenon with which we are famihar in the theory of 
sound, and although it will appear that the type of radiation is 
essentially dijSerent from that met with in all such material 
phenomena, it is convement to talk of electromagnetic waves and 
radiation in the same sense as we talk of waves of sound. 


248. The analytical formula under review has an important 
physical sigmficance which it is worth while examimng in detail. 
The potential propagated from a pomt source variable with the 
time and of strength f (t) is with the same characteristic equation 

&■'■(' -j) 

The potential propagated from a doublet consisting of simple 
sources / {t) and — /(^) separated by an interval hn is consequently 



Thus for a doublet of strength F {t), the eqm valent of / (f) S/i, it is 
4^ dn y T j ’ 

in which the function F comes under the difierentiation 


The formula quoted above for^ thus implies that each diSerential 
element of the surface / acts, as regards the pomt P inside it, as a 
complex radiating element consisting of a simple source of strength 

dn 


and a normal doublet of strength 

M 

The wave disturbance originated by these elements travels out into 
the space inside / as a simple spherical wave propagation. The 
disturbance at P is thus just the same as if the surface itself acted 
as a sort of secondary radiator, and this is the essence of Huygens’ 
well-known principle in physical optics The above mode of de- 
duction of the formula, not free from analytical difficulties, can 
hardly however be said to throw much hght on the character of 
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the simple prmciple which is thus demonstrated. In this con- 
nection however the following discussion due to Prof. Larmor* is 
of special interest as indicating the exact amount of precision in 
the specification of the secondary disturbance thereby introduced. 
Eeference may also be made back to the discussions of Green’s 
theorem and the equivalent stratum. 


249. Consider a potential specified throughout all space as 
follows. It IS a function single valued and continuous as to itself 
and its first gradient, and satisfymg = 0, in all the space outside 

a boundary /, and as a consequence diminishing towards infimty 
accordmg to the law or higher inverse power it is zero every- 
where inside the boundary. What is the distribution of attracting 
mass to which this belongs^ This distribution is as usual in Green’s 
manner determined by the singularities and discontinuities of the 
potential function. It consists of a surface density a over / and a 
double sheet r over/ also, where 


a 


I d<f> 1 , 

4f7Tdn^ 


Sw is an element of the outward normal Por it follows by the usual 
procedure that if (j>' is the potential of this distribution, then 
IS a potential function which has no singularities, or dis- 
continuities throughout all space, and is therefore identically null. 
Expressed analytically the potential at a point in space is 




in other words the formula gives the value of a potential function <f> 
in the free space outside the surface in terms of the values which it 
and its gradient assume on the surface, it constitutes in fact the 
analytical contmuation of the function outward from the surface, 
while inside the surface the value of the expression is everywhere 
nuU. In the case of a closed surface as well as that of an open sheet 
either side may be called the outside for the present purpose. This 
contmuation of the function is necessarily umque and determinate, 
but the form of the integral expressing it is far from being so. We 
may in fact generalise the formula immediately in Green’s manner. 
Consider a function <j} which is the potential throughout space of 


* Proc, L. Jf. S [2] 1 (1903), p. 1 
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any assigned distribution of mass Draw any surface dividing space 
into two regions A and B each of wlncb contams part of tbe mass, 
these parts bemg represented by Mj^ and What distribution 
of masses and of surface densities and normal doublets on the 
surface /is required to produce a potential equal to (f> m the region 
A and equal to zero m the region Clearly Mj^ together with 


4:77 dn^ 


T 



What distribution is required to make the potential zero in the 
region A and ^ in the region B ^ Clearly with the same dis- 
tribution on the surface but with the sign changed if Bn is measured 
in the same way. Thus a distribution of surface density and normal 
doublets is found which exactly cancels the effect of on the 
other side of the dividing sheet/, moreover an infini te number of 
such distributions can be found, for in determimng it 31 ^ is entirely 
arbitrary. 


The same procedure can now be extended to a scalar potential 
propagated in time, i e which satisfies a characteristic equation 
involving the time as a variable. 

Consider first the simplest case of a velocity potential 0 satisfying 






It IS necessary to ascertam what distribution of sources on a surface 
/will create given discontmmty in the values of and of its normal 
gradient, in crossing the surface, it being clear that such dis- 
continuities in^ and0^ constitute the most general type, mvohung 
only first differential coefi&cients of that can exist 

We have already seen that the velocity potential propagated 
from a doublet consisting of simple sources/ if) and — / {t) separated 
by an interval Sw is ^ „ x \ 


and that for a doublet of strength I {t), the equivalent of/ («) Sn, 
it IS 


A 

dn 


F 


{‘-i) 
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in whicli tlie fonction F comes under tlie differentiation. Within 
a region of sucli small extent that the functions / (i) and F {t) do 
not sensibly elia^nge in the time required for the disturbance to pass 

across it, these potentials are of types ‘f— and F {t) ~ , so far 

as they relate to sources inside the region of which / {t) and F (t) 
are the strengths at this interval of time , for this modification only 
neglects low3x inverse powers of r than those retained. Thus for 
such a regiom enclosmg an element 8/ of the surface/, and at times 
for which "the fncLctions/ (i) and F (j 5) do not change there abruptly, 
the potentials, smb]ect to exceptions to be presently encountered 
in the case of domble sheets, take, throughout any time of the order 
above specified, the form of simple gravitational potentials, the 
circumstances of propagation not sensibly inferring 

We are therrefoie invited to follow the procedure of Coulomb and 
Laplace for the ordinary potential and investigate the discon- 
tinuities arising from a surface distribution of simple sources and 
one of, doublets orientated normally to the surface The dis- 
continmtieSjO m crossing the surface at any point, clearly arise from 
the distributor over a surface element 8/ surrounding that point, 
for the disturb>arc€s propagated from the more distant sources are 
virtually the s;sine at points on the two sides of the surface, whose 
distance apart ismfinitesimal compared with the Imear dimensions 
of 8/, so that, ss regards their effect, no discontmmties can arise 

Taldng first, then, the case of a simple surface density cr (t) spread 
over 8/, which \;;ve may take to be uniform all over it at each instant, 
its effect IS to "tiansnut towards both sides a tram of plane waves 
with fronts parrallel to 8/, which remain plane until the distance n 
to which they Ihawe travelled becomes comparable with the hnear 
dimensions of Tor them the value of dcfijdn at a distance n at 

r' 7i\ 

time t IS 27rcr^i-- -j, but with different sign on the two sides, 

such a surface (SListmbution o (t) of simple sources thus accounts for 
a discontinuity^ idl d<j>idn of amount (i), but introduces no 
discontinuity idl itself. 

This result nov SLSsists us to analyse the circumstances of a sheet 
of normal doiahl^ets of strength t (i) per unit area, for we can replace 
it by two smple paxahel sheets of densities {t) and — Oi (1) at an 
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infinitesimal distance Sn apart, sucli that <7i (^) S?i = Ti (t) At a 
point at a distance n from the sheet of density + aj (t) the values 

of ^ at time t arising from these two sheets are, as above, 

± 27ra-i ^ j and =F 27ro-i •” ^ signs are to be 

determined by the sides of the respective component sheets on 
which this point hes If the point is not between the sheets, the 

signs are opposite and the sum for both is — 27 r—^ ft , 

which IS the value of ^ due to the element rhf, but it has the same 
sign on both sides of the double sheet so that in crossing the double 
sheet there is no discontmmty in the value of though the 

element rSfoi the double sheet contributes ^ ^ quantity 

on each side But between the sheets the value of ^ arising from 
them IS of a higher order of magmtude, being a sum instead of a 
difierence, and is 4:7ra^ , or simply i^rrai {t), when ctj is not 

discontinuous in the time, and this value integrated across the 
interval Sn gives a discontmmty m (j> itself, on crossing the double 
sheet, of amoimt 4^Bncri (t ) , that is hrr (t) 

Collecting these results we see that a discontmmty in <f> over a 

cd> 

surface / of amount x (^j ^^id a discontmmty m equal 

to ^ {x, 2/, 0 over the same surface are accounted for respectively 

by a double sheet on the surface of strength r equal to ^ X 

a single sheet of density a equal to ^ ^ 


We are thus m a position to proceed exactly as m the first 
instance. Consider any system of sources, and let cj>, a function of 
(x, y, 2 J, t)j be their potential function in mfimte free space. Assign 
any surface dividing space into two regions A and B and let 
and stand for the sources as divided between the two regions. 

What distribution of sources would give rise to a potential equal 
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to ^ in region A and equal to zero in region B ? Clearly tlie sources 
j together with a distribution (a^r) over / given by 

47rcr= - 1^, 47rr = ^; 


for if IS the potential arising from this distribution and <E> is a 
function equal to <f> in region A and to zero in region B, then 
O — will be a potential having no singularities or discontinuities 
throughout infinite space, and must therefore be null by simple 
physical intuition, or analytically by the usual type of theorem of 
determinacy based on the energy of the relative disturbance being 
of necessity essentially positive. As the total effect within the 
region B is zero, we can say thus that (j>j^ the part of it arising from 
the sources outside the region is given at time t by 



where [(f)] and | are the values of these quantities for the element 
8/ at time t — - and in forming — — , the variation of [<^] with 

C CbTl/ 7 

regard to the coordinates is calculated only in as far as it involves 
them imphcitly as a function of — Q*. This formula expresses 

the vibration potential due to sources within the surface /, 
throughout the region B outside, as determined by the values which 
it and its gradient assume on that surface It is so to speak an 
analytical continuation beyond the surface of a function satisfying 
the aforesaid characteristic differential equation. Such a con- 
tinuation must be umque, and it is determined by the value assumed 

by (f) alone on the surface* as therefore ^ is determined by a 

knowledge of ^ over the surface, the data for the formula here given 
are redundant, if arbitrarily assigned they will usually be self-oon- 
tradictory and the formula thus nugatory. Moreover the formula 
determines <f)^ in terms of the surface distribution of <f>, equal to 
4^ A '^here (f)^ is due to an entirely arbitrary distribution of 

sources within the region B to which the formula relates Thus 
the quantities integrated in it are very widely arbitrary and the 

* This point was overlooked by Prof Larmor m the original paper 
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element of the integral corresponding to 8/ in no sense represents 
any influence actually propagated from that part of the surface. 
The formula is purely analytical and in no degree a mathematical 
formulation of the principle of Huygens, relating to propagation 
of actual disturbance In fact if vamshes the formula represents 
a distribution of surface disturbances, which does not radiate at 
all into the region A 


250. In the more general case when the umform medium possesses 
conducting qualities the above analysis is no longer apphcable. 
The general character of the solution in this case can however be 
demonstrated by another method which is also smted to the simpler 
problem 

In this case the characteristic potential equation assumes the 


form 


c- 


cr ot 


If we transform this equation to a spherical polar coordmate system, 
then multiply it by where do) is the element of sohd angle at 
the polar origin, and finally integrate over the umt sphere, it reduces 
immediately to the form 

. 020 020 
~dt^ 




ct ’ 


where 




-hi* 


do) 


Let us now examine the propagation of conditions from an initial 
disturbance specified by 

y,z). 


= y,^) 


at the time t = 0, the propagation is assumed to take place in a 
uniform isotropic medium possessing dielectric and conducting 
properties corresponding to the equation chosen. 

We first transform the functions / and g to the same spherical 
polar coordinates and then use 

so that F (r) and G (j) are respectively the initial values of 4* 

, 90 
and^. 
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We are of coarse concerned only with the positive values of y, 
so we can choose the functions F and G for negative values as we 
please We choose them so that 

F{-7) = ^F{7), G{7)^^G{--r). 

We then have, by appljrmg a familiar method m this theory, the 
general solution for O in the form 
= F (r + ct) F (r — ct) 

+ + + ^ (®) §i\ lo ( 2 ) ds 

where again Iq is the Bessel function of zero order and imaginary 
argument and , ^ A - (s - r)^ 

We conclude that the average conditions propagated from the 
disturbance at any pomt m the field travel outwards radially from 
that pomt in exactly the same way as a signal travels along a 
telegraph cable. In other words if there is no friction the propaga- 
tion IS hke that of a simple undamped wave form with the velocity 
c, but if there is appreciable conductivity rapid distortion and 
dissipation occur to destroy these simple propagation effects. 

The value of the more general function <j> can be easily obtained 
from the value found above for 0 by determining the limiting 
value of the ratio O/r as i tends to zero. The result is that* 

4, = e->^ r {a) + G {ct) {ct) 

where now z = XV cH^ — s^. 

This formula determines completely the way in which the con- 
ditions at any one pomt in the field depend on those at the other 
pomts, and is m complete accord with our physical conception of 
these things. 

251. Plane waves. We turn now to the consideration of certain 
cases of wave motion where the circumstances are much simpler 
than those just analysed If the radiating system is at a very great 

* Ct. Riemann-Weber, Dte parti^ IX^ereiiMalgleichuThgent etc , n pp 299-312 
(4th Ed 1901 > 
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distance from the part of the field under mvestigation the expanding 
wave front surfaces have become so large that in the part of the 
field where they are investigated they may be treated as practically 
plane surfaces We then reahse the idea of plane waves and the 
consequent rectihnear propagation of electromagnetic disturbances, 
and the analytical problems become much simphfied. 

Analytically the conception is obtamed by a simple type of solu- 
tion of the fundamental equations of propagation, which directly 
suggests itself. Let us choose our rectangular axes so that the 
2 ;-axis is along the direction of propagation and the other two 
conveniently in the perpendicular plane which is parallel to the 
front of the wave. The general solutions for this case are then of 
the form 

L — (a+i6) z+t6 


which represents plane waves of period advancing in the 

7 % 

medium with a velocity = -g along the positive direction of the 

js-axis The solution for any vector is of course represented by the 
real part of the general solution thus obtamed for it. 

If we assume, for the isotropic medium, that both the two simple 
constitutive relations ^ j-p 

and H = B 

are valid even for the general case of electric waves under con- 
sideration, then both vectors E and B satisfy the equation of the 
previOTis paragraph, ^ ^ 


and thus the above-mentioned forms for E and H are vahd if 
— €n^ -f ina = (a 4- *6)^, 
or — en^ = (a® — 6^), 

nor = 2c^ab. 

Thus if CT is different from zero, a is so also, and thus the amphtude 
A of each vector contains the factor which means that as the 
waves are propagated along the positive direction of the 2 :-axis, the 
amplitudes of the two vectors gradually decrease as the wave 
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proceeds. Conductivity in the medium imphes a damping of the 
waves, the energy being absorbed by the medium and converted 
into heat. 


We can now show that these electric waves are transverse To 
do this we merely prove that in the most general aeolotropic 
medium any vector which has the property of the ordinary stream 
vector of hydrodynamic theory has its direction parallel to the 
wave front; for if V is any such vector 


div V = 


^ 

dx "by 025 


= 0 , 


and since all quantities in a plane wave specified as above only 
depend on the 2 ;-coordmate we must have 

dx~~ dy ~ 

0V 

and therefore also ^ = 0, 


which implies that Vg = 0. 

This is a general property of a train of plane waves whatever the 
constitution of the medium, whether it be crystalhne or not. It 
means in any case that the total current and magnetic force 
vectors are in the plane of the wave front Thus in this sense all 
such electromagnetic waves are transverse, the fiuxes associated 
with them being both transverse to the direction of propagation. 
The electric force and magnetic induction vectors are of course in 
the general case not in the wave front; this is true only when the 
meddum is isotropic as already assumed. 


252. We now assume that the magnetic and electric forces are 
in the wave front and thus are expressed by their components 

= {A^ cos sin 0) 

(Ea, E„, EJ = (4, cos 4* sin , 0) , 

and these must satisfy the fundamental equations of the field. 
Faraday’s relation implies that 

1 d 


d 
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251 , 252 ] 
so that 


vn, 


4si 

0 


cos A^8ixi<^g(a + zb) e* («• -«») , 


— m — sm 6^ 
c 


“ Ag cos (jig (a 4- tb) 

Wlience we deduce directly the two important conclusions 

(i) By division we see that 

tan^g = - cot^S^, 

<f>m — ^6+ 2 

Thus the electric and magnetic force vectors in the wave front are 
perpendicular to one another 

(n) Using the fact that ^ we see also that 

— inA^ = c (a + lb) Ag 

N’ow from Ampere’s circmtal relation we can deduce similarly that 
A^c {a + lb) ^ Ag (a -r ^€n), 

so that since Ag and A^ are real we must have 

where ^ is the velocity of propagation in the medium 


Also 


cAg 


= + 62 
n 


Thus there is in the general case always a phase difference (0^ — Sg) 
between the electric and magnetic force vibrations, this phase 
difference vamshing only for the case when a = 0, i e or = 0, or for 
a perfect non-conductor The amplitudes of the waves are also 
different in the general case of absorption 

The velocity of the wave ^ is given by 

c 


\/«+ ' 




which reduces in the case of non-absorbmg media to 
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If -we now choose the real part of the general solutions and also 

0 = ni- + 

then for the magnitudes of the respective vectors we can put 
E = Ae cos 06““*, 

H = cos (0 + — ^m) e““*. 

The electric energy per umt volume at a place is 

W = ^E^ = %AJ^ cos® 0e-«“*, 

2t 


and the mean value at the place taken ove^ a whole oscillation is 






similarly the mean kinetio or magnetic energy is 


2t 


>2* f W 


27r 

4 6* - ® • 


HHt = ^ e- 
47 tJo 4 


■^az 


Whence it follows that the mean magnetic energy is in general 
larger than the electric energy, equality occurring only in the non- 
conducting substances when = 0. This result also exhibits clearly 
the way in which the energy in the wave is absorbed as it progresses, 
the mean total energy of the wave at any place being the sum of 
the electric and magnetic energies, viz. 


€^^2 2 b 2 

877 62 ^^2 


g-2as;^ 


253 These results enablerus to explain in greater detail the 
behaviour of metaUic conductors in a radiatmg dielectric field 
They show that the propagation of the waves in the dielectric takes 
place without any absorption at all As soon, however, as a dis- 
turbance reaches a conducting surface and starts ofi through the 
conducting medium the damping factor 

Q-az 
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at once enters into the expression for all the Tectors. If the con- 
ductivity IS considerable a is large and the wave is practically 
damped right out before it gets far into the metal. The larger the 
value of a the shorter the distance the waves penetrate into the 
conductor, and by suffiLciently large values we may neglect the 
penetration altogether. We can also mcrease a by mcreasmg so 
that for very rapid oscillations the conducting material will always 
act as if it were a perfect conductor. Let us take an example to 

illustrate the matter further For copper a = and € is negh- 
gible Now consider the Jacidence of waves of length 100 cms : then 
27rx%xl0"o . 

n — = 2 X 10® approx 

and since e is neghgible 

%4^n(T ^ {a + 


whence 


1 + ^ 
2 


V 4^ncr = 0 (a + 'ih). 


2ca = 2c6 = " 


1 V 47 rncr _ 1 /2 X 10 ® X 477 

® “ 2 c 2 V 16 X 10* 


= 2 X 10^ approx 

Thus at a depth 5 10"^ cms the amphtudes are reduced to 1/e 
times their imtial value The penetration is therefore very shght 
in a real case of this kind 


254. The generation of electric waves . Having now defimtely 
estabhshed the compatibihty of the existence of electric waves with 
Maxwell’s scheme and having derived their main characteristics it 
remains to discuss briefly their mode of generation. The essence of 
simple wave motion is that it is oscillatory m character, so we should 
expect it to result from oscillation more or less rapid of certain 
electric or magnetic distributions The simplest oscillation of this 
kind and the first to be discovered was that resultmg from the 
discharge of a condenser through an mduction coil m the circuit 
connecting its plates. This experiment was carried out even m 
Ampere's time and attempts were made to discover the direction 
of the flow by inserting an iron needle m the coil to see in which 


19 
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direction it was magnetised, it being not at first realised that the 
current was of an oscillatory kind. The magnetism induced was 
however sometimes in one direction and sometimes in the other 
and the whole matter remained a mystery until Helmholtz sug- 
gested that the discharge was really an oscillation, in which case 
it would be largely a matter of chance whether the first, second, 
third or any subsequent swing gave the preponderating magnetisa- 
tion in the needle Kelvin developed the idea more precisely a few 
years later and on the following lines. 

If the current in the wire is supplied from a condenser in the 
circuit instead of from a battery then the current is 

j dQ 

“ dt^ 

when Q is the charge on the condenser. Further the electromotive 
force driving the current is the difference in potential between the 
plates of the condenser and this is Qjh if b is the capacity of the 
condenser. The equation for Q oi J thus becomes 

^ j_ ? 

^ dt’ 


or 


d^Q ,^^dQ c 
dt^ a dt ab 


G-0, 


the solution of which determines the complete circumstances of the 
affair. This equation, first obtamed by Kelvin, is easily solved, for if 

Q = Qoe^^ 


is a solution then 




or 


— _ ^ - 4 _ / f ^ h^c^\ 


say Pi and so that the complete solution of the equation is of 

^ Q = + Q^eP^. 

There are two distinct types of solution of an equation of this kind 

c 


li 




ab 4:a^J 


/4a 

is positive, i,e. 11 h < y^/ , imaginary values are obtained for p 



THE CONDEHSER DISCHARGE 


254, 255] 


291 


and the solution is an oscillatory one. In this case we can in fact 
write the general solution in the form 

Q = sin [g'iJ + ;j^], 

the integration constants Qq and x heing obtained from the initial 
conditions. 


If the resistance h is practically neghgible or the conduction 
nearly perfect, the solution reduces to 

and represents a permanent oscillation of period 

^v/f- 

Even if k is sensible its effect on the period is practically always 


neghgible , in fact in the general case 

k^ch\ 

“ V “’8a ; 


approx 


ah 4a^ ~ V" 
so that the period of the oscillation is increased in the ratio 

Wch 
8a 


!+• 


1 , 


the effect of k thus being of the second order and therefore neghgible 
unless k is very big. This is a general result in dynamics, when the 
dissipation is comparatively small its efiect on the period is of the 
second order of smallness ; the main effect of resistance is in damping 
the amphtude, which gradually decreases to zero 


Sometimes however the resistance is so very considerable that 
it actually destroys the periodic nature of the motion altogether. 


This IS the case when k > 


\J ^ when the solution is of the type 


kct 


Q^Qoe 


-of 


255 This theoretical possibihty of the oscillatory nature of the 
currents in a conductor dischargmg a condenser was subsequently 
verified in detail by Feddersen, who examined the spark of the 
discharge by a revolving mirror, and by Hertz who succeeded in 

19-2 
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reducing the period of the oscillations sufficiently to make the wave 
characteristics of the surroundmg field appreciable. To reduce the 
period Hertz separated his condenser plates and thus reduced the 
elastic sprmg in the electrical arrangement. He used a form of 
condenser similar to that exhibited in the figure. B are two 
metallic plates which in Hertz’s origmal experiments were of zmc 
and about 40 cms. square to these were soldered brass rods 0, D 
(30 cms. long) terminating in brass balls E, F. Such a condenser 
has very little capacity and induction In order to excite the waves 
the balls E, F are charged to very different potentials by connectmg 
0, D to the terminals of an induction coil When a sufficient poten- 
tial IS attamed sparks cross the air gap between E^ F which then 


A B 



Fig 24 

becomes a conductor and the charges on the plates can then 
oscillate backwards and forwards like the charges on the coatings 
of a Leyden jar. 

256. To obtam some idea of the radiation field in the dielectric 
surrounding a condenser of this type we may notice that the mam 
and most vigorous part of the electrical motions occurs in the rods 
C, D and across the discharge gap EF, so that to all intents and 
purposes the field should be symmetrical roimd an axis along the 
rods and also about the origm mid-way between the balls E, F 
with the magnetic force in horizontal circles round this axis. To 
obtam a solution of the fundamental equations of this type we shall 
find it most convement to refer the field to a system of spherical 
polar coordinates with the pole at the ongm and axis along the 
axis of symmetry of the field: we shall then have 
By = = E,^ = 0, 

and thus, assuming for the present that the dielectric medium sur- 
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rounding the apparatus is a pure vacuum the remaining equations 
of Ampere give 

1 1 9 , ^ 

l-di = »T^ag('B*sin0), 


1 0 

2 - 5 - sin 6), 

9 Bind o) ^ ^ ^ 


wliilst tlie third equation of the Faraday type becomes 
1 dB^ 1/0 0Er\ 


1 dB^ ^ {.T* \ 


Thus if we write 


ijj = 7B^ sm 6, 
1 dt/f 1 dBQ 


1 dBr ^ dj; 1 ^ 

c dt 7 ^ sm 6 36’ c dt 


1 Cljj 

r sm 6 cf ’ 


and on using these values m the last equation we find on putting 
fjL = cos 6 

1 dys __ 0 V , 1 3^ 


c 2 dt^ 0^2 


dp} 


A simple solution of this equation is obtained by putting 

and regarding jK as a function of r only: this function satisfies the 
equation 

1 d^R _ d^R 2R 
'c^d^^d^~7^’ 

of which the general solution is easily verified to be 

Of the two parts of this solution the first will represent an espandmg 
wave whilst the second represents a condensing wave it is with the 
first alone that we shall be concerned and we shall also find it more 
convenient to write 


so that 


t/t = sm2 6 {et ~ r) -f -f {ct - r) 
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It is then easily verified that 

|/'(c«-r) + ^/(ci-o|, 

= ^ {/" (c* - ») + If iot - ^) + J / ict - r)| , 

r{ct-^) + lr(ct-r)^, 

dashes being used to denote diSerentiation of the function / with 
respect to its argument. 

Near the origin, that is near the oscillator itself, the electric field 



2 cos 6 1 

Ey = 

— 1 


sin. 9 { r, 

Eg = 

r / 

H* — 

sm9 ( r 


— {J 


reduces to 


E.= 


2/ {ct) cos 0 


E,= 


_ / {ct) sin d 

73 ’ 


the other terms being very small compared with these . the magnetic 

field reduces to f{ct)&me 

Ha = : „ . 


Here then we have the type of solution obtained. In the immediate 
neighbourhood of the system the electromagnetic field is identical 
as regards its electric part with the electrostatic field of a simple 
doublet of strength at any time given hjf{ct), while as regards its 
magnetic part it is identical with the field of the current produced 
in the changmg of this doublet It is only so far as the actual 
electncal motions in the \TLbrator described above approximate to 
this simple specification that the solution obtained will represent 
the field actually investigated by Hertz, in any case however it 
indicates the type of solution to be expected. 


At a great distance from the origm it is the other terms of the 
solution which become appreciable and if we assume that the 
function / and its differential coefficients are of the ordinary type 
of regular function then we may put 

f" {ct ~ 0 sin^ 


E, = 0, 


whilst 


r 


{ct — r) sin 6 
r ’ 


and this is of course probably more representative of the conditions 
in the actual case than the field near the oscillator is likely to be. 
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257. Although it is hardlj representative of the conditions 
realised in actual practice we may for the present assume that the 
dissipation of the energy in the system is so slight that the oscilla- 
tions are maintained for a considerable time, and as the motion is 
oscillatory we may represent it m such a case by taking 

f (x) = A sm px, 

so that the surrounding field is determmed by the force vectors in 
it which at the point (r, 6, cj)) are given by 
_ 2A cos 6 , . . , 

Er = ^ cos p {Ct — ?) + sin {ct — 

^ cos p [ct — r) + (1 — p^}^) sin p [ct — r)}, 

== " — {— p'i sin p (ct — 9 ) + cos p [ct — 1 )}, 

all the others being zero. 

Thus the intensity of the field at any point is oscillatmg in full 

">77 

accord with the vibrator with the period ^ The actual conditions 

are best exhibited by plotting the hues of force m it The equations 
to these hues are easily obtained, bemg in fact in any meridian 
plane the lines along which ^ is constant Several of these curves 
have been drawn by Hertz and are depicted below, they correspond 

to the instants ^ ^ ^ ^ when r is half a complete period From 

these figures we see that the hues of force running between the 
opposed parts of the vibrator gradually expand m all directions. 
This expansion goes on continuously but the ends on the vibrator 
itself slowly close up and finally coalesce , the hne then breaks itself 
away and travels out into space as a closed line of force This 
breaking away of the field and its travelhng to a distance is the 
essence of the radiation emitted by a vibrator of this type 

The distant field in this case is specified by 

^ p^A sm d sm ^ [ct — r) 

E^ = — , 

_ p^A sin d sm p [ct — r) 


T 
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so that the surfaces over which the phase of the vibration is con- 
stant are the spheres ^ == const 

To use the ordinary phraseology we may call these the wave front 



Fig 26 


surfaces: each of them is advancing outwards with a velocity of 
Imear expansion equal to c. 

We see that in the present case also the directions of both the 
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circumstances and, combined with, the fact tbat the velocity of 
tbeir propagation in a vacuum is c, a velocity identical in magni- 
tude with the velocity of hght, they point to the conclusion that 
electromagnetic waves however they are produced differ from hght 
waves only in the magnitude of their wave length. 

258 Natural radiations- The analysis has an important apph- 
cation to the explanation of the radiation from an incandescent 
body We have now seen how long Hertzian waves can be produced 
by a process which consists essentially in the production of a rapid 
oscillatory motion of electrical charges. Now we have already been 
led to the conclusion that each element or molecule of a material 
body contains as an essential part in its constitution a number of 
electrons and positive charges which under ordinary conditions take 
up a sort of equilibrium configuration inside it : if we can produce 
a disturbance in this steady configuration the individual electrons 
will emit radiation of a type depending on their motion Thus if 
we knew the motions of the electrons we could specify completely 
the type of radiation emitted by the body, but this is just what we 
do not know. We are still unable to specify completely the type of 
mechanism govermng the electromc motions inside an atom, and 
we can therefore only offer tentative suggestions such as that given 
above on page 60. We can however infer from an examination 
of the radiation itself certain details concermng its mode of genera- 
tion and it is on this evidence that the suggestive mechamsms are 
bemg constructed. It is for example found that the radiation from 
a gas whose density is not too big consists mainly of a limited 
number of distinctly separated harmonic constituents with periods 
and intensities characteristic of the substance of which the gas is 
composed. This suggests that the vibrations of the electrons giving 
rise to the radiation must be very nearly simple harmomc , and this 
siigg^sts again that the electrons are vibrating m the molecule 
about certain definite positions of equilibrium to which they are 
bound by certain quasi-elastic forces proportional to their displace- 
ment from the position. This is of course the simplest possible idea 
and has already been introduced on a previous occasion, but further 
evidence seems to indicate the impossihihty of its vahdity : it would 
for instance seem to imply that one electron cannot be responsible 
for more than three of the harmonic constituents of the radiation, 
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and an almost incredibly large number of electrons would thus 
have to be assumed to exist m tbe molecules of certain substances. 
It appears however that no completely satisfactory explanation 
of these difficulties has yet been offered and we shall therefore 
content ourselves with this simple explanation 

In striking contrast with the radiation from a gas, the radiation 
from an incandescent solid or hquid presents as a general rule 
nothing of a periodic character, for it arises from the independent 
and irregular disturbances of countless molecules and electrons it 
thus has the appearance of a formless mass of radiant disturbance 
advancing with the velocity of hght: it is possible however even 
in these cases to have certam more or less predominant con- 
stituents of a defimte period, but at high temperatures these are 
completely covered by the irregular radiation which is of a purely 
thermal character. It is a problem in these theories to determme 
how, if the thermal radiation of a substance is resolved by a prism 
into its harmonic spectrum, the energy of the total radiation is 
distributed among the harmomc constituents thus separated out 
but no satisfactory solution is yet forthcoming and we can there- 
fore give no more than this passing reference to it 

259 This discussion suggests that we have to deal in actual 
practice not with the single electrons but with whole groups of 
them more or less tightly bound to the elements of the ponderable 
matter or moving about freely in the interstices between these 
elements and since the formulation of this more general problem 
brings out further aspects of the radiation from mcandescent 
bodies, it seems desirable to give at least its barest outlmes’*' We 
first suppose that the motion of the electron under consideration 
IS confined to a certain very small region v, one point of which is 
chosen for origin of coordinates Referred to the axes of coordinates 
thus chosen let be the position vector of the electron so that its 
velocity is and its acceleration fg We shall regard all these 
quantities as so small that we may neglect any terms involvmg 
their squares and products. Next let r denote the coordinate 
vector of a point P at some distance from the origin of coordinates, 
outside the small surface considered, for which we want to deter- 
jnine the field. Now if Q is the effective position of the electron as 
Cf Lorentz, The Theory of Electrons, p. 55 
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regards the field at the point P at time t, the distance TQ will differ 
from ^ only by terms of the first order, and the effective time 

will differ from the time i — - m the same way The changes of 

position and motion of the electron in a very small time being 
infinitely small of the second order we may regard Q as the effective 

V 

position at the instant t — and the velocity there as the velocity 

c 

at this time. Moreover 

because the difference between the distances PQ and PO is equal 
to the difference between the vectors r and taken at P or Q 
The square brackets of course serve to indicate the values of the 

quantities affected at the instant * ~ • Thus if we use also 


1 - 


c 


= 1 + 


K] 


we have ^ _ ([rj V) i + 


Now as regards the last term m the expression we may write 


Kl 


= - [(r . V)] 
cr 


and this is 
since for example 


^ [(r>r.)] 
cr 


= - div[rj, 

8 [ar^] ^ 0 [a;,] dj^ ^ 
cr c^o ' dx 


^ \ c rj 


Thus we have 
of the field 


finally for the scalar potential at the external pomt 
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The expression for the vector potential is similarly deduced and is 

The radiation field that predominates at large distances, and in 
which we find the flow of energy of which we have already spoken, 
IS determined by the second term in cf> and by the vector potential 
At smaller distances it is superposed on the field represented by 
the first term of <f>, which is the static potential of the electron at 
rest. 

260. Now suppose that there are a number of electrons and 
elements of charge inside the small volume v under consideration. 
The field of each of these charge elements will then be exactly of 
the type thus specified and the total field of them all together wiU 
be simply obtamed by superposition of their separate fields. Thus 
if S is used to denote a sum over all the elements of charge, we have 
m this total field rZe) , /S [erj\ 


— div ^ 


and to the first order the vector potential is given by 

r r 

But if the volume element under consideration is very small and 
contams only the constitutional electrons and charges of the 
molecules of matter inside, so that the total charge is zero Se = 0, 
and then ^ 


is the vector quantity which we have previously recogmsed as the 
polarisation of the volume element we may denote this by 

Pdu 


and then we see that 


= — div dv, 

A. 

cr 


These relations would also hold in the case of a smgle uncharged 
molecule if the appropriate value of the vector P is imphed. They 


In formiila the operator V is presomed to affect all quantities following it 
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siiow tliat the single molecule or small volume element of a material 
body will be a centre of radiation whenever the polarisation P is 
changing : the distant field will again be determined by 



with the usual spherical polar frame of reference with the pole at 
the centre of the element and axis parallel to the direction of 
polansation Thus however rapidly the individual electrons may 
be rushing about inside the molecule or element of volume there 
will be no radiation if the acceleration of the polansation or the 
vectorial sum (2ev) taken over them all is constantly zero*. 

261. Before concludmg this paragraph reference must be made 
again to the so-called Roentgen or X-rays. These rays were first 
observed by Roentgen in the neighbourhood of a discharge tube 
when the vivid green phosphorescence is exhibited on the walls of 
the tube, and they have been found also as an important con- 
stituent (the y-rays) of the radiation emitted by radio-active sub- 
stances, These rays exhibit a remarkable resemblance to hght 
Their rectilmear propagation, as evidenced by the sharp shadow 
throvTi by bodies which intercept them, their power of affecting 
a photographic plate and their power of passmg through sohd 
bodies are obvious examples of this resemblance. But there are 
equally strikmg differences between Roentgen rays and rays of 
light. They are not refracted m their passage from one medium to 
another . they show some sort of reflexion, but the laws govermng 
it are totally different from those of the corresponding phenomenon 
in light. 

The generally accepted view of this radiation as originated from 
the discharge tube is that first proposed by Stokes . it is composed 
of thin spherical sheets of disturbance sent out into the aether by 
the sudden impacts of the rapidly moving electrons of the kathode 
stream against the walls of the tube: it may also in part be due to 
the shocks imparted to the molecules forming the walls of the tube. 
The similar radiation from radio-active substances would then have 
its origin in part in the sudden generation of the rapid motion in 
the electrons thrown off from those substances and again m part 

* Cf. Larmor, Aether and MaMer, p. 228 



X-RADIATIO]^ 


260, 261] 


303 


m tlie readjustment of the remaining molecule to its new conditions 
after the electron has left. 

In so far as these sheets of radiation are due to sudden but 
transient disturbance of the electrons m the molecules themselves, 
the magnetic force belongmg to them alternates in direction m 
crossing each thin shell of pulse so that the average value taken 
across it is null. In so far as they are due to the sudden start or 
stoppage of the kathode particles or electrons, each of which is a 
smgle moving electron, this balanced alternation of magnetic force 
across the thickness of the sheet does not hold; the force may be 
in the same direction all the way across. As durmg the progress 
of the emission or impact the accelerations of the kathode particles 
arrested or emitted and of the disturbed electrons of the molecules 
will be presumably of the same order of magmtude, we would 
naturally conclude from the formula expressmg the radiation in 
terms of the acceleration of the electron that these are both con- 
cerned in the emission of radiant energy, and the fact that the 
radiation is found to contain certam constituents characteristic of 
the substances on which the particles colhde or from which they 
are thrown off supports this view. 

In addition to the thin pulse arising from the sudden shock 
imparted to the molecules of the substance stopping or startmg 
the electron, we would expect to find also more contmuous radiation 
due to their state of vibration which would ensue: this would be 
represented by the phosphorescent hght which accompames the 
phenomenon. 

As regards the X-radiation the present explanation has received 
remarkable confirmation in the last few years m a wonderful series 
of experiments originated by Lane and extensively developed by 
many workers, among the most prominent of whom are Prof. Bragg 
and his son*. In these experiments beams of carefully sifted homo- 
geneous X-rays are reflected or redacted by crystalhne media, and 
it is found that the regular arrangement of the molecules of such 
substances makes them behave towards the radiation more or less 

* Of. W. Lu Bragg, Proc Camb Phil Soc 17 (1913), p. 43; Proc R, S. A 88 
(1913), p 428, M Laue, MunoJien JBer (1912), p 363, Ann d Phya, 41 (1913), 
p 989, 42 (1913), p 397; P P Ewald, Ztiiachr (1913), p. 465, L. S Oxnstem, 
Ams^rdmn. Proc (1913), M. Bom u T von Karman, PAys (1912), p 297. 
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like a tiiree-dimensional optical grating. The radiation passing 
across each molectile sets the electrons in that molecule in rapid 
vibration and these in their turn emit the secondary radiation 
which is observed as the transmitted or reflected beam, the regular 
arrangement of the molecules or vibrating centres givmg rise to a 
measurable regularity m the radiation. It has thus been found 
possible not only to discover the arrangement of molecules in the 
crystals but also to estabhsh defimtely the periodic character of 
the X-radiation, even to the extent of obtaming an accurate estimate 
of its frequency. The wave length of the radiation is characteristic 
of the exciting substance but is much shorter than the radiation 
in the visible spectrum. 

262. On the mechanism of the establishment of radiation 
fields*. We have so far confined our discussions only to the con- 
tmuous propagation of electromagnetic disturbances in homo- 
geneous fields of mdefinite extent. It remains therefore to examine 
the mode of generation of such radiation fields. It is the essence of 
a propagation theory that the conditions of the field at any point P 
are affected by the conditions at any other point Q only after the 

PQ 

time — after the estabhshment of the conditions at Q, To illustrate 
c 

the point in more detail let us consider the simple case of a Hertzian 
oscillator at the beginning of its oscillations. If we assume that 
the charge distribution on the oscillator before it collapses has been 
held there for an mdefimte time previously, the field surrounding 
the oscillator will be identical with the simple electrostatic field 
appropriate to the charge distnbution involved. How suppose that 
at the time i = 0 the discharge takes place and the consequent 
senes of oscillations started. The radiation field which now begms 
to be generated does not however instantaneously cover the whole 
field because the conditions at any point in the field at a distance r 
from the oscillator will remam unaffected by the changes produced 

by the discharge for the time ~ after the instant ^ = 0 when the 

c 

discharge takes place, in other words the conditions which existed 
there at the time ^ = 0 remain unaltered nu til the disturbance m 
the radiation field in the surrounding aether which travels outwards 

* A E. H. Lore, Proc. L M, S [2], 1 (1903), p. 37. 
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in all directions witli the velocity c has reached the point This 
means that the new radiation field is at the instant t confined within 
the sphere r = ct surrounding the oscillator : outside this sphere 
which is a wave surface for the advancing waves the old electro- 
static field remains undisturbed, although of course the extent of 
the field covered by it is gradually diminishing 

The first question that naturally arises is as to the manner in 
which the two essentially different fields thus involved are con- 
nected across the advancing wave front* the radiation field has 
resulted mamly from a collapse of the imtial electrostatic field and 
must therefore be connected with it in some way or other , by some 
boundary conditions apphcable at the surface of the advancing 
wave front These conditions were first directly formulated by 
Prof Love^ by applying the fundamental equations of the theory 
to small circuits at the wave front. 

Let us assume quite generally that the wave front in the neigh- 
bourhood of the point under investigation is practically a plane 
surface advancing through the field with the velocity Cj in a direction 
parallel to the axis of a: in a conveniently chosen coordmate system. 
Draw a small rectangle parallel to the plane Oxz and through 



29 


* They were however previously known to Heaviside {EUcirical Papers, n. 
p 405) and Duhexn (Compies t 131 (1900), p 1171) An elegant analytical 

proof IS given by Bateman m Electrical and Optical Wave ^oiicm> (Cambridge, 
1915), p 20 


L 


20 
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wMcli tie wave front cuts (dotted in the figure) : the dimensions 
of this rectangle which are assumed to be small compared with the 
radius of curvature of the wave front surface and the wave length 
of the radiation are such that the sides parallel to Oy are of 
length I and those parallel to Ox of length V , which is extremely 
small compared with I and at the instant t is divided by the wave 
front mto portions of lengths i and 1' — i On the positive side of 
the wave front the field is determined by the vectors E^, and 
on the negative side by E., Now the displacement current 
through the small rectangle is the rate of change of the quantity 

or since | == Cj, this current is 

I ^ {r - ^) + Cl - E,_)}, 

which, on account of the extreme smallness of ^ and V — ^ compared 
with the wave length of the radiation, is practically equivalent to 
lOy 

But by Ampere’s relation this will be proportional to the hne 
integral of the magnetic force round the small circmt which on 
account of the smallness of V is practically equal to 

and thus - (B._ — B34.) = Ej,_ — Ej,+ . 

An application of Faraday’s relation m a similar manner gives 

If the rectangle is taken parallel to the {x, z) coordinate plane 
instead of the (x, y) plane as above two further conditions are 
obtained, viz p 

These four conditions break up into two pairs for they are equiva- 
lent to the condition that - 

C 

(E,q-B,)^=(E, + B^)_ 


and also 
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Tlie propagation of tlie wave front is thus venfied to be witb tbe 
velocity c, and tbe new field inside tbe front is connected witb tbe 
old field outside by a boundary condition wbicb expresses tbat tbe 
tangential component of tbe vector 

F = E + - [cB] 

G 

is continuous across tbe surface c denotes a vector defining tbe 
direction and magnitude of tbe velocity of transmission of tbe 
conditions in tbe radiation field- 

Tbe condition expressed in tbis form wbicb bas been deduced 
on tbe assumption of an approximately plane wave front is not 
necessarily restricted by tbis assumption and it will apply to all 
sufficiently extended wave front surfaces of ordinary type without 
discontinuity. 


263. Tbe jffist case examined by Love is tbat of tbe oscillations 
on tbe perfectly conducting sphere (of radius a) of tbe charge 
distribution induced by a umform field, when tbat field is suddenly 
removed Tbe imtial state of tbe aetbereal field outside tbe sphere 
IS tbat expressed by tbe electrostatic vector components 


(E„ E, 


E*) = (' 


2E cos 6 

B = 0. 


E sin 6 


o). 


At tbe instant ^ = 0 tbe cause which previously maintained tbe 
field thus expressed is supposed to cease to operate It is reqmred 
to determine tbe subsequent state of tbe field to agree with this 
imtial field at time t = Q and to be such tbat tbe tangential electro- 
motive force IS continuous at tbe wave front which at tbe time t 
will be tbe sphere r = ci -f a and tbe tangential electric force at 
tbe sphere is zero. Tbe form of solution which suggests itself is 
naturally of tbe type previously obtamed in which 

Er = if - r + a) + r/' (ct - r + a)}. 

Eg = {f{ct -r+ a) + 7f' {ct-i' + a) + r^f {ct - r + a)}, 

{«/' {et — r + a) + {ct — r + a)}. 


20-2 
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This solution for the field can only apply inside the sphere r = + a : 

outside it the old electrostatic conditions still prevail. 

At the surface of the sphere the tangential electric force is zero 
always so that y 

which provides the difierential equation for the arbitrary function 
/. It leads to the solution 

/(») = Ae~'^ sin + a), 

and this will apply for values ofx = ct — r-ha greater than zero. 
The conditions at the wave front imply that 


^r25 



giving on substitution / (0) = B, 

r (0) = 0, 

E 

and thus we must have A = , 

sm a 


where 


tan a = Vs, a = 


and the problem is completely determined. With this form of/ it 
is easily verified that the expressions for the force vectors in the 
field can be put m the form 


^ _ 4E cos 6 


_ 2^ sm ^ 




B* 


2E sin 6 

Vl 




e-® 


sin (V3© -f 


wherein 


tan = 


a 


0 = 


ct — r + a 
2^ ’ 


tan pe = 



tanjS^ = 


rVd 

2a 


results which difEer from those given in a previous paragraph only 
by the phase of the motion. 
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It IS important to notice that the field of the radiation is strongest 
close up near the wave front and ]ust inside it, in fact the intensity 
of the field dimimshes exponentially as the distance from the front 
is increased In the next chapter we shall examine the energy m 
this field and will there show that by far the greatest proportion 
of the total energy radiated out is concentrated close behmd the 
wave front. 

It appears from this solution that the damped harmomc wave 
train can advance into a region in which the electric field is the 
statical one described above. It is also clear that it cannot advance 
into a region free from electric and magnetic forces. 


264. Aided by the solution thus obtamed for a simple mathe- 
matical case, Prof. Love* attempted to specify an appropriate 
solution for the more practical case, the Hertzian oscillator, takmg 
into account the damping which is really existent In this case 
also the original field is the electrostatic field of a doublet at the 
origin giving a field m which 




2E cos B 


E sm 6 


B^ = 0, 


the radiation field which originates on the collapse of the distribution 
giving this statical field (presumed to take place at the time ^ = 0) 
wiU be of the usual Hertzian type in which 


Er 


2 cos B 


(/+»/'), 


a specification which will at the time t hold at all pomts inside the 
wave surface which to a first approximation may be treated as the 
sphere r = 

We then try a solution of the appropriate type m which 
/ (a?) = sm p (cc + a) 

♦ Proc R S 14: (1904), p 73 I am greatly indebted to Prof. Love and the 
Bioyal Society for permission to reproduce some of the diagrams illustrating this 
paper they are appended to this section. 
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We iiave to coimect this with the external statical field by the 
boundary conditions deduced above which in this case are 

]^ri ~ ^r2 s « 

and initially we must have / = 

The boundary conditions give 

/'(0) + ^/(0) = f, 

so that /'( 0)=:03 /(0)«E 

this means that 

E = A sin pa, 0 = p cos pa — k sin pa, 
whence tan pa = 

Thus the arbitrary function starts in a definite phase which is 
equal to ^ if there is no dampmg. 

The field is thus m the general case defined by the vectors 
9 ft 

Ey = [(1 — /c?) sm 0 + p cos 0], 

j^(x _ ^ 2^2 _ sin© pr{l— 2 k7)cob®], 

_ ^ 2 ) 0 ^ (1 _ 2Kr) cos 0 ], 

where we have used G ~ p {ct — r a) 

These formulae apply only for 't act, for regions beyond the 
ordinary electrostatic field remains vahd. The radial electric force 
is contmuous at the front of the wave, i e at r = ci The discon- 
tmuity of the transverse component of the electric force at the 
front of the wave is n 

. A {k^ p^) sm pa, 

and this is equal as it should be to the magnetic force at the front 
of the wave 

The curves of electric force in this case are easily obtained for 
we know that 

1 dE^ 1 0^ 1 dE^ 1 dtjj 

c dt sin 0 c dt r sin 0 0r’ 
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where 

Thus if we wnte 
then E, = — 


«A = 


r sinfl' 


^ cdt' 


96 


E.=- 


1 ^Q 


r* sin Ode’ r sin 0 3r ’ 

and thus the curves of intersection of the surfaces 

Q = const 


with planes through the axes of the doublet are the bnes of 
electric force Now it is easily verified that 
sin ^ B 

Q = — j^e-K(ct-T) [-^ _ Q -{■ pr cos 0], 

when ct <r and 0 = — ^ sin pa, 

when ct> r 

Some of these curves have been drawn in a special case bv 
Prof Love and are depicted below The case taken is that tor 

which K 

^ = 25 approx , 



and if T IS the period the curves are plotted for the times 

-385t, '61 t , -eSSr, 76r, -SSor, and M35t, 

after the initial instant of starting. In the figures the fine con- 
tinuous circle represents the wave front at the time t. The dis- 
continuity of the field there is shown by the change of direction 
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of tlie lines of force at this circle the lines of force themselves 
are shown by the heavy dotted, heavy continuous, fine dotted 
and fine continuous lines respectively. The dotted circles that 
lie within the wave front are curves at which Q = 0 or the 
electric force has no radial component It appears that no 
spherical surface of the set Q = 0 is the front of the advancing 
wave train but one of these surfaces tends to coincidence with 
this front as the wave train advances. 

265. On the flux of energy in radiation fields. According 
to the usual conceptions of physical science, when energy travels 
by radiation the direction of the flux is along the ray, so that the 
flux vector gives not only the direction but also the intensity of 
the ray (the intensity of a ray being measured by the energy that 
passes along it per umt of time) In ordinary propagation in 
isotropic media the direction of the beam is perpendicular to the 
wave front, because the electric and magnetic vectors are both in 
this surface. The energy in this case travels along the beam 
normally to the wave surfaces. In crystalhne media however it is 
the electric displacement vector that is in the wave front and the 
electric force is not coincident with the displacement so that the 
energy flux vector is no longer normal to the wave front. The direc- 
tion of the ray, that is the path of the energy, is then oblique to 
the wave front surfaces, but in any case its direction at any point 
is the same as that of the energy flux vector at that point 

In entering into a more detailed analysis of these phenomena 
the first difficulty encountered is the ambiguity m the definition 
of the flux vector The usual procedure is to base the whole dis- 
cussion on Poyntmg’s form of the theory, which appears to provide 
the simplest view of the phenomena, and to ignore the possibility 
of alternatives. We must not however forget that our view-point 
may be coloured by a long use of this particular form of the theory 
as the sole possibility so that its apparent suitabihty may be at 
least misleading. It is therefore essential that we bear in mind 
that Poynting’s theory is not the only one which is consistent with 
the rest of the electromagnetic scheme and we shall therefore follow 
the usual discussion along the hnes laid down by Poynting by a 
brief review of at least one simple alternative. 
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266 Let us first consider tlie circumstances involved in tlie 
propagation of a tram of plane waves travelling parallel to tlie 
axis Ox in an absorbing medium, tbe waves being polarised so that 
the magnetic force is parallel to the axis Oz and the electric force 
parallel to the axis Oy in a system of rectangular coordinates. The 
equations of propagation are then, as before, 

1 / _ d:By\ 0 ^ __ 1 _ dJBy 

- ^ dt )~ dx’ c dt ~ dx' 

It f oUows that ^ + 3 -. -dt^ = > 

which is the equation of propagation Considering the case of 

277 

radiation of penod — so that 

'By = 


this gives = (a 4 - 

c 

a -h = 4- V € ( 1 — “ 1 

■^ \ pc 

On separating the real parts we have 

'Ey = cos {pet — bx), 


corresponding to 


^0. 


B, = (a2 

p 


62)i 6“®* sin {pet — bx+ 9), 


where 

and 



tan 9 = - , 
a 

J,2jig-aa; 20) 


Thus as we have already seen the magnetic flux is in a diflerent 
phase from the electric force, involvmg a diminution m their vector 
product which determines the energy transmitted across any plane. 


The energy per umt volume of the radiation at any part of the 
wave consists of an electric part jE^Dy, or JcEy® and a magnetic 
part and the ratio of the time averages of these is exactly 
as before ^ ^ \~^ 

(a^ + 6 *) ’ 

which is constant, but not tmity except for transparent media. 
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ENBEaY FLUX 


The time rate of propagation, of energy is, by Poyntmg’s theorem, 
^ ^ e-*“» (|6* + periodic term) 

Across the plane a? = 0 it is therefore on the average 

which corresponds to a density of energy equal to the mean square 
of electric force traveUing with the speed — of the waves This 
involves the result* that only the fraction 


2 

€ 



— 


of the total energy of the wave system can be considered as propa- 
gated, in the case of an undamped wave tram this is only the purely 
aethereal part. The aethereal wave tram, passmg across the material 
medium, sets its molecules into sympathetic independent vibration 
the energy of these vibrations constitutes a part of the total energy 
per umt volume, but that part is not propagated This remark 
apphes equally to all optical theories in which change of velocity 
of propagation is traced to the influence of sympathetic vibrations 
of the molecules, m fact it apphes to all cases m which velocity 
depends upon the wave length. 


267. We must however leave these considerations and return 
to the discussion of further aspects of the general flux of energy m 
radiation fields We first consider the flux of energy in the field 
surrounding the ideally simple type of vibrator discussed in § 256 
It was there shown that the field of a small vibrating electric 
doublet of moment/ (ct) at time t and placed at the origm and along 
the axis of a system of spherical polar coordinates reduces at a 
large distance from the vibrator to the simple radiation field m 
which the electric and magnetic forces are simply 
^ T> sm Bf'ict-i) 

= = — ;;;; j 


and the wave front surfaces are the spheres 

r const. 


* CSf. Larmor, AeiMr and Matter, p* 136. 
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It follows therefore by direct application of Poynting’s theorem that 
the flux of energy at the point (r, d, (f)) is radially outwards, i e. in 
the direction of propagation, and of density per unit area 

s in^ 6 {f" {ct — r)}^ 
c 

The total flux over the sphere of radius r is thus 

r r sm* 9ddd4, = ^ {f (ct - »)>^ 
c j 0 J 0 

In the particular case when the vibrations are periodic so that 
we may take f - r) ^ A smp (ct - r) 

it is on the time average 

or if A IS the wave length this is 

64775^2 

This energy which is radiated outwards from the vibrator is of 
course lost to the system, and it must have been drawn from the 
store of the energy in the original vibrations. Thus unless the 
oscillations of such a system can be maintained by external agency, 
they will gradually decay owing to the dissipation of their energy 
by radiation. It is important to notice that the dissipation in- 
creases rapidly as the wave length is decreased and always 
represents an irreversible loss of energy to the vibrator* 

268. The whole of this discussion has been based on Poynting’s 
theory of the processes involved. If we turn to the smgle alternative 
theory suggested in paragraph 229 where the radiation vector 
appears not as the vector product of the force vectors but as the 
product of the complete vector current by the scalar potential 

S = ^G, 

we shall find a remarkably different aspect of the whole of the 
processes. 

We first examine the circumstances in a simple radiation field 
* Cf Lorentz, The Theory of Electrons, p. 140 
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in which the propagation takes place by simple harmomc plane- 
polarised waves as m paragraph 251. In such a case 

■p 

'Ey = Bg == — (a + lb) X 

w 

so that the vector potential m the field is sufficiently defined by 
the relation 

whilst the scalar potential is constant m both space and time. 

If the constant scalar potential is zero then according to this 
new theory no transfer of energy is takmg place in the field at all, 
for the vector <f>C vanishes everywhere. In any other case, when ^ 
does not vanish, the transfer would merely take place parallel to 
the mam component of the current, which is generally parallel to 
the electric force m isotropic media, and it would therefore be 
perpendicular to the direction of propagation of the radiation itself. 

Of course in a theory where there is to be no transfer of the energy, 
the whole conception of the energy at a pomt must be different. 
That this is so in our present case is immediately obvious. Accordmg 
to the general discussion the appropriate formula for the kmetic 
energy density is ^ 1 fdA\ 


But in our case 


c 


= {ipC€ + Cr) Ey. 

Thus we have T = (ipce + a) E/, 

and the condition of propagation, viz. 

(a + ib)^= - + 

shows that this is the same as 


that is the kmetic energy now has the same value but the opposite 
sign to that usually employed in Poynting’s theory, so that the 
total energy is on the modified theory simply the excess of the 
electric potential energy over the magnetic kinetic energy on the 
older mterpretation. In the case of no absorption these are equal 
and the present theory does not associate energy at aU with the 
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radiation, so ttat no question of its transference arises. In the case 
of absorption it will be seen that the new theory identifies as the 
total energy in the field ]ust that part of the energy which on 
Poynting's theory is not transferred 


269 Consider next the circumstances in the field surrounding 
a simple Hertzian vibrator. The complete circumstances in this 
field have been examined above and the force vectors are derived 
from scalar and vector potentials which are determined by 


and 




. Sin 0 , 




^cos df(ct — 7) 
dr 7 


In this case the total current at the typical field-point has com- 

c. + fr+/'). 


the aethereal constituent bemg the only one existing 
The radiation vector has therefore components 

So = +/') C/+ »/') 

The total outward fiux over the sphere of radius r is therefore now 
equal to 9 _ 


and vamshes at a great distance Thus whereas in Poyntmg’s theory 
the transfer of energy in the distant field always exists and is 
directed outwards if the rate of change of the moment of the 
vibrator is accelerated, there is on the present theory no such thing 
as a radiation of energy away from the vibrator in the distant field 
all that happens is a rearrangement taking place by flux in the 
spherical surfaces round the vibrator as centre and generally along 
the hues of electric force at all parts of the field. 



268-270] THE EL.TJX THEORIES COHTBASTED 


319 


Again of course the new interpretation places an entirely different 
value on the kinetic energy density, it is now equal to 

^ r (.“§)*- “I* <’ 1 " +/y') 

+ {>Tf" + -t/dI 


which gives for the amount of energy between the spheres of radu 
r and r + Sr the total T,.Sr, where 

2’r = f + m" + »r/'") dt 

On Poynting’s form of the theory this same quantity is 

|^(rr‘‘ + 2r/7''+/'*) 

The distribution of energy is now therefore essentially different 
At a great distance from the vibrator, m the purely radiation 
portions of the field, both expressions agree in a form which 
corresponds to a value of equal to 

hn 


Close to the radiator however the main part of the energy density 
on the new theory is ]ust twice what it is on Poyntmg s theory. 
There is in addition also another part, more significant at a medium 
distance from the vibrator, that is m the transition field, which 
increases gradually with the time, even to the extent of becoming 
infimte if there is no damping. On such a theory, therefore, the 
process of increasing or reducing an electromagnetic one is an 
irreversible one, and in order to destroy a field by reducing the 
forces m it to zero, a certam amount of work is necessary, depending 
essentially on the process adopted to secure the vamshmg of the 
field, and the equivalent energy remams stored in the space pre- 
viously occupied by the field. 


270. Thus whereas on Poynting’s theory the energy supplied to 
the field at the vibrator is transferred outwards and radiated away, 
on the new form of the theory the energy, now however differently 
interpreted, is stored up in the field surrounding the vibrator and 
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counted tliere in the kinetic energy Modified forms of the theory 
can be given, which occupy a sort of intermediate position between 
these two extreme forms; some of them avoid the fundamental 
difficulty of the new form but then they involve radiation in a 
manner which is not essentially difierent to that in which it occurs 
m Poyntmg’s theory We need not however further extend these 
considerations . we have raised the pomt as to the possibihty of the 
existence of perfectly consistent mathematical theories difiermg 
essentially from Poynting’s merely to emphasise the one really 
uncertam aspect of electromagnetic theory, viz. that which con- 
cerns itself with the energy of the field. We have m reality not yet 
found an exclusive guiding principle to help us to a definite choice 
of functions to represent the kinetic and potential energies of the 
field m the general case, and until we can do this it is really of httle 
use bothering about how the energy is transferred from one point 
of the field to another. 

We know without ambiguity the difference of the energies 
(T — F = L), the Lagrangian function, which is of necessity 
correct, as it leads to equations which have been proved by experi- 
ence to represent the motions of the observable electrons. But 
beyond this the rest is pure conjecture, because we cannot possibly 
know to what extent the particular form of function we find has 
been modified by the ignoration of coordinates before we find it 

271. The mechanical pressure of radiation. An important 
apphcation of our general dynamical principles is to the explanation 
of the pressure of radiation on absorbing and reflecting bodies. 

Consider the case of a tram of plane polarised waves advancing 
through an isotropic medium in the direction of the axis of a?, so 
that all the quantities are functions of x only, the electric force 
being (0, Ey, 0) and the magnetic force (0, 0, B^) We assume for 
simplicity that the permeabihty is unity. The equations of 
propagation i _ _ ^ 1 dB, 

c ^ dx ^ dx c dt " 
wlterein C, = ctE, + e ^ , 

are satisfied by E„ — A e-“* cos (nt — bx), 

- - 

Bg = — Va- cos (nt — + 0), 

n 
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wherein — + incr = (a -f ^hy^ 

or {a^ — _ 2c^ah 

The mechanical forcive per unit volume is as before given by its 
single component* , , i , 7 x 7 % 

Now j^CyB^dx = jj- cBy (fa: = _ I j j^“ 

SO long as Bg is continuous between the hunts of integration. Also 
’^2 dJEj.. - n dEtj 


since for the harmonic oscillatory motion assumed 


-r 

I !X 


^dx 
dtdx “ ' 


-w2B,= 

and thus this integral is 




dt^ 


= — c 


dtdx' 


_ ±- (‘^A 

2»2 [dt J 


dE 

provided is contmuous throughout the range of integration as 

IS always the case, though € may change gradually or abruptly. 
We have thus 


f 


T^dx — 


B/ + 


n^[ dt J 


which gives the aggregate mechamcal forcive on the stretch of the 
medium between x^ and x^ m the form of pressures on its ends. 
Thus for the simple forms of and B^ assumed the time average 
of the pressure on either end is 

Aq and A^ representmg the amphtudes of the magnetic and electric 
vibrations This is however the sum of the mean kinetic and 
potential energies per umt volume of the radiation, less that m- 
volved in the electric polarisation in the molecules, hence on any 
portion of the medium there is a mechamcal force, directed along 
the waves eq^ual per unit cross-section to the difference of these 
densities of energy at its ends 

* We have followed Larmor in deducing the expression for the forcive directly 
from first principles The same result can however be readily obtained by an 
application of Maxwell’s stress formulae, but the present procedure deduces it 
without resort to these formulae, the vahdity of which may be doubted 


21 
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In a transparent medium 


\ dt } € \dx ) €\dt) 


so that the above internal pressure may be expressed in the form 
2 n^Adt) \ 

If there is in the medium a directly incident wave whose vibration 
at the interface is A cos nt and also a reflected wave A cos {nt — e) 
and also a refracted wave, this result may be apphed to a layer of 
the medium contaimng the interface , thus there will be a mechamcal 
traction on the interface represented by a diflerence of pressure on 
its two sides, that on the incident side being 


1[{A„ 


^ cos nt -f A^^ cos nt — e}^ 


In air or vacuum this is 




^ sin nt H- A^^ sm nt — c}' 




i + ^inr^ + ^A^^A^^, COS e), 


or iA^\ 

where is the amphtude of the resultant magnetic vibration on 
that side. 


When the radiation is directly mcident on an opaque medium 
dE 

Bjj and are null m its interior, so that, when the surrounding 

medium is air or vacuum, its surface sustains in all a mechanical 
mward normal traction of intensity ^A^^, that is, equal to the 
mean energy per unit volume of the radiation ]ust outside it, in 
agreement with Maxwell’s original statement*. 

This is the pressure of radiation which has now been experiment- 
ally examined and the theoretical conclusions as to its mtensity 
verified to within one per cent, by the measurements of Nicholls 
and Hullt- can m a case of this kind thus say that radiation 
exerts a force just as if it carried momentum. This leaves open the 
question of the actual existence of the momentum spoken of. 

* Treatise, n, § 792, 

t Phys Bev 13 (1901), p. 293. Cf. also Lebedew, Arclu Sciences Phys, et 
Vo/ [4], 8 (1899), p. 184; Poynting, Phil, Mag, 9 (1905), pp. 169, 475 
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272, To illiistrate these matters* further and to bring out another 
aspect of the sub]ect let us consider the opposite action, viz the 
reaction or back pressure exerted by the radiation emitted by a 
perfectly black body into free space. Similar reasoning to the 
above will show that the back pressure is of a similar amount to 
that there calculated. To exhibit the argument in a simpler manner 
let us examine the component of the radiation emitted from a 
small patch of the surface as a plane beam travellmg out into space 
Surround the patch by a small closed surface cutting across the 
ray on the one side. Our previous general theory then shows that 



the static resultant of the forces on everythmg inside this surface 
IS represented by a stress system over the single patch of the surface 
where the ray cuts through it, this being the only part on the 
surface where the field in this ray is different from zero If the ray 
cuts through this part of the surface normally it appears that the 
normal stress at that point is a normal pull of amount 

|(E2 + B2) 

* The treatment here followed is given by lArmor in his lectures . certain aspects 
of it are dealt with m his address on “The dynamics of radiation” to the Mathe- 
matical Congress m 1912 (Of. Proceed%ng8j 1, p 206 ) 


21-2 
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and thus there is a total ptdl normally on the element of the 
eimtting surface equal to 

nj being the normal vector direction to the elementary patch of 
area df^. 

As it does not matter how big we draw this bounding sphere, this 
stress is the representative of a real force on the patch of the surface 
emitting the beam of radiation, and thus this beam exerts a back 
pressure on the body emitting it which is equal per unit area to 
the density of the energy in the field ]ust outside it. 



Eig 39 


\ 


\ 


1 

t 

/ 


/ 


/ 


This back pressure is equal to the forward pressure on the body 
at the other end receiving and absorbmg the radiation. The action 
and reaction are equal and opposite at the two ends of the beam, 
so that on this view of things the ray behaves as if it were a carrier 
of momentum 

The question naturally arises as to what happens before the ray 
reaches the second body. Where is then the corresponding reaction 
to the back pressure on the body giving out the radiation ^ To answer 
this question completely we must return to our original scheme. 
According to the general theory the stresses acting over any 
geometrical surface drawn m the field which does not contain any 
matter are balanced by the kinetic reaction to the rate of change of 
the quasi-momentum in the aether inside the surface. Now con- 
sider a small parallel beam of light advancmg into free space. The 
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plane perpendicular front of tlie beam is advancing witb tbe velocity 
c of radiation. Draw a surface in tie field mucli as that shown in 
the figure. The stresses over the boundary of this surface are repre- 
sented by the pressure of radiation over the small patch of the 
surface where the beam cuts through it, and this pressure must 
account for and ]ust balance the rate of change of the quasi- 
momentum of the aether included inside the surface Now where 
does this change of momentum come in? The propagation by waves 
is an alternating afl^air and so on the average the momentum in 
any part of the beam remams constant, the beam is however 
getting longer , a new region is bemg added in which there is momen- 
tum and so the change due to this added momentum per umt time 
must be equal to the pressure The quasi-momentum per unit 
volume m the electromagnetic field in the general case is of amount 

and IS directed perpendicular to both vectors In our case of plane 
propagation of wave motion in the aether this is 



and the general equations give 

so that the quasi-momentum per umt volume is 



or in the mean it is o” 


Thus on the average the momentum added m a time S? is 


Ic 


reckoned per unit area of cross-section in the beam. The rate of 
change of this is equal to ^^2 

But the energy per unit volume m our wave is on the average 
equal to jga 
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Tliat is tlie average momentum per umt length, in the beam is 
equal to the energy transmitted per umt time across any cross- 
section and this shows that it is balanced exactly by the pressure 
of radiation on the patch of the surface aforesaid. 

The whole theory is thus consistent It must however be noticed 
that the stresses and momentum involved in this discussion, about 
whose actual existence there may still be some doubts, are excessively 
small The stress for example which gives rise to the phenomena 
of radiation pressure depends on the square of the vectors defimng 
the field and is therefore nearly always smothered by the stress 
which propagates the wave and depends only on the first power of 
the vectors A rough analogy is provided by the attraction of small 
ob 3 ects by a vibrator hke a tuning-fork in air. Very near such a 
vibrator in air the atmospheric pressure is less than that at a dis- 
tance and so any object placed near the vibrator would have a 
greater pressure on its surface farthest from the vibrator and would 
therefore be impelled towards that body. But this resultant pressure 
depends on the square of the average pressure of the air whereas 
the sound propagation depends on the first order things. Thus in a 
body emitting hght the reactions of the pressure of radiation would 
hardly ever be appreciable, being almost entirely swamped by the 
reaction to the settmg up of the vibrations This fact renders it 
almost impossible experimentally to test the existence of the 
‘momentum’ force in free aether by testmg for the reaction on a 
radiator, before the radiation from it has reached an absorber. 

In these considerations the radiator has been considered as at 
rest, we must now calculate the effects due to motion 

273. In order to mvestigate whether the back pressure depends 
on the motion we proceed as before; and examine the reaction of an 
oblique beam emitted by a plane radiator travelling normally to 
itself with a velocity v We consider any boundary drawn in the 
field as shown. The force acting on the path of the radiating surface 
which is inside this volume would then be balanced by the radiation 
pressure on the single patch of the geometrical surface were it not 
for the fact that the average ‘momentum’ of the field inside the 
surface is changing, owing to the fact that the beam is becoming 
shorter at a rate v cos 6, 9 being the angle between the beam and 
normal to the surface. This rate of change of momentum together 
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with the pressure along the ray firom the radiator are balanced by 
the radiation pressure on the patch of the geometrical surface. Thus 
if E' IS the energy density in the beam, the back push or radiation 
pressure is easily seen to be 

3.-(l —)S. 

But now we want E\ The question is whether the energy per 
unit volume in the radiation from a movmg body is different from 
that of the same body at rest or does the nature of the radiation 
from a perfect radiator depend on its velocity*^ 



A simple thermodynamic argument can be adopted to prove that 
the periods and amphtudes of the motions of the molecules or 
electrons in a body moving with umform velocity do not depend 
on the velocity, so that the amphtude of the oscillation m the 
emitted wave train is the same but the wave length is necessarily 
altered by the motion accordmg to the Doppler principle being 
shortened by the factor n 


because if the radiator moves forward the waves are crowded up or 
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shortened. The period of the wave is therefore shortened by a similar 
factor and thus the average energy per unit length is increased by 


the factor 




Thus if we use E for the energy of the statical radiation we have 


V cos 

c J ' 


and thus 


V cos d\ 

c J 


E, 


Similarly for a perfect black body absorbing radiation and 
moving with a velocity v' cos 6' in the same direction we should 
have the pressure of radiation on its surface equal per unit area to 



v' cos 6' 


E, 


We shall return to further considerations of some of these problems 
in the last chapter. Important thermodjmamical applications 
which have been made of them will be found in the appropriate 
text-books. 



CHAPTER VIII 

THE ELECTRODYNAMICS OF MOVING MEDIA 

274. The general equations of electrodyuamic theory. We 
have up to the present confined our considerations mainly to the 
electromagnetic and electrodynamic phenomena of systems in 
which the ponderable matter is either actually at rest or is at least 
in a state of such slow motion that it may at any instant be regarded 
as at rest relative to the instantaneous electromagnetic field We 
must now discuss certain aspects of the more general case of rapidly 
moving electromagnetic systems such a discussion appears to be 
necessary not only because of its intrinsic theoretical interest but 
because all electrodynamic phenomena are concerned with more 
or less rapid motion of electrically charged bodies Absolute rest 
is of course unknown by the human intelligence, and for instance 
all electrostatic fields created on this earth necessarily partake of 
the motion of the earth through space, so that they are of a type 
more general than that discussed in the earher chapters of this book 

We shall begin by formulatmg the general equations of electro- 
dynamic theory, these have already been set out in full on a pre- 
vious occasion, but with a view to emphasising the point we may 
here briefly indicate their deduction on a purely dynamical basis. 

It has been shown in the previous chapter that on the tentative 
assumption of appropriate forms for the potential and kinetic 
energies of an electrical system presumed to comprise merely a 
group of electrons or electrically charged particles m motion in the 
aether, the complete circumstances of the configuration and motion 
of the system can be described by means of the ordinary equations 
of dynamical theory in such a mode of formulation of the theory 
the only effect of the interaction between the electromagnetic 
condition of the aether and the charge on the moving electron is 
completely specified as a force of ordinary mechanical type on the 
typical electron of vector amount 

eF = e(E + ^[vB]), 

where e is the charge on the electron and v its velocity; E is the 
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aethereal electric force, defined m terms of the vector and scalar 
potentials by tbe relation 

1 dA 

® = ~ 

B IS the magnetic force vector and 

B = curl A, 


On such a theory the total efiective current is 

_ _ ^ dP 

where is the true current of conduction , ^ the fictitious current 


dP 


of aethereal displacement, the true current of material polarisa- 


tion , G curl Ii the current which m its magnetic aspects is the 
effective equivalent of the distribution of magnetic polarisation, 
including both the true magnetisation I and the quasi-magnetisa- 
tion due to the convection of the polarised medium with velocity v 


I,= I + i[Pv], 


finally pv is the current due to the convection of the material 
medium charged to density p at any point. 


275. All of these relations can be regarded either in the hght of 
defimtions or as relations of a purely dynamical nature It follows 
from them that 

curl F = curl E + - curl [vB] 
c 


IdB 1 , , 


Now the right-hand side of this equation, when multiphed by — c 
and integrated as regards its normal component over any surface, 
expresses the time rate of change of the magnetic mduction through 
the surface regarded as moving at each point with the charge 
system with velocity v. Our equation is thus the complete ana- 
lytical expression of Faraday’s circuital relation which states that 
the line integral of the electromotive force F round any circuit which 
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is earned along with the matter is equal to the time rate of diminution 
of the magnetic induction through it multiphed by 1/c. 

We have also, of course, 

curl B = 4- - , 

0 

or if it IS preferred not to include the magnetism as molecular 
current whirls so that the total current is only 

C ~ cli, 

this relation becomes 

curl H = curl (B — I^) 

= i (total current), 

where the magnetic induction vector H is defined by the relation 

H = B - Ii 

This IS the expression of Ampere’s circuital relation that the line 
integral of the magnetic force round any circuit, fixed or moYing**®, 
is at each instant equal to the flow of the Maxwelhan total current 
through it multiplied by the factor 1/c It is important to notice 
that as the magnetic induction is here introduced into the theory 
it is a subsidiary quantity defined in terms of B and the magnetisa- 
tion 


When the material medium, however heterogeneous, is at rest 
in the aether, these electrodynamic equations reduce precisely to 
Maxwell’s original scheme 


curl E = — 


1 ^ 
c dt ’ 


with 


curl H = 



C - c + 


Cl being the true conduction current 

When the material medium is in motion these equations are 
modified in the following respects, there is a term arising from 
convection of electric polarisation added to the magnetism, which 
changes I to , and there is the current arising from the convection 


* Time differentials are not mvolved 
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of electric cliarge wlucli supplies the term pv, a term which Maxwell 
in some connections temporanlj overlooked but which has been 
fully restored by Fitzgerald and others 

276. The existence of a magnetic field due to the convection of 
electrically charged bodies and of polarised dielectrics has been 
experimentally verified by Roentgen* and Rowland")* , doubts were 
subseq[uently thrown on the interpretation of their results by 
Cremieu} but the experiments have been repeated with much 
greater precision by Eichenwald§, with results which completely 
substantiate the verification of the theoretical predictions. 

The arrangement finally adopted by Eichenwald consisted mainly 
of a parallel circular plate condenser with a 
uniform dielectric slab The rapid motion was 
produced by rotatmg the whole condenser round 
an axis of symmetry perpendicular to the plates 
If the charge on the plates of the condenser is 
of density a at any point, there will be a convec- 
tion current due to its being dragged on with 
the system which will be of amount 

(TV, 

V denoting the velocity of the system at that 
point 

In addition the dielectric medium wiU be 

polarised to intensity P and the convection of 

this will also be equivalent to a current of intensity curl [vP] If 

we neglect the irregularity of the edges this field between the 

plates will be uniform right across and thus P will be constant 

throughout the mterior of the slab and there will be no volume 

distribution of current of this latter type, but it exists as a 

surface distribution on the abrupt interfaces of the dielectric 

where the density is r 

[ni.pPv]], 

if Hi is the unit normal vector whose direction is in the positive 

* Berlin Ber (1885), p 198 
t Aimrican Jour, of S (3) 15 (1878), p 30 
t Pans C B 130 (1900), p 1544, 131 (1900), pp 575, 797 
§ Ann d PTiys 11 (1904), p 421 
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direction of P, i.e. straight across between the plates in the present 
instance This current thus appears as of magnitude j P . v [ and 
IS directed parallel to the direction of v at each place, hut in the 
opposite sense. 

The total effective current in this arrangement is a surface current 
on the plates of the condenser and of density 

(or-P)v. 

But if D IS the total electric displacement across the dielectric 
a == D = E -h P, 

and thus the surface current density is simply | Ev | in the direction 
of V, i e. directed in circles round the axes of rotation 

The important point to notice is that this current and therefore 
also the magnetic field associated with it does not in any way depend 
on the dielectric material, but only on the potential difference 
between the plates . and this was exactly verified by Eichenwald 

The importance of this experiment is the confirmation which it 
provides for the fundamental hypothesis on which the present 
theory is based The modern theory of electromagnetism is built 
on the idea of an aether permeated by a large number of electrons 
or electric point charges, either free or grouped together in material 
atoms, and it is with these charges and their general configuration 
and motion that we are alone concerned The motion of a material 
medium is thus effectively accounted for in the motion of its con- 
stituent electrons. But what about the aether^ Can this medium 
move also, and is it dragged along with the matter which is m 
motion through it^ We have in our discussions tacitly neglected 
the possibility of any such motion of the fundamental medium and 
this course appears not only the simplest one but it is found to be 
more consistent with experimental facts This is the original view 
of Fresnel, Lorentz and Larmor, but the opposite view has been 
strongly advocated by Stokes in optical theory and Hertz in elec- 
trical theory. According to their views the motion of a piece of 
matter through the aether necessarily produces by a sort of me- 
chamcal dragging action a convective motion of the aether itself 
in the neighbourhood of the piece of moving matter That such a 
view IS inconsistent with the result of Eichenwald’s experiment is 
however easily seen, for according to it no distinction need be 
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made between tbe separate parts of tlie total displacement current, 
and tlie whole effect summed up in the term D is presumed to be 
convected with the matter . the Roentgen current would — ^in such 
a theory — ^have, as is easily seen, a density 

curl [Dv], 

and this adopted into the theory of Eichenwald’s experiment would 
lead to the result that there should be no resultant current at all, 
the current due to the convection of the polarised dielectric and 
aether just balancing that due to the convection of the charges on 
the plates 

The experiment earned out by H A. Wilson and desenbed above* 
also in some respects affords another result in favour of the theory 
of a stationary aether. It was there shown that the effects of the 
rotation of a dielectnc substance in a magnetic field can be fully 
and accurately explained on the assumption that it is merely the 
electrons in the dielectnc atoms that are convected with that sub- 
stance, the aether itself remaimng absolutely at rest. 

Thus it cannot but be admitted that the course adopted in the 
above exposition of the theory is at least perfectly consistent with 
our expenence. We shall however refer to this point later and 
mention further and perhaps more exact evidence in its favour, 
and also some difficulties in the way of its acceptance. We may 
perhaps here mention a direct attempt made by Lodge to detect 
an aethereal drag accompanying the mass of a very large rapidly 
rotating flywheel, but with negative results 

277. The steady linear translation of an electrostatic sys- 
tem j. The general eq^uations of the previous paragraph enable us to 
treatin detail the electrodynamic relations of an electrical system in 
steady uniform motion through the aether. In order that a steady 
electric state may be possible without permanent currents of con- 
duction, it is necessary that the configuration of the matter shall 
be permanent and that its motion shall be the same at all times 

* P 250. 

§ Cf Larmor, PhiL Trans. A, 190 (1897), p 226. The theory is due originally to 
J J. Thomson, PUh Mag (5), 11 (1881), p. 229, Ph%l Mag (6), 28 (1889), p. 1; 
Ph%l Mag (5), 31 (1891), p 149, Recent Researches, p. 16. Cf. also Heaviside, Phil. 
Mag (5), 27 (1889), p 324, G P C Searle, Phil. Trans 187, A (1896), p 675, Phil 
Mag (5), 44 (1897), p. 339 
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relative to this configuratioa and to the aetlier, and also to the 
extraneous magnetic field, if there is one this confines it to umform 
spiral motion on a definite axis fixed m the aether. We shall here 
confine our attention to the case when the motion is one of umform 
translation and in which there is no extraneous field, electric or 
magnetic. Under these circumstances the magnetic induction 
through any circuit moving with the system being constant, the 
electromotive force F is derived from a potential O 

F = — grad O, 

because its line integral round such a circuit vamshes. Inside a 
conductor the electromotive force F must vamsh, otherwise electric 
separation would be going on, therefore O must be a constant over 
and inside any conductor in the system 

O is called after Searle the convection potential of the field of the 
moving system* 


If we refer the field to axes fixed in and moving with the material 
system and use v as the vector velocity of the system, then the total 
current density at any point m the system is 




■pv, 


p being the density of the charge distribution at the point, it is 
presumed that the system consists entirely of conductors and free 
aether, no dielectrics being present But on account of the steadi- 


ness of the motion 


dt 


+ (vV) E = 0, 


so that the current density may be written in the form 
G = - (vV) E H- pv, 
or since p = div E, 

G = — {(vV) E — V div E} 

= — curl [E . v], 

the velocity v being uniform throughout the system We have 
therefore from Ampere’s relation 

curl B = i G = — i curl [E . v], 
c c 

* Schwarzschild calls it the electToh%'n>€,t%c potential Cf Oott Nachr (math phys 
El ) (1903), p 125 
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SO tliat 


curl 


-B 


+ l[E.v] 



wlucli implies that the vector 

B - i [V . E] 


IS the gradient of a potential function we write 
B - i [vE] = - grad 

ifj is an undetermined function which will be continuous as to itself 
and its gradient except at the surfaces of transition The most 
general value of B consistent with the circuital relation is thus 

B = i [vE] + grad tfi, 
c 

the part of it depending on xfs would include the extraneous mag- 
netic field, if there were one, and also the field due to magnets, if 
any, that belong to the material system itself 

If there is no external apphed magnetic field and the moving 
system itself contains no magnetic matter, the magnetic field of the 
moving charges will be sufficiently defined by the magnetic vector 
potential A so that , 

B = i[vE], 

the function ^ being not now necessary, there being no external 
circumstances to be allowed for. 


Combimng the relation between E and B with the direct 
dynamical relation 



F = E + - [vB] = E + i [v 
c c 

B], 

we get 

F = E-i[v.V]^ + i[[E. 

v].v] 



1 




wherem as 

above F = — grad <I», 


and 

(vF) = (vE). 



Agam since the total current is always a stream we have 
div E = p, 
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so that div ^ ^ j div E, 

or V^a>=i (vV)*<I>-/,(l- J), 

where now ^ has disappeared This is the characteristic equation 
from which the single independent variable O of the problem is to 
be determined, subject to the condition that it is to be constant 
over each conductor 

For the interior of a conductor O is constant and the electro- 
motive force F vamshes, but the aethereal disolacement 7 - E does 
not vamsh in the conductors, being now given by 

(i-5)e-1[vV1#., 

which makes it circuital so that there is no volume distribution of 
electrification 

278 In an investigation in detail of the field produced by the 
motion, it will conduce to brevity if we take v to be a velocity 
parallel to one of the axes of coordinates, say the cc-axis. We shall 
also use the notation 



The characteristic equation for the convection potential O is then 

and this has to be solved subject to the condition that O is constant 
over each conductor of the system as the change in the form of the 
equation arising from the motion depends on the differences 
thereby introduced will all be of the second order of small quantities 
We can restore the above characteristic equation for the poten- 
tial of the electromotive force, to an isotropic form by a geometrical 
strain of the system and the surrounding space represented by 

(cKo» Vo 

where of course /c^ = 1 — 

Now let us compare our moving system, which we may generally 
describe as S, with the correlative system Sq obtained by this 
* Tlus transformation was suggested by Thomson and Heaviside 


22 
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transformation and supposed at rest we sliall assume that the 
density po charge distribution in Sq is reduced from the 

corresponding value in S in the ratio fc . 1 so that corresponding 
elements of volume contain the same total charges, then if is 
the electrostatic potential of these charges on Sq , 

^ 0 ^ 00 = — Po 

is the characteristic equation satisfied by 0o system The 

general type of solution of this equation is, as we had it before, 

4 ^ J To ' 

the integral being taken over the entire field and denoting the 
distance of the element dvQ from the point in the field at which the 
function is calculated 


Now the potential 0 in the moving system satisfies the equation 

= — /C^P = — Kpo, 

so that 4) = ^ I" 

and since pdv = podv^ 

and = + (y — yp)® + (» - 

(xp, yp. Zp) denoting the coordinates of the point at which O is 
calculated, and {x, y, z) the coordinates of the position of dv, we 
may wnte 

0 = 

and this is the general type of solution for the convection potential 
m any moving system of the type under consideration 

Again, comparing the components of the electrostatic force 
Eo ” ^00 

m ^0 with the corresponding components of the electromotive force 



F = -. VO 


in S, we see that 




_ ^00 _ -P 

dx ~~ dx^ ~ 


(F„ F,) = - 


'd d 


dy' dz. 


:)<!.= 
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Thus the forces on corresponding elements of charge in the two 
systems are equal as regards their components m the direction of 
motion, but the components in any direction at right angles to this 
direction are smaller in the moving system in the ratio a: : 1. 

Thus if we have solved the electrostatic problem for any system 
Sq at rest, i e if we have determined the eqmhbnum distribution 
of electricity on the conductors in the system under the influence 
of the rigid charge distribution, then we can immediately deduce 
the solution for the equihbrium distribution of electricity on the 
conductors in a umformly moving system S obtained from Sq by 
a umform contraction in the direction of the motion m the ratio 
/c 1. 


Suppose, for example, that the system Sq is represented by 
a umform distribution of electricity of total amount qQ throughout 
the thin homoeoidal ellipsoidal shell between two similar and simi- 
larly situated concentric elhpsoids and that there are no other 
bodies in the system If aQ^, aQ^, Gq^ are the axes of the mean 
ellipsoid on which this shell lies, then we know that the appropriate 
form of the electrostatic potential <f>Q has the constant value 


io 


dt 


StT Jo ^/ (^aQ^2 (a^^2 4. 

throughout the interior of the eUipsoid, whilst at external points 
the value is 


io 

Stt 


It 


dt 


(«0i® + i) + t) (aoa® + 0 ’ 

•where is the total charge on the elhpsoid and m the last expression 
A is the positive root of the cubic equation 

0/2 gS 

+ = 1 


+ 

I,® + 1 «( 




'03 




Moreover we have seen also that, since the potential 9S0 is constant 
throughout the interior of the elhpsoid, the distribution of charge 
thus specified is identical in the hmit with the surface distribution 
of charge of the same total amount on the same elhpsoid when 
composed of conducting material. 

Now by uniformly contracting this elhpsoid and its space m the 
ratio K parallel to any defimte hne we obtain another elhpsoid with 
semi-axes (ai, a^) If this new elhpsoid is moved parallel to the 


22-2 
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chosen line with the velocity appropriate to the ratio /c, the original 
statical system and its field will exactly correspond in the manner 
]ust defined to the system it defines , on it the convection potential 
will therefore take the constant value 

^ ^ r“ dZ 

~ ^ V(ao,* + t) (ao,2 + t) (ao/ + t) ’ 

whilst at external points its value is 
Kq I''" dt 

L V + t) (aoj® + t) (ao,® + t) ’ 

A being the positive root of the eq[uation 

+ t ^ I 

The equihbnum distribution of electricity on a moving conductor 
IS charactensed by the fact that the electromotive force in its 
intenor vanishes, i.e the convection potential O is constant there. 
Thus the distribution on the moving elhpsoid obtained by con- 
traction of the static distribution on the conducting ellipsoid in 
/So IS identical with the distribution which would hold if the moving 
elhpsoid were conducting. But when it is remembered that the 
electric distribution in /Sq is the hmit of a umform distribution 
between two concentric, similar and similarly situated ellipsoids 
and that in the process of uniform contraction these ellipsoids 
remain concentric similar and similarly situated, it follows that the 
new distnbution of charge on the moving ellipsoid (a^, ag, a^) would 
be exactly the same as if it were in equihbnum Thus the distribu- 
tion of charge on a conducting elhpsoid is not disturbed by impart- 
mg a uniform translatory motion to it* 

Two particular cases of this general theorem have assumed special 
importance on account of the apphcations which have been made 

* Mr H S J ones has suggested to me a modification of this proof If it is assumed 
that the distribution on the conducting ellipsoid m motion which gives zero force 
inside it IS the equilibrium one, we can argue exactly as m the statical case that the 
surface density vanes as the central peipendicular on the tangent plane at the 
point, since we have shown that the eleetnc force due to any movmg pomt charge 
IS radial and, /or any given direction, vanes mversely as the radius squared Thus 
smce CT oc p and the total charge is unaltered, the distnbution must rem ai n unaffected 
by the motion. 
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of them to illustrate the properties of a moving electron, which is 
nothing more nor less than a charged particle. 

279. In the first case the conductor in motion is assumed to be 
spherical in form, say of radius a*. The conductor in the correlative 

static system will then be a prolate spheroid with axes a, a\i£ 


the motion is along the direction of the a;-axis. The appropriate 
form of the convection potential can then be written m the form 
^ dt 


877 




where A is the positive root of the quadratic 


«*(^<) 


y^ + z^ _ 
a* + ^ ’ 


and reduces to the constant value 


0= 

877 


‘V!; 


on the surface of the sphere. 

The integrals in these cases can be directly evaluated by the 
substitution » 




so that it becomes 


0 = ^2 


K^q Va^ H- + a Vl — /c^ 
SiraVl-’K^ ^ Va^ X k^ — aVl — 


which reduces to the value 


877a a/ 1 


1 + a/1 - 
'1-V~ 


“S 1 _ p’ 

* M Abraham, Ann d PJiys (iv ) x p 105 (1903) 
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on the surface of the sphere The full details of the field can now he 
determined the charge on the sphere is umformlj distributed over 
the surface. 


280. In the second case* the moving surface is an oblate 
spheroid of axes a, a), 


the first being in the direction of motion. The surface in the corre- 
lative static system which has axes 



IS therefore a sphere of radius a In this case the electrostatic 
potential q q 

® 47t? 4i7rVx^ 

so that the convection potential O is 

4:77 Vx^ + {y^ + Z^) ’ 

which educes to the constant value 


4fTra 

on the surface of the moving conductor of which the equation is 

{y^ -{- z^) = 

The field in the moving system is of a much simpler character 
than that of the previous example and we may therefore examine 
it m more detail with a view to illustrating some of the general 
features of these convection fields The electromotive force F at 
any point m the field has components 

F F F=— 

K^q/4^ 


10 


— s 

{x^ -f {y^ H- z^)Y 

the electric force at the same pomt, which in the most general case 
of translation along the axis Ox has components 


(E., 


Cf Lorentz, 210 This is also the solution for a pomt 

charge 
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IS therefore given by 

K^qji^rr ! ^ 

5 (®, y> 2). 

{»* + K® (y2 + Z^)y 

The magnetic force in the field, given generally by the relation 

B = i[v.E], 


has therefore the components 

(^ajj ^z) “ ■ ^ 


^qK^l4nT 


{y^ + z^)}‘ 


I (0, - y). 


The formulae thus obtained for the electric and magnetic force 
vectors in the field are considerably simphfied by a simple trans- 
formation in which account is taken of the fact that the conditions 



Fig 42 

in the field at any point have really originated from the motion 
of the sphere not at the instant at which they are examined but at 
a previous effective instant and that they have been propagated 
out with the velocity c from the position of the sphere at this 
instant. We now choose as the origin of a spherical polar coordinate 
system the centre 0 (see figure) of the sphere in its effective position 
for the special point P of the field at which the conditions are in- 
vestigated . the polar axis is taken along the direction of the motion . 
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then if OP = r and if A is the actual position of the centre of the 
sphere at the instant t (and this is the origin of the rectangular 
coordinate system), then ^ 

and thus = (r cos 6 - 

2/^ -f sin^ d 

Thus {y^ -I- z^) = — 2j8f cos d + cos^ d 

= (1 — j8 cos 0)^ 

and thus the electric force has the components 

(E„, E„, E,) = ^2 (1 e- ^,smd cos <f>, sm 6 am (f>}, 

whilst the components of the magnetic force are 


— sm 6 


j (0, sm (f>f — cos cj)) 


47 r 72 (1 - ^ cos Sf 
The electno force at any point has therefore a radial component 
from the effective centre of the sphere of amount 

4jr?2 (1 - ;8 cos 5)3’ 

the remauung part of it being a single component m the meridian 
plane of amount ^ ^ ^ q 

{l^^cosdf 

parallel to the hue of motion. 

The magnetic force is in circles round the direction of the motion 
and at any position (r, d) its intensity is 

q (1 — p smO 

w (1 - ^ cos ey ’ 

which is equal to the latter component of the electric force* 


281. The d 3 manucs of moving electrified systems. In the 
previous paragraph we have discussed the character of the field in 
the neighbourhood of an electrical system moving with umform 
velocity along a straight line It is of course assumed that the 
system thus discussed has been in motion in the manner specified 
for a sufiSciently long time previous to the instant at which it is 

* These formulae are due to Heaviside, PJiil Mag. 27 (1889), p 332, Electnctan, 
Dec 7, 1888, p 148 
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examined . tLe conditions imphed in tins restriction will be fairly 
obvious when reference is made to the discussions of chapter vii 
where the mode of estabhshment of such steady fields is reviewed 
in detail It was there seen that in the process of setting up the 
umform motion, say from rest, a shell of disturbance is sent out 
into the surroimding electrostatic field this shell travels out and 
away from the system with the velocity c of radiation leaving 
behind it the new steady field associated with the charges in motion 
and in which the field vectors are expressed by functions of position 
decreasing rapidly (like l/r^) as the point is taken more and more 
distant from the charges themselves. Thus if the shell of disturb- 
ance has got to such a distance from the system that the field vectors 
in the uniform field are neghgibly small we may regard the elective 
conditions for the umform motion as practically estabhshed, and 
we have then no further concern with the expanding radiation field 
in which the energy has attained a constant value 

The practical aspect of the results thus obtained hes, of course, 
in their application to the explanation of the observed mechamcal 
relations of such moving systems of charges and it is with these 
explanations that we shall now concern ourselves. The considerations 
of the present paragraph will be confined mainly to the translatory 
motion of such ngid electncal systems as have been examined in 
the previous paragraph. 

282 In chapter vi we showed qmte generally that the resultant 
force of electrodynamic ongin on any material system con- 
tained within any closed surface / can be separated into two 
parts, the first of which can be represented simply as a stress across 
the surface/ which per umt area is of intensity proportional to the 
square of the field vectors, whilst the second turns out to be 
expressible as the result of a distribution of bodily forces through- 
out the interior field of intensity (vectorial) per umt volume 

This conclusion takes a remarkable form if the system under 
consideration is of fimte dimensions and if the surface / is then 
extended indefimtely. [For then the field vectors at points of the 
surface are so small that the first part of the total forcive just 



346 THE ELECTRODYNAMICS OF MOVING MEDIA [CH VIII 


specified may be neglected We conclude tlien that the total force 
on the whole system in this case can be represented as a wrench 
which when reduced to the origin of the rectangular coordinates 
as base point is specified by the hnear and angular components F 
and G respectively, where 



dt ’ 

and 




wherein 

M, = ^ [ [EB] dv 

and 

N,= i|[r [E.B-]]dv, 


all integrals being extended throughout the entire field, r denotes 
the vector coordinate of position of a point whose components are 
(ic, y, 

The forcive exerted by and through the aether on any electrical 
system without induced or mtrinsic magnetisation is therefore equal 
and opposite to the change per unit time of the quantity which we 
have tentatively defined above as the electromagnetic momentum 
in the aethereal field of the system 

If the motion of the charges in the system is one of umform 
translation m a fixed direction the field will, as we have ]ust seen, 
be earned on with the system in a steady configuration. The total 
electromagnetic momentum m it will therefore be constant. The 
hnear component of the reactmg electromagnetic force in the 
system would then be zero but there will be a couple unless the 
field is symmetrical about the direction of motion 

In the more general case however whenever the motion of the 
system is accelerated there will arise a reaction on account of its 
charges specified as a wrench with hnear and angular components 
dM, dNe 
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There will of course in the general case be a reaction force to the 
acceleration of the motion of the system on account of its material 
momentum and this will be a wrench with hnear and angular com- 
ponents dM, dN, 

Thus to maintain the accelerated motion external action of some 
kind IS necessary; if the external force system reduces to the same 
base as a wrench with components 

Fq, Gto, 

then we shall have 

^ = dt ’ 

+ G = + [V . No], Go = I (No + N,) + [v . No + N,] 

From this point of view it would appear that the idea of an electro- 
magnetic momentum is just as legitimate a conception as that of 
ordinary material momentum, m any case, of course, the con- 
ception, legitimate or not, provides a convenient mode of expressing 
a defimte fact of theory. 

283 In the practical apphcation of these principles it is first 
necessary to determine the vectors and for the system under 
consideration, and this reqmres a knowledge of the complete 
electromagnetic field of the moving charges Now we have already 
examined the details of the mode of generation and propagation 
of such electromagnetic fields we saw that the conditions at any 
point of the field at a defimte instant were made up by super- 
position of disturbances from all the separate electrons in the 
system, emitted at the appropnate effective previous time and 
place for each of them and transrmtted thence with the velocity 
of radiation The defimtion of the field at any instant in the most 
general case is therefore tremendously complicated and it is only 
in a very few restricted cases that it has been accomphshed But 
for the majority of the apphcations we shall have to make of these 
principles, such generahty of procedure, however desirable it might 
be from the theoretical point of view, is not at all necessary In 
fact it will be seen by reference back to the analysis of the previous 
chapter that the elective conditions in the field for the determina- 
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tion of tie force on tie system of electrodynamic origin are in 
reality merely tie conditions wiiei told in tie immediate neigi- 
ionriood of tie ciarges in tie system Tins if tie system of 
ciarges is of finite extent and tie cianges in its motion are not too 
rapid tie conditions in tie field tirougiont tie extent of tie field 
covering tie oiarge distribution will at any instant be practically 
tie same as tiose wiici exist in a system moving umformly with 
tie instantaneous configuration and velocity of tie given system 
Now tie new conditions in tie field are smootied out witi tie 
velocity c of radiation so tiat tie condition iere implied is tiat 
tie relative configuration and motion of tie system must not ciange 
appreciably in tie time taken by radiation to cross tie system, so 
tiat tie efiective field is at eaci instant smootied out to tie type 
appropriate to tie motions of tie ciarges before these are appre- 
ciably altered. We shall of course in our calculations assume tiat 
tie uniform field extends to an indefimte distance beyond tie sys- 
tem so tiat we can avail ourselves of tie separation of tie forcive 
mentioned above. This procedure is legitimate because, since tie 
force IS in reaity defined by tie conditions of tie field in tie 
immediate neigibouriood of tie system, the type of field to which 
this local field continues is irrelevant and may for tie purposes 
of tie detailed calculations be taken to be tie simple uniform field 
of tie instantaneous motion. 

This is tie essence of an equihbrium theory and it restncts our 
analysis to apphcation only in tie cases of so-called quasi-stationary 
motion Tie importance m a dynamical theory of tie restriction 
thus imphed hes in tie fact tiat tie elective conditions in tie field 
are then determined solely by tie instantaneous configuration and 
motion of the charge system giving rise to it, so tiat instead of 
having to include in tie analysis, in addition to tie finite number 
of tie coordmates of tie charge system, an infimte number of 
coordinates to specify tie conditions m tie aetiereal medium sur- 
rounding it, we have only to reckon with tie former by themselves 

There is a mechanical analogy in tie theory of tie motion of a 
sohd body tirougi an ordinary elastic medium such as the air. If 
tie motion of tie sohd is slow enough tie conditions of tie elastic 
medium adjust themselves at each instant to the state of motion 
then existing, and an equihbrium theory applies j ust as if tie medium 
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were incompressible But in the other extreme case of rapid motion 
with large accelerations the whole of the circumstances in the sur- 
rounding medium are comphcated hy the contmual generation of 
waves of compression starting out from the sohd In this case the 
resistance to the motion of the sohd is practically all due to the 
elastic resistance of the surrounding medium to the setting up of 
waves in it. 

284. Thus in the calculation of the quantities involved we may 
assume that at each instant the field is of the steady type appro- 
priate to that instantaneous motion and position investigated m 
the previous paragraph ; but in this case the motive forces of electro- 
magnetic origin on the elements of charge in the system have a 
potential O, ]ust as the ordinary static forces m electrostatics We 
may therefore conclude as in the electrostatic theory that the 
mechamcal forces of electrodynanuc origin acting on the material 
bodies of the system carrying charges have a potential which in the 
general case is expressed by the integral 

W = ij 0pdv, 

taken throughout the field, but which in simpler cases will reduce 
to the forms already discussed at length in the electrostatic theory. 
From another aspect this quantity may be regarded as potential 
energy stored up in the system, but it is to be noticed that it also 
includes a part, due to the magnetic field, which we have previously 
classed as kinetic energy and which therefore when reckoned as 
potential energy must have its sign changed it is easy to verify 
this in the particular case of a charged conductor moving umformly 
in a straight hne such as discussed in the previous paragraph ; for 
in that case the magnetic or kinetic energy of the system is 

r = ^ f BHv 

and B = i[vE], 

so that if the motion is along the a:-axis 

2T = ^^j(E,^ + E,^)dv, 
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whilst the ordinary potential or electric energy of elastic strain in 
the aether is given by 

2C7= I 

so that W = U— T = Ji (Ejb® + dv 

4. f{-sr 

and this is easily transformed in the usual manner by Green’s 
theorem and gives 

1 r / 0^0 d^Q>\ . 

TF = -f I* Opdv 

as above*. 


It must of course be remembered that this is not necessarily all 
the energy that is in the field, but it represents the variable part in 
the present case The motion itself when under examination is of 
course of the quasi-stationary type so that the radiation field and 
the energies associated with it are negligible but the motion must 
have been started by a non-stationary impulse in some remote 
past time and in this process a circular shell of disturbance of the 
wave motion type is sent out into the field and the energy in this 
part which however tends to a constant value is not necessarily 
neghgible. But the more distant the time of generation, the farther 
is this wave shell away from the system and the nearer does the 
field inside it approximate to the actual field belonging to the quasi- 
stationary motion which the analysis maps out 


285. The above deduction of the form of TF shows that the 
function X = — TF 

also serves as a sort of Lagrangian function. The fact that the force 

* Cf. Schwarzschild, ‘ Zwei Formen des Pnnzips der kleinsten Aktion in der 
Elektronentheone,” Oott Nachr, [math, phys K1 ), 1903, p 125 



284, 285] 


THE LAGRAHGIAH FUNCTION 


351 


function and Lagrangian function with the sign changed agree in 
the oases of quasi-stationary motion is not necessarily confined to 
the present problem in fact the general equations of motion of 
any system are of the type 

d_ dL _ dW 


and if the changes m the motion only take place very slowly, if 
the accelerations, that is, are small, this equation practically 
reduces to 

dd~ dd^ 

so that W — — L, 

except perhaps for a constant. 

This interpretation of the force function as a Lagrangian function 
has another sigmficance in fact we see from the form given for 
L, VIZ . 

+ (E/ + E/)} dv, 

that 

I - f / (=>* + * - !l^-w f )} * 

Now the former of the integrals on the right is 

- E^Hj,) dv 


= f (E, 


-f(- 


= cM, 

the second is on the other hand equal to zero for it is 

/d<b 9 ^ , ^ 

dy dp dz dp) ’ 
and this transforms in the usual way by Green’s theorem and 
becomes ^ o 

J <0 (<iiv E) dv 
dL 

It follows therefore that ^ = cMg, 

dp 

* In the case of deformable systems this integral does not m general vanish and 
the simple relation between L and Mg does not subsist See however below, p. 355 
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or since 



dL IdL 

9|v| c dp 


= M 


B9 


and this relation again exhibits the analogy between the so-called 
electromagnetic momentum of the system and an ordinary momen- 
tum in dynamical theory it also provides us with the simplest 
means of calculating Mg. 


It is important to notice either as a deduction from this last 
equation or as a consequence of the particular type of field deter- 
mined that the vector of hnear momentum of a rigid system of 
charges moving in a straight hne is directed entirely along that line 
there is no tendency to motion across the direction of translation 


286 Next let us turn to another fundamental aspect of these 
matters In ordinary dynamical theories the existence of momen- 
tum imphes the presence of a material mass moving with a velocity 
Now we have seen that for instance an electrostatic system in 
uniform motion in a straight hne would possess something akin 
to momentum, viz what we have called electromagnetic momen- 
tum, in the direction of its motion, even if its material mass were 
negligibly small Thus if we are prepared to adopt the analogy 
between electromagnetic and material momentum, it appears as 
at least convement to extend the analogy still farther and to say 
that the existence of electromagnetic momentum implies also an 
electromagnetic mass moving with a velocity All that it is intended 
to imply in such a statement is that an electrical system possesses 
a certain amount of inertia on account of the field and charges in 
it, ]ust as if it had an additional mass of ordinary type the inertia 
offered by this additional mass of the system to accelerated motion 
exactly accounts for the reaction which according to our theories 
arises from the electromagnetic field surrounding the system. 

We can put this pomt in another way. The equations of linear 
translation of an electrical system were obtained in the form 

F bemg the applied force vector : now suppose that the motion is 
of the quasi-stationary type so that both Mq and are functions 
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of geometrical configuration and velocities only, and are both 
parallel to the direction of the velocity v of the system If then 
we use R for the radius of curvature of the path of the system, and 
a unit vector along R, then 


F = 




d\ 


dt 


H- 


Mo + M, 


Ri|v|^ 

R ’ 


and now we recogmse the ordmary defimtion of inertia mass m 
dynamics on the basis of Newton’s second law of motion Thus even 
if Mq , the material mass of the body, is zero there will still be an 
apparent mass of electrodynamic origin which for accelerations in 
the direction of the hne of motion is of amount 


while it IS 


d:|M,| 


|M,i 

1 1 d^L 

1 v| 

_ 

c 

dp 


|M, 


M,| 

1 IdL 

1 

c 

J8 

Pdp 


for accelerations perpendicular to the direction of motion. 


Thus the quasi-stationary motion of an electromagnetic system 
is effectively modified on account of the charges on it just as if it 
possessed additional mass of an amount however depending on the 
relative direction of its main velocity and its acceleration. 


These results may be further illustrated by apphcation to the 
two special cases examined in the previous paragraph. When 
the moving system consists solely of a uniformly charged sphere, 
the convection potential assumes the constant value 







log 


l + jS 
1-/3 


on the surface of the sphere the force function or, if we prefer it, 
the Lagrangian function of the motion with the sign changed is 
therefore 


J j (S>pdv = 


L== 


1 dL 

Thus we have M» = --jo 
c dp 


1677a /3 1 - j8 


SttocP 





23 
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and then the longitudinal and transverse masses turn out to be* 


m- = 




JL. 

&TTac^ 


•)82tl-j82 

^ 2;8 


&n-ac® 

These masses, functions of the velocity, increase indefinitely as 

^ is increased and become infimte for jS = 1, i e when the 

0 

velocity of the electron attains the velocity of light This means 
of course that such a velocity would never be attained They have 
the common hmit < 7 ^ 

when is small. 

In the second case the moving system is of variable dimensions, 
havmg the form of an oblate spheroid with axes (/ca, a, a) when the 
motion is with velocity v, where 

M' 

In this case the convection potential assumes the constant value 

on the surface of the body where the charge is confined and thus 
now 


fc2= 1-- 




I _ 

87ra 


It follows therefore, just as above, that 

M 

® cdjS 87rao ’ Vl — 


so thatf 


m. = 


SttOC^ ' 


Mi 


_ gr2 




Sirac^ (2 

which again become infinite as the velocity approaches that of light, 
starting from the same hmit 

, 4 

* Abraham, Ann. d Phys. 10 (1903), p 105; Die Theone der Blehtrizitatt ii p 181 
t Lorentz, Theory of EUctrtms, p 210 
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287. There is however a difficulty m the second case. In fact 
if instead of calculating from the Lagrangian or force function 
we deduce it directly from the definition 

which is equal to 

{E/ + E,^)dv, 

in our case we find that 

M =- r_ f V 

3/c2c2 67rac2 (1 _ 

This value is larger than the previous one m the ratio 4 3 and it 

leads to formulae for the masses which are also larger m the same 
ratio and which therefore in the hmit have the same value as in the 
previous case 

The fact is that in a system of the present type where the 
dimensions of the conductors are varying the internal or intrinsic 
elastic energy of the material of the conductor which is consequent 
on its charged condition is var 3 nLng and the complete electromag- 
netic energy reckoned with m the calculation of L is not all 
dynamically available. Part of it is in fact supphed from the store 
of elastic energy to which the elastic forces maintaimng the form of 
the conductors are due and this part can not be used for external 
mechamcal purposes 


This point can be illustrated by a detailed calculation for the 
present case The rate at which work is done by the field on the 
conductor is ^ . 1 . 

E+-[vB]ja(Z/ 


integrated over its surface But the conductor contracts whilst in 
accelerated motion and therefore its fore end moves at each instant 
slower than its centre and its back end faster If the velocity of 
the centre is denoted by v and is presumed to be directed along the 
axis OX the velocity of the points distant x from the centre is 


V -h Xk, 



23-2 
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The integral for the rate of work thus splits into two parts. The 
first or r / 1 \ 

cjdf 

represents the work done by the field on the conductor as a whole 

The second or r / 1 \ 

\^%k -h - [vB]^j odf 

is the work done by the field forces in the deformation , with sign 
reversed this part may be regarded as work supphed by the internal 
elastic forces of other than electric nature which must necessarily 
act to balance the tendency of the field to deform the conductor. 
If we insert the usual stationary values it is easy to verify that 
this last integral is ^ dp 

247ra k dt ’ 

which IS the time rate of change of the function 

A 

2477 ( 2 ’ 

A being a constant, usually taken as q^j^ira This then is the part 
of the total energy of the electron which is concerned with the 
deformation forces * the remainder or 


87ra \67Ta 24f7raJ Sttcs 


the part which alone corresponds to the mechamcally efieotive 
forces exerted by the field on the conductor and it therefore repre- 
sents the work fimction which must be used in place of the L- 
function given above. No inconsistency is then introduced by the 
independent method of calculating the momentum 


The value of A in the above formula is chosen so that in the limit 
for small motions the mechanically effective energy reduces to 


1 q^ 


2 67rac® 




288. The great interest in these results lies in their apphcation 
to the explanation of the properties of the electron. It is impossible 
to charge an ordinary piece of matter with sufiGlcient electricity to 
produce an electromagnetic inertia at all comparable with its 
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ordinary inertia but an electron carries a cbarge wMcb is so enor- 
mous, compared with its mass, tbat its electromagnetic inertia is 
far greater tban its material inertia if it has any. Again pieces of 
matter even so small as the individual molecules are much too 
cumbersome to get up a speed comparable with that of light, 
whereas the electrons are often found under natural circumstances 
travelhng with such speeds, so that they should exhibit the 
additional characteristic of the electromagnetic mass in increasing 
with the speed Some time after Thomson’s determination of the 
ratio of the charge to the mass, Kaufmann* proceeded by the same 
method to determine the functional form of this ratio in terms of 
the velocity, with a view to testing the effectiveness of the theore- 
tical formulae He worked with the negative electrons which are 
thrown off as the jS-rays from radium with velocities ranging up 
to -95 c. Now it was found that while the velocity increases from 
about 5 c to the higher value the corresponding value of e/m con- 
siderably dimimshes, and exactly in the way that we might expect 
if the charge remains constant and the mass increases according 
to the theoretical formulae The first experiments were unable to 
distinguish between the two types of formulae given, the first by 
Abraham and the second by Lorentz, but later and more exact 
methods tend to the view that the simpler functional forms given 
by Lorentz’s method are the more exact of the two 

The conclusion to be drawn from these facts is that at all events 
the electromagnetic mass of an electron has an appreciable influence , 
but the experiments went further, the type of function obtained 
pointed to the conclusion that the electromagnetic mass greatly 
preponderates over any material mass that the electrons may have 
Indeed Kaufmann’s numbers show no trace of an influence of the 
material mass at all, his ra&o of the effective masses for two different 
velocities agreeing within the hunts of experimental error with the 
theoretical ratio of the electromagnetic masses themselves 

If the material mass of an electron is inappreciable under all 
circumstances it may be treated as absolutely zero. It is no use 
talking of something that cannot be traced. On such a view the 
electron consists merely of an element of negative electricity. 

* GoU Nadir 1 (1901), 5 (1902), 3 (1903), Phys Zeitschr 1902, p 65, Ann d. 
Phys 19 (1906), p 487 
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Of course by the negation of a material mass, the electron loses 
much of its substantiahty because our theory has been interpreted 
entirely in terms of charged matter and the ordinary mechanical 
relations of such matter In speaking therefore of the electron as 
having no material mass, we must nevertheless leave it sufficient 
substantiality to enable us to speak of forces acting on it In 
terms of a pure aether theory we might say that the electron, which 
is necessarily a centre of an electric field of strain in the aether, is 
nothing more nor less than the centre or nucleus of the strain thus 
depicted, a knot, so to speak, which can however move freely from 
one point of the medium to another This point of view has been 
advocated by Larmor and its simphcity is a great point in its 
favour 

289. It is natural to enqmre whether there is similarly no 
material mass for the elements of positive electricity Unfortu- 
nately no decisive answer is yet possible to this question, but the 
view IS now generally held that not only is there no material mass 
in the ordinary sense of the word in the positive particles, but that 
the material mass of any ordinary piece of matter is nothing but 
the inertia mass of the electric charges involved in it This is the 
‘electromagnetic theory of matter’ and although it is not possible 
for us to enter here into any further details, it must be admitted 
that the evidence of both the experimental and theoretical re- 
searches of recent years is gradually tending to confirm the sub- 
stantiahty of the view. 

The purely electromagnetic theory is of course not entirely free 
from difficulties even as regards the electrons themselves, especially 
if we are to retain the Lorentzian idea of these particles We have 
seen that his idea is that of a charged particle which changes its 
shape as its velocity alters and we have also noticed that such 
change of shape must necessarily be controlled by intra-electromc 
forces of other than purely electric type We are thus at the outset 
forced to comphcate the purely electrical constitution of the par- 
ticle by the introduction of other types of force — and energy — 
holdmg them together and controlling their deformation, having 
gone so far there is no special reason why we should not depart 
even wider from the purely electric view. 
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288-290] 

Latterly since the development of the theory of relativity to its 
full extent this question of whether there is ultimately more than 
one type of mass has fallen into the background It is found that 
in fact even ordinary inertial mass must in reality also be a function 
of the velocity of precisely the same type as the electrical mass, so 
that attempts to discriminate between the two will probably fail 
m any case. 

In this theory even another point of view is emerging It appears 
that all forms of energy must have associated with them a propor- 
tional amount of inertia and therefore energy is coming to be re- 
garded as more fundamental even than matter, which then becomes 
in its smallest parts — electrons or positive particles — simply intense 
collocations of energy of diferent types Such a view is of course 
not free from difficulties, but it is enticing, and may perhaps in the 
near future be more successfully elaborated than it has been at 
present, when its possibilities as a consistent theory may perhaps 
emerge. 

290. Optical phenomena m moving media. We now leave 
these interesting questions concerning moving charges to turn to 
another aspect of electrodynamic theory of moving systems in 
general We have so far merely treated of steady electromagnetic 
fields convected with a system of bodies having a motion of trans- 
lation, but it IS equally important to consider the other extreme 
case of the propagation of very rapid electromagnetic disturbances 
across the field between such moving systems The practical aspect 
of these considerations lies in their apphcation to the explanation 
of the optical phenomena in systems having a motion of translation, 
as for instance all terrestrial bodies have by the annual motion of 
the earth 

We consider in the first place the propagation of electric waves 
across a dielectric medium, which is moving with umform velocity 
V parallel to a defimte direction which we shall take to be the 
£c-axis of a system of rectangular coordinates According to the 
general scheme of equations formulated above we have the electro- 
motive force expressed in terms of the vector and scalar potentials 
and the magnetic induction by the relation 
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wliere B = curl A, 

and if G is tlie total current of Maxwell’s theory 

i G = curlH, 
c 

and B = H + i [Pv], 

c 

if there are no magnetic substances about; P is the dielectric 
polarisation thus* 

V^A = - - G - curl [Pv]. 
c 

These equations are satisfied by the propagation of a train of trans- 
verse waves along the cc-axis, in which Fa-, G^., A^. are all null, 
while ^ is a function of y, z 


Thus for such a wave tram 

[vB] = [v[VA]] 

== V (Av) ~ (vV) A 
dA 


and thus 


= — -y 


dx^ 


, 1 /^d , d\ . dd> 

dy’ 

_ ^ 9 \ A 


Now since div A = 0 any theory that makes 

div F = 0 


will also make = 0, that is, will make ^ merely the static 
potential of the electric charges in the field We shall then have 

and the remainder of the analysis depends on the relation between 
G and F. 


291. Now we have seen that the total current G is composed of 
two parts : the first, an aethereal part, of density 

dt ’ 

* We are using MaxweU’s instantaneous vector potential 
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wlucli IS not convected, presumably because the aether does not 
participate m the motion of the matter, the second part depends 
on the material polarisation and is measured by its time rate of 
change ~ 


Again curl [Pv] = (vV) P — v (VP) 

and as far as concerns the two components under consideration 
this is the same as 

ap 

^ dx 

whilst P = €'F, 

where e == 1 -h c' is the dielectric constant of the medium* Thus 


G + c curl [Pv] = 




Now putting (f> null for purely transverse waves, which will be 
found to cause no discrepancy, we have 

^ “ c dt’ 

and thus keeping A as the more convenient independent variable 

2 ?? 

If the period of the waves propagated is - - all the functions may 

P 

be taken to depend on the time and position coordinates by the 
factor ^ 

where c' is the velocity of propagation, substituting this form we 

find that n ^21/ \2 

c2 ^ c 2 -j- (e — 1) (c' — vY, 

whence since vjc' is very small we have approximately 




* It IS to be understood that the constant here involved is that appropriate to 
rapidly alternating fields and is a function of the frequency of alternation 
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Tkus tke velocity of propagation of radiation in the moving medium 
IS increased from its value in tke same medium at rest by the 
amount , i s 

This result was formulated by Tresnelf long before the electro- 
magnetic theory had been formulated, and it has been experi- 
mentally verified first by Fizeau but much more accurately by 
Michelson and MorleyJ in connection with the propagation of hght 
in flowing water In the experiments water was made to flow in 
opposite directions through two parallel tubes placed side by side 
and closed at both ends by glass plates the two interfering beams 
of hght were passed through the tubes in such a manner that 
throughout their course one went with the water and the other 
against it. 


292 . These experiments provide the most decisive, as well as 
the most accurate, test of FresneTs hypothesis of a stagnant aether, 
on which the above theory has been based, and they defimtely 
exclude the more complicated hypothesis advanced by Stokes 
This is easily seen because if the motion of a piece of matter 
through the aether drags that medium with it, all that is contained 
in the flowing column of water in the experiments will share the 
translatory motion of flow the propagation of light in the water 
will then go on in its intenor in exactly the same manner as if it 

were at rest, so that its actual velocity in space will be § 

A further important point is also emphasised by the result 
obtained above It essentially involves not only the distinction 


between aethereal and material polarisation currents but also the 


distmction between the forces producing these currents, which is 


* For dispersing media this formula requires correction by the insertion m the 

bracket of a term Cf. Lorentz, Versuch e%mr TTieone, usw o 101 

>€ dp ^ 

t Pans a 33 (1851), p 349, Ann d Phys (1853), p 377 
X Afmr. Jour, of Sc 31 (1885) 

§ The whole question has however quite recently been re-opened by certain 
expenments by hldler in Amenca He has obtained positive results m a repetition 
of the Michelson-Morley experiment which point to there bemg a flow of aether 
caused by the earth’s motion 
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brouglit out in tlie general dyuanncal theory of tlie previous chapter. 
It was there shown that the force of electrodynamic origin which 
acts on the electrons and produces the true current of material 
displacement is the electromotive force F, whereas the force which 
strains the aether and produces the aethereal displacement current 
is the electric force, differing from the electromotive force F by 

the dynamical part - [vB], 
c 

The fundamental hypotheses on which the theory is based are 
therefore the only ones which are consistent with the results of 
experiments made especially with a view to testing them we must 
now follow the theory through into some of its more important 
consequences in order to see whether it is entirely sufficient or 
whether it still reqmres modification and amphfication Before 
proceeding at once to the optical theory it will however be con- 
vement to elaborate at the present stage a few further details of 
a question already dealt with at some length on a previous occasion 

293. The ponderomotive force which an electromagnetic field 
exerts on any interface separating a perfectly conducting or absorb- 
ing medium from the surrounding free space is determined mainly 
in the form of a traction per umt area 

T = J {2EE, + 2BB,, - (E^ + B^)}, 

ni being the umt vector along the normal to the surface 

The resultant force exerted by the field on any such body is 
obtained by integration of this surface force over the outer surface 
of the body. 

Now let us find how this surface force is altered when the body 
moves in a vacuum the above expression is then increased for 
momentum is taken up as a result of the motion If v is the velocity 
of the typical element df of the surface, the momentum picked up 
by the body on account of the motion of df is then 

^v„[EB]rf/ 

O 

It follows that the pressure per umt area on the moving surface is 
of the form 

T' = |eE„ + BB„ - I n (E* + B®) + ^ [EB]| . 
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We can transform tins into a more convenient form: to do tins we 
start from the identity 

V, [EB] + E, [B . V] + B, [vE] = (v . [EB]), 
so that we may write 

2T' = 2E'E„ + 2B'B„ - n -f B^ - ? (v . [EB])| , 
where we have written E' and B' for the vectors 

E' = E + ^ [vB], B' = B + ^ [E . v]. 

We may notice also that 

(EE') = E2-^(v.[EB]), (BB') = Ba-J(v [EB]), 

so that T' = |e'E„ + B'B„ - | ((EE') + (BB'))[ 

IS the general expression for the electromagnetic surface on a 
moving surface. 

If the problem concerns the pressure of radiation on a perfectly 
absorbing surface in motion, then E, B are simply the vectors of 
the field of the incident radiation, there being no reflexion But 
with a moving mirror things are different , here the reflexion takes 
place so that at all points of the surface the tangential components 
of the electromotive force (E') and the normal components of 
magnetic induction (B and therefore also of the vector B') must 
vanish*. Thus at the surface 

B, = 0, [nE']==0, 

so that 0=[E [E'n]] = E'E„ - n (EE') 

so that we have now 

T' = Jnj (EE' - BB') 

= J(E^-B2). 

Each of these two last formulae determine the surface forces 
exerted by the electromagnetic field on the moving nurror Since 
Hi is a unit vector parallel to the normal to the surface, T' is always 

* Provided of course the substance of the mirror is perfectly reflecting, so that 
there is no penetration 
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perpendicular to this surface The radiation pressure gives no 
tangential forces on the perfectly reflecting surface 

294. Now let us return to our purely optical considerations in 
moving media. 

The fundamental conception of optical science is the relation 
between the direction of the ray and that m which the radiant 
waves are travelling When the material medium is at rest in the 
aether, the ray, or the path of the radiant energy, is the same 
relative to the matter as to the aether In the circumstances of 
moving matter there are however two kinds of rays to be dis- 
tingmshed, one of them being the paths of the radiant energy with 
respect to the particles of the moving matter, the other the absolute 
path of the radiant energy in the stagnant aether, or as we may say 
in space As radiation is revealed to us wholly by its action on 
matter it is the former type of rays that is of objective importance. 

Let us suppose that a ray from a fixed source passes through a 
small opemng in a screen at 0* and 
after traversing the distance OF in 
the free aether arrives at P An 
observer situated at P and the screen 
at 0 may be supposed to have a 
common velocity v. The opemng 0 
has then arrived at the new position 
0' by the time that the radiation 
which passed through it at 0 has 
reached the observer at P and this 
"^observer, supposed ignorant of the 
motion, would regard O'P as the 
direction of the ray this is therefore the direction of the relative 
ray and it is parallel to the direction of the relative velocity of the 
actual hght and the observer 

c' = C — V 

Bradley explained by this simple construction the aberration of 
the starhght which arises from the yearly motion of the earth the 
periodic motion of the earth round the sun gives rise to a periodic 
change in the direction of the relative ray of light from a star and 

* For example the object glass of a telescope. 
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therefore also to yearly periodic change m the apparent position 
of the star 


295. This simple dej6nition of the relative ray can also be obtained^ 
by purely electromagnetic reasoning without introducing the con- 
ceptions of geometrical optics 

The absolute ray of hght is determined by the Poynting vector 
S = c [EB], 

and it gives the flux of energy per unit area through a small surface 
placed perpendicular to its direction If this surface be regarded 
as perfectly black, all the energy which is thus transferred is 
absorbed by the surface. 


The relative flux of energy per unit area through a small surface 
perpendicular to the direction denoted by n and moving with the 

,elooityv„ S.-K(E' + B-), 


the second term arising from the fact that the energy provided in 
the flux S IS partly used up in estabhshing the energy in the ray 
which gets longer and longer on account of the motion of the sur- 
face. Suppose now that the moving surface is perfectly absorbing, 
then we may regard the component of the relative ray in the 
direction perpendicular to this surface as defined by the amount of 
energy absorbed per umt time by the surface and transformed into 
heat Now only part of the energy which reaches the surface is 
thus transformed, the remamder bemg used up in doing mechamcal 
work as a radiation pressure on the siurface moreover the rate of 
working of this latter force per unit area is 

- I |2E„ (vE) + 2B„ (vB) - v„ (E® + B*) + (v . [EB]) J , 

so that the component of the relative ray perpendicular to the 
direction of the surface is determined by 

S„ + |e„ (vE) + B„ (vB) - v„ (Ei“ + B*) + (v . [EB])|, 

which may be regarded as the component in the same direction of 
the vector 

S' = S + |e (vE) + B (vB) - V (E® + B*) + ^ (v [EB])|, 
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which determines the relative ray vector. If we write 
E' = E + i[vB], B' = B-i[vE]. 
then we see that 
[E'B'] = [EB] - i [E . [vE]] - i [B [vB]] + J [[vE] . [vB]], 

and [E [vE]] = vE^ - E (vE), 

[B [vB]] = vB2 - B (vB), 

[[vE] . [vB]] = V ([vE], B)-B([vE] v) 

= V (V . [EB]), 

SO that finally S' = c [E'B'], 

which IS the simplest form of the general expression of the relative 
ray vector its component in any direction determines the amount 
of heat developed per unit time per umt area m a perfectly absorb- 
ing surface moving with the appropriate velocity and placed per- 
pendicular to this direction 

It remains to show that for plane waves this defimtion of the 
relative ray direction agrees with the elementary rule given in the 
earher part of the paragraph 

For a plane polarised wave tram the absolute vector velocity c 
of propagation, and the vectors of electric and magnetic force 
intensities are mutually perpendicular to one another and since 
the intensities of these forces are equal to one another we have 



B = - [cE], E = 
0 

>0] 

Thus 

E' = - [Be'], B' 

c 


so that 

S'=c.^[[Bc'] 

[c'E]] 


= c ^(c' [EB]) 





so that S' IS parallel to the relative velocity of the light to the 
receiving surface ■ the elementary rule for the construction of the 
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path IS therefore completely in accordance with the electromagnetic 
theory of these things. 

296. These considerations are confined to cases where the source 
of light is at rest in the aether and they therefore only apply to 
such problems as the aberration of hght from fixed stars We have 
next to enquire whether the motion of a system has any infiuence 
on optical phenomena taking place inside it. Such a question is 
of practical importance in considerations respecting the efiect of 
the motion of the earth on optical phenomena taking place on its 
surface Can we determine the motion of the earth by optical 
measurements in a laboratory ^ Let us imagine that at the time 
^ = 0 a hght signal is emitted from the point 0 At the instant t 
it will have arrived at P, the absolute direction of its path bemg 
OP, which we can denote by the vector r In the interval thus 
occupied by the actual radiation in travelhng from 0 to P the source 
of hght wiU have moved to 0' with the velocity v of the system to 
which it and the observer at P belong. The radius O'P in the vector 
sense is given by r' = r - vt, 

and of course r = c^, 

so that r' = (c — v) - = ^ c', r = | r | 

Thus the observed direction of the ray is identical with the actual 
direction of the hne joimng the 
instantaneous positions of source 
and observer. Thus in a uni- 
formly moving system the source 
of hght is seen ]ust where it 
happens to be at the instant. 

The common motion of source 
and observer cannot therefore 
be detected by an observation of 
the direction of the relative ray. 

We might however still hope to 
detect this motion by a measure- 
ment of the length of the path of 
the ray, for the surface through 
P of constant absolute light dis- 
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tances is a sphere of centre 0 and the point 0' from which the 
relative ray starts lies eccentric to this sphere, so that given 
lengths r of the absolute light path would correspond to difierent 
lengths ? ' of the relative hght path O'P depending on its direction. 
Now we see from the figure as given 

+ ^'2 + 2^7 7' cos j/r, 

where 8 is used for ]ust as before so that again using — 1 — 
c 

B}' QO^rfj / 

/C V K“ 

If now we choose moving axes with origin at P and the a;-axis in 
the direction of motion of the observer and source we can write 




where (x\ y\ z') are the coordinates of O' this relation determines 
the absolute length of the path in terms of the relative coordinates 
of source and observer 


Now let us compare with this moving system a stationary system 
obtained from it by a umform expansion in the ratio 1 k parallel 
to the direction of motion, i e the cc-axis. The analytical trans- 
formation IS expressed by the relations 

, , f , r 

V 2/0 = 2:0 =2^ > 


giving the coordinates of the point P^ corresponding to P' If we 
then k7 = ^ 0 ^ + 

The coordinates of the absolute effective position of the source in 
the moving system relative to P are therefore connected with the 
coordinates of the relative position in the stationary system by the 
relations = a; - y, zo' = z, 

and we have also = r — 

Kx = Xo' + y = y^, % = 


297 Let us now examine the question as to whether a measure- 
ment of the length of the relative hght path by an observer moving 
L 24 
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witlL tlie system will enable a determination of the motion of the 
system to be made The method is to send two parts of the same 
beam along difierent paths and then umte them and detemnne by 
an interference method whether the one has had to traverse a longer 
path Suppose that light is sent along the relative path O'P and 
then reflected back by a mirror to O' The length of the absolute 
path of the incident beam is 

- 1 - 

and that of the reflected beam is 
the sum of the two being 

^1 + ^2 = 2k-^7q' 

Now draw a sphere round O' as centre and of radius r' For any 
point P on this sphere the path O'PO' would be the same if the 
system were at rest, but when it is in motion this is by no means 
the case In this case the absolute path is determined not by the 
relative radius in S but by the corresponding length in the 
expanded system Sq , ^ 


whilst 


i + z'^ 


Thus a given total relative path corresponds to diflerent lengths of 
the absolute path If the relative path is parallel to the direction 
of motion 7-'2 


= 


so that 


^ 2 ?' 
+ ^2 = 


whilst if the relative path is perpendicular to the direction of 
motion 7 q 7', 

9 ' 

and H- — 

" K 

Thus with equal relative paths the ratio of the absolute light paths 
m the two cases is 1 k greater in the first than m the second The 
diflerence of the hght paths is then Al when 

if we neglect higher powers of 
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This difference in length of the absolute light paths fox a beam 
propagated over a given length in a moving system parallel and 
perpendicular to the motion was first noticed by Maxwell It 
formed the object of investigation in a now famous experiment 
conducted by Michelson and Morley®^ with a view to determinmgthe 
motion of the earth Two pencils of hght coming from the same source 
are br ought to inf erenceaf ter traversmg perpendicular paths of equal 
length, the one perpendicular to the direction of motion of the earth 
and the other parallel to it. Although the precision attamed in the 
measurements was such that a difference equal to of that ex- 
pected would have been observed and measured, no difference what- 
ever was observed at all which was not within the very close hmits 
of experimental error The conclusion must therefore be drawn that 
no effect of the kind mentioned can be experimentally detected 

298 Thus if we retain the view tacitly assumed throughout that 
the dimensions of a body are unaltered by imparting a uniform 
motion to it, the theory as we have expounded it is inconsistent 
with experience In order however to surmount this di£6.culty it is 
suggested by Fitzgeraldf and LorentzJ that we make the further 
not unnatural assumption that the dimensions of a body m motion 
are altered in such a way that its diameter parallel to the direction 
of motion are contracted in the corresponding ratio 

« lor(l-i^y ]. 

This of course disposes of the difficulty of the Michelson-Morley 
experiment for it throws the points in the stationary system Sq 
which correspond to loci of constant relative paths round O' on 
to a sphere, and constant relative paths then correspond to constant 
absolute paths 

However extraordinary this hypothesis may appear at first sight, 
it must be a dmi tted that it is by no means gratuitous, if we assume 
that the intermolecular forces act through the mediation of the 
aether in a manner similar to that which we know to be the case 
in regard to electric and magnetic forces If that is so, the trans- 

* Phil Mag Dec 1887 Cf also Morley and Miller, PA iZ iWagf. 9 (1905). 

t Cf. Lodge, Phil Tranks 184 A (1893), p 727 

t “Versuch einer Tlieone der elektnschen u optischen Erschemungen in be- 
wegten Korpen,” Leiden (1895) 


24-2 
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lation of the matter will most likely alter the action between two 
molecules or atoms in a manner similar to that in which it alters 
the attraction or repulsion between electrically charged particles 
As then the form and dimensions of a sohd body are determined 
in the last resort solely by the intensity of the molecular forces, an 
alteration of the dimensions cannot well be left out of consideration. 

In its theoretical aspect there is thus nothing to be urged against 
the hypothesis. As regards its experimental aspect we at once 
notice that the elongation or contraction which it implies is extra- 
ordinarily nunute It would involve a shortemng in the diameter 
of the earth of about 6^ centimetres. The only experimental ar- 
rangements m which it could come into evidence would be ]ust of 
the type of this one of Michelson’s which first suggested it*. 

299. The Lorentz transformation of the electromagnetic 
equations. Before finally closing this work reference must be 
made to a fundamental property of the electromagnetic equations 
which is^of great importance in the discussions relating to the con- 
ditions in moving electrical systems and which coordinates in one 
principle many of the properties of these systems treated separately 
above. We shall simphfy our discussion by assuming that the whole 
electrodynamic properties of matter can be explained on the basis 
of a stationary aether and electrons, and we shall so far substantiate 
these latter elements as to assume that they are extremely small 
but finite entities consisting essentially and solely of electricity 
distributed with a finite volume density throughout their small 
extent, where the fundamental equations are also presumed to 
hold. In this case the only constituents of the complete current of 
the theory are its purely aethereal part 

dt 

and a part due to the convection of the electrons which, at any 
place, is of density 

p being the density of the charge in the point of the electron passing 
over it, 

* Miller has published quite recently brief details of certain results obtained in 
repetitions of these expenments at low and at high altitudes While he confirms 
JUichelson’s result at the low altitudes he obtains definite positive results at high 
altitudes, but the significance of these is not yet very clear 
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The equations of the theory referred to a frame of reference 

fixed m the aether thus assume the form 

, _ 1 dE 

curl B = - + pu, 


c dt ' 

IcZB 

curl E = rr- 

c dt 

with div E = /), div B = 0 

It IS now at least of philosophical interest to determine how the 
electrical phenomena in such a system would behave to an observer 
moving umformly relative to the fixed frame of reference with the 
velocity Vy which we may, for simplicity, take to be parallel to the 
cz;-axis of the fixed coordinate system The first step naturally will 
be to take a set of axes moving with the observer, but parallel to 
the old ones When this is done the equations lose their original 
simplicity , but it is found that the original form can be recovered 
by a shght modification of the variables* 


We write ■- 


and then put 
c 


»!' = -(»- y' = y, 

and then if ^ is any function of (x, y, z, t) 


^-1 (A _ lA 


V dp\ 

^Wj’ 

V9«' 


Sy~ By” 


Thus in terms of the new variables the fundamental equations of 
Ampere assume the form 

— jL. ^ 

c V. df dx' J '' c dy" dz' 

c dx'} c ~ dz' \dx' dt' J 

1 

c \dt' dx' ) c dt' j dy' 


* Cf Lorentz, “Versuch. einer Theone der elektnschen u optischen Erschein- 
ungen,” etc , Larmor, Aether and Matter, chaps x and xi, Lorentz, Amsterdam 
Proc (1904), p 809, Einstein, Phys 17 (1905) 
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The second and third of these can be written m the form 



1 aE/ pu„ 

SH/ 

CD 


c dt’ c 

dz' 

■ dx' ’ 


1 dE/ pTi* 
c dt' ^ c 

an/ 

dx' 

dS^' 
dy' ’ 

e; 



k-i(e. 

h; 

-,-(h,+Se.), 




These last equations are equivalent to 

E, = K-i (e; + 3 h,') , E, = /c-1 (e; - ^ h;) , 

H, = K-i (h/ - 1 E/) , H, = /c-1 (h,' + 3 E/ ) 

If now we substitute these values in the first equation and use also 
E,' = E,, H/ = H„ 

it becomes 

4. ^ _ .-1 9H/N 

'c 1 dt' ^ dy' ^ a/jl c ~ \W' 9*' / 

while the equation div E = p 

becomes under similar circumstances 


/9E/ 

vdE/\ , , 

/dE/ 

. « 9H,'\ , / 

[dx' ■ 

0 ^ dt' 

[dy’ 



r 

V 

Multiplying this by - and adding it to the first equation and 
c 

remembenng that 2 _ n 


we get 


1 (9E,' ^ p 


an,' an/ 


c { dt’ ^ K “ dy' dz' 

dx' dy' dzf ~ 


and also 



300, 301] THE LOREHTZ TRANSEORMATION 375 


301. On treating Faraday’s equations in the same way we find 
that they are equivalent to 

c dt' dy' dz' ’ 

1 an/ ^ 8E/ dB/ 

c dt' dz' dx' ’ 

_ 1 an/ ^ as/ diij 

c dt' dx' dy' ’ 


together with the conditional equation 

an/ an; an/ 

dx' ^ dy' dz' 


0 . 


Thus finally if we write 


u ' = 


Ua; ~ ^ 

1 _ ^ 
C 


u ' = 


KUy dy' 
c 



the original form of the equations is completely restored 

Moreover since the determinant of the transformation is unity 
and the transformation itself is an orthogonal one, we must have 

dx'dy'dz'dt' == dxdydzdt 
so that also p'dx'dy'dz' = pdxdydz 

or the charges in corresponding elements of volume in the two 
systems are the same 

Thus if we transform any electrical system S in the manner 
specified above into another system S' in such a way that the 
charges in corresponding volume elements in the two systems are 
the same, the electromagnetic equations defining the sequence of 
events in the system remain unaltered, so long as the vectors E', 
H' in S' correspond respectively to the vectors E, H in S* 
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302. According to the transformation as a mere geometrical 
correspondence, the length of a hne in the direction of the axis of 
X, measured in the coordinates y\ z'), is greater than its length 
measured in the coordinates {x, y, z) in the ratio 1 k Thus the 
Fitzgerald-Lorentz hypothesis of the reduction in the dimensions 
of a body when it moves relatively to an observer is reduced by 
this geometrical transformation to the assumption that in the 
variables associated with it the shape of the body is unaltered 

A similar result holds as regards the time Suppose we have a 
clock moving with the origin of the {x\ y', z') system of coordinates 
then a?' = 0 and x = vt Thus if are the times of two con- 

secutive events as recorded on the moving clock and the times 
for the same events as registered m the fixed system, then 

K~'^ = ^2 — 

We may for instance take to represent the two consecutive 
hour strokes of the clock It is then clear from the equation above 
that the moving clock as observed from the fixed system will appear 
to have its periodic time increased in the ratio 1 . k. The frequency 
will be decreased in the inverse ratio 

303 Let us* now imagine an observer, whom we shall call A 
and to whom we shall assign a fixed position in the aether, to be 
engaged in the study of the phenomena in the stationary electro- 
magnetic system S We shall suppose him to be provided with a 
measuring rod and a clock By these means he will be able to deter- 
mme the coordinates {x, y, z) of any point and the time t for any 
instant, and by studying the electromagnetic field as it mamfests 
itself to him at difierent places he will be led to the introduction 
of the vectors E and H and the fundamental equations connecting 
them 

Let A' be a second observer, whose task it is to examine the 
phenomena in the system and who himself also moves through 
the aether with the velocity v, without being aware of his motion 
or that of the system S' Let this observer also be provided with 
a similar measuring rod, which will however be contracted on 
account of its possessing the motion v, and a clock working properly 
to his time. If this observer study the electromagnetic phenomena 

* Cf Lorentz, Theory of Electrons, ch v 
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in tlie system S' lie will introduce the vectors E', H' and find that 
they are connected by exactly the same equations as were the 
vectors used by the observer A in the stationary system 

Thus if both A and A' were to keep a record of their observations 
and the conclusions they draw from them, these records would, on 
comparison, be found to be identical In other words neither 
observer can detect, by an examination of circumstances in his own 
system, whether he is in motion or at rest 

304 Thus far it has been the task of each observer to exanune 
the conditions in his own system Let us now suppose that each 
observer is able to see the system to which the other belongs and 
to study the phenomena in it The observer A, in studying the 
electromagnetic field in 5', will be led to introduce the new variables 
x' , y', z', t' , E', H', etc , and so will establish our relative equations 
which are exactly those deduced directly by A' On the other hand 
A'^ in stud3n.ng the field of S, would introduce new variables 
{x, y, z, t) defined by the reversed relations (the v to him is now 
negative) and eventually he would deduce the original equations 
found by A 

Thus the impressions received by the two observers in examining 
their own or any other electromagnetic system would be exactly 
identical, so that in reahty neither could be sure of his own or the 
other’s state of motion all that they know is that their relativity 
velocity IS v We conclude that if the transformation mathematically 
defined above has any truth in fact then no measurements of 
electromagnetic conditions will ever enable anyone to determine 
whether he is in motion or not, except relatively to other bodies 
The idea of absolute motion, frequently employed in our discussions, 
thus proves to be immaterial to our physical theories 

The conclusion just stated can hardly be avoided on purely 
philosophical grounds, and if it is granted as intuitive then a suffi- 
cient scientific reason is provided for the general vahdity of the 
transformation on which it was based In fact Einstein*, starting 
from the philosophical principle that absolute motion is physically 
indeterminate, derives the transformation by purely mathematical 
considerations. As a consequence of the principle he assumes that 


Ann, d Phys 17 (1905) 
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tlie velocity of propagation of liglit m any direction referred to 
any axes must be the same and then proceeds to determine what 
amount of arbitrariness in the space and time variables is con- 
sistent with this assumption If the changes between the variables 
from the fixed to a moving system is hnear and such that a point 
at rest in the fixed system corresponds to a point moving with a 
uniform velocity v parallel to the direction of the a;-axis in the 
other, then we are hmited to transformations of the type 
x' I (x — vt), y' — ly, z' = Iz, 
f — ax ^y + yz + St 
The analytical criterion is that the equation 

dx^ -f dy^ -}- dz^ — c^dt^ = 0 
must lead to the equation 

dx'^ dy'^ + d/2 - c^dt'^ = 0 

and it is easy to verify that the only forms of the above trans- 
formation are those in which 

In) 

« = i8 = y = o, s = 

The transformation thus only difiers from that adopted above by 
the presence of the arbitrary constant factor I, this can however 
easily be reduced to unity by a proper choice of umts 


305 The four-dimensional symmetry of the electro- 
magnetic equations. In the discussions of the various points 
raised in the previous paragraph an even more remarkable property 
of the electromagnetic equations has appeared They appear to 
possess almost perfect symmetry with respect to the four variables 
of space and time, a conclusion which is not without its physical 
sigmficance. 


To obtain the symmetry in its most obvious form it is necessary 
to introduce an entirely new notation in the equations, adopting 
therein the conventions of four-dimensional algebraic geometry. 
We use (a^, x^, x^) for the space coordmates {x, y, z) and in place 
of the time variable, but with the imaginary factor ^c (t « V — 1) , 


thus we write 


^ = y = x^, z=x^, tct^x^. 
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Vectors in fonr-dimensional space may be of two kinds, if they 
are of the nature of and can be represented by a line they will be 
sufficiently defined by tbeir four components, the projections of 
this line on the coordinate axes There is however a second type of 
vector — called a s%x-vectof — ^which is of the nature of a surface 
element, the typical example is the parallelogram formed with the 
two line elements (fci, dx^, dx^, dx^ and (Sa:i, 80:4) drawn 

from any point as adjacent sides which has the six-components 
— ^the projections of the area on the six coordinate planes — 
which are 

{dx^Bx^ — Bx^dx^y dx^Bx^ — Bx^dx^^ dx^Bx^ — Bx^dx^^ 

dx-^Bx^ — Bx-^dx^, dx^Bx^ — Bx^dx^, dx^Bx^^ — Bx^dx^ 

We now define the fundamental force- vector F of the theory by 
its six-components (^23, ^12, ^’41, F^, F^) which are related 

to the electric and magnetic force intensities by the following 
eo nations p j? \ /"d "d u \ 

(if 23? I' 31? -^12) ("ar? ^zjs 

41 J -^42 ? -^43) “ ^ (^a? ? ^y? ^s) 

The associated components of the vector are such that 
F^,^-Fsr, 

the former is a general property characteristic of six- vectors 

With these conventions the equations of Faraday which in their 

ordinary form are ^ 

curl E = — B 
c 

with the characteristic equation for B 

divB = 0 


are then 


^-^23 , ^-^34 , ^-^42 _ 0 

0a?4 dx2 dx^ ' 

^■^34 , ^-^41 , ^-^13 _ 0 

dxi dx^ 8x4 

^^12 ^ ^-^24 _ 0 

8X4 8X4 8X2 ' 

^^12 , ^-^23 , ^-^31 _ 0 

8X2 8X4 8X2 


Further if we introduce a four- vector s defined by its components 


h = = 53 = pVg, S4 = ^p, 
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tlien the Amperean equations, m the simple form to which we have 
restricted ourselves in this chapter, become simply 

^ 

dx^ 3% ^ ’ 

dx2 35Ci 

^-^34 , 31 , ^-^32 _ « 

0CC4 0a?i dx^ 

^-^41 I ^-^42 , ^-^43 _ „ 

dx-i^ dx2 dxs 

the last equation being the appropriate form of the associated 
equation divE^p 

306 The equations here given in their four-dimensional form 
can also be written in an integral form corresponding to Gauss’s 
surface integral theorem in electrostatics There is in fact a four- 
dimensional analogue of Green’s lemma which, if P is any six 
vector, takes the form 

wherein the former integral is taken over the bounding surface / 
— of which the typical element has components — of the three- 
dimensional volume V which has the four components dVj^i In 
each case the S denotes a sum over all possible values (1, 2, 3, 4) 
of the different indices underneath it 

In this way we see that the two sets of electromagnetic equations 
are the differential equivalents of the integral equations 

[ i:s,dv,u 

•J f tfk 'v % 

and [ 2 F,idfj^ = 0 

These integral properties have been apphed by Whittaker to extend 
the notion of tubes of force — ^he calls the four-dimensional ones 
calamoids The geometrical idea of such tubes in four dimensions 
is not only possible but it appears that the tubes have fundamental 
physical properties which are the analogues of the simpler displace- 
ment properties of tubes in static fields 
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The lateral surfaces of the tubes are surfaces satisfying the 
equations 

S ^ F = 0 , (I, m =7^ % k) 

%, k i, k, I, m 

but the ends may be chosen in two different ways. We may either 
take df^j^ = XF^j^, wherein A is defined by the relation 
dp = A2 S F,j,^ = A2 (E2 - B2), 

%,k 

or we may take dp = XFi^, wherein A has the same value if 
dfi^ the same in both cases In the first case the integral theorems 
are eqmvalent to the statements that 

(i) ^ constant along a tube, 

and (li) (B^ — E^)- tf/is equal to the total amount of s inside. 

In the second case the conclusions are similar but the fundamental 
quantities involved are interchanged 

307, This IS however by no means the end of these symmetrical 
relations, for it can be shown that every fundamental equation of 
the theory has its symmetrical form Let us introduce the four- 
vector which IS related to the scalar and vector potentials by the 
equations ^ 3 ) = (A,, A,, A,). 

Then the six equations 

B = curl A, E = - ~ - V ,;6 
c dt ^ 

connecting the electric and magnetic force with these potentials 
appear as members of a set of six symmetrical equations of type 

dXj_ dxi 

The potential in this theory is an auxihary mathematical function 
without direct physical sigmficance It is m fact, Kke the scalar 
and vector potentials from which it is derived, not completely 
defined in the mathematical sense for if is a solution of the above 
equations then so also is 

+ g *=1,2,3.4, 

where ijj is any scalar fimction of the four variables x^. To obtain 
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tlie specific functions called the retarded potentials we restrict cj) 
and A so that they satisfy the equation 

which in our notation is simply 

S ^‘ = 0 

The characteristic equations satisfied by the component potentials 
are then simply 


y 


* = 1, 2, 3, 4, 


of which the solutions are also symmetrical in the four variables 


308. The dynamical equations also possess their appropriate 
symmetry The force per umt volume on a charge distribution of 
density p moving with velocity v is given by the formula 

F = />(e + ^[vB]) 

The three components of this force are obviously the first three 
components of the composite four- vector 

1, 2, 3 A 

k 

The fourth component of this same vector also has a physical 
sigmficance for it is 

C/ 

so that it measures the rate at which the electrodynamic forces are 
domg work. 

The equations of motion (cf p. 354) of a typical charge nucleus 
(electron) with charge q and momentum 


are 


Mg = wv = 





Let us now introduce ds as the real four-dimensional element of 
the path of the electron which is defined so that 
ds^ — c^dt^ — dx^ — dy^ — dz^ 

— — {dx^ -f dx^ -h dx^^ -f- dx^), 
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The components of the momentum mv are the three quantities 
Mq /dxi dx^ dx^\ __ /dx^ dx^ dx^ 

Vl — \dt' dt' dt)’^ c \ds' ds ' ds ) ’ 

so that the equations of motion are the three equations 

= ^=1.2,3, 

wherein are the components of the vector 

The fourth symmetrical equation of this set is then simply 

ds^ “ (1 - | 82 )- 
which in the older notation is 

the equation of energy, that is if we define the quantity in the 
bracket as the kinetic energy of the moving charge, or at least to 
an additive constant 

309 The new defimtion for the kinetic energy of a mo\ung 
charge whose mass is 


‘^0 j„2 —n 




shows that it is equal to 


■ 

Tor small values of v (or j8) this is approximately equal to 
T = + (a 4- WqC^), 

so that if a = — that is if 




then the defimtion is not inconsistent with the ordinary defimtion 
for the small velocities which m practice are alone reahsed 
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Furtker in terms of the mass we have 


T = mc^ — = (m — mo) 

so that the kinetic energy of the moving electron is simply pro- 
portional to the excess of its mass over the purely static mass of 
the charge 

The proportionahty between mass and energy obtained in this 
result has been accepted as a fundamental physical fact and all 
types of energy are now presumed to be associated with a pro- 
portional amount of mass. It is of course imphed, as regards the 
electromagnetic energies, in the similarity in the vectors deter- 
mimxLg the momentum of the field on the one hand and the energy 
flux throughout it on the other, as the following analysis of a 
special case will show. 


"We have seen that when radiant energy, the only type which is 
not properly associated with a nuclear charge, falls on and is 
absorbed by a surface it exerts on that surface a force in the 
direction of propagation and equal to 


c dt^ 


0 being the velocity of radiation and dWjdt the rate of absorption 
of energy by the surface This formula can be written in the form 

Thus the quantity dW of radiant energy when absorbed by the 
body imparts to it an amount of momentum equal to Fdt which in 
this case is equal to /dW\ 

V"c^/ ^ 


Thus the associated momentum is the same as if the energy (which 
travels with velocity c) had a mass 


m = 


dW 

c2 ’ 


which is the same result as above. 


310 The dynamical equations of the previous paragraph are 
special cases of the general momentum and energy equations. We 
first assume these equations in the form m which they involve the 
Maxwellian stress and the Poynting vector for the flux of energy. 



385 


309, 310] THE FOXJR-DIMEHSIOKAL EQUATIONS 


Tlie general stress-tensor of Maxwell may in our notation be 
expressed by its six components 

T,, = (E,E, - iE^S^O + (B.B;, - {z, = 1, 2, 3), 

where 8^* is such that 8^;^. = 1 if ^ ^ 

== 0 if ^ 

The vector of momentum per umt volume in the field is given by 
G=is S=c[EB] 

The force per umt volume comprised m the field is then 


„ 3 ay 

F= S jt 

i=,i oXj^ dt 

and the energy equation is 


(^^ = 1, 2. 3), 


-^ + divS=-(Fv), 

where IF = J (E^ + B^) 

Now consider the six- vector 

^iii^ S S Frs^h^K- 

r => 1 r, s = 1 

Obviously {% ^ = 1, 2, 3). 

Further >824, B^ 

are the components of the vector 

- S = zcG, 

G 


whilst AS44 = — IF 

That IS the six space components of the tensor S are the Maxwell 
stress components, the three space time components are pro- 
portional to the components of the Poynting vector or its equiva- 
lent, the momentum* density, and the time component is the energy 
density The equations of energy and momentum, four in number, 
are then simply the members of the one symmetrical set 

(* = 1.2, 3, 4), 

wherein F^ is the vector S 

ft 

introduced above 

The vector B is called the stress-energy tensor. 


L 


35 
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311 . The alternative forms of the theory in which different forms 
for TF, the energy density, and 8, the flux vector, are employed are 
also susceptible of similar treatment. In fact it is obvious from the 
relations by which these quantities are defined that the most 
general possible expressions for these quantities are of the form 

W=-S^-2Y^, + x8u+0, 






dx,dx^ 

(S», S„, Sj) = c® (Gj., Gj, Gj) 


+ X Sji, 

a / a a a 


where S^j. has the specific value imphed above, T is any scalar 
function of the four variables % , , iCg and , and x is defined so that 



The arbitrary constant C is inserted m IF to ensure that this 
quantity never becomes negative 


It IS also possible to express m this manner the more general 
results which include an account of the dielectric and magnetic 
properties of the general continuous field, but it is hardly necessary 
to dwell any further on such extensions 


312. Finally the connection of the electromagnetic equations 
with the Principal of Least Action also has its four-dimensional 
equivalent form 

Apart from the intrinsic term depending on the structure of the 
nuclei the action integral after the introduction of the undetermined 
multipliers is, in our notation, 

where dV = dx^dx^dx^dx^h the element of four-dimensional volume 

= Vy, v^), = 

the summations in these last equations being taken per unit volume 
over the nuclei. 
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We can introduce the intrinsic terms in the integral either in the 
previous way by inserting a generahsed Lagrangian function de- 
pending on the nuclei and leaving its determination to the subse- 
quent analysis, or we can accept the conclusions of the previous 
detailed analysis for the single electron and take for each one a 
term , . 

L = ma(l- ^)i i8=^ 

Thus this part of the function is now 

S Jzdt^z Jwo (1 - /3^)i dt = E ^ J ds, 

and IS also symmetrical in the four variables. 

The form of the last result for the part of the Lagrangian function 
depending on the nuclei seems to suggest a purely geometrical 
interpretation for the whole problem The general action integral 
has to be stationary for variations which leave the four- dimensional 
paths of the separate particles unaltered And when we further 
reahse that the conditions for a stationary value of an integral of 
this type are simply the conditions that the value of the integral 
itself should be invariant for a differential change of variables, we 
may be tempted further towards the geometncal and away from 
the dynamical sigmficance of the whole theory. However, we must 
not impart too great importance to the geometrical as distinct 
from the physical form of the theory It is of course not surprising 
that the purely geometrical interpretation of the relations of the 
theory is possible , it would rather have been surprising if it were 
otherwise, for all the equations have been interpreted in terms of 
vectors, which are defined so that they can be represented in magm- 
tude and direction (but not in physical sigmficance) by geometrical 
elements 

Whatever interpretation we place on the relations of our theory 
however we see that the whole of our equations are expressible m 
a form which involves the four mdependent variables of space and 
time in a perfectly symmetrical manner. This conclusion taken in 
conjunction with the results of the previous section is usually 
interpreted as implying that there is m reality no fundamental 
distinction between the two types of variables; but in this con- 
nection it IS as well to remember that mere analytical or geometrical 


25-2 
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eqTiivaleiice of tlie measiires of time and distance is not necessarily 
all that we are concerned with, the numerical measures must 
always have dimensions associated with them. 

Finally we must notice a further question raised by these dis- 
cussions as to the reahty of the aether, or indeed of any of the more 
substantial bases of the foregoing theory. Since the form of our 
equations is precisely the same whether they are referred to fixed 
or moving axes, we can draw no conclusion from such form — or m 
fact from any phenomena described by them — as to whether we 
ourselves are moving relatively to the aether or not. But if motion 
of the aether relative to matter has no influence on physical pheno- 
mena connected with that matter, is it hkely that there can be 
other characteristics of such an aether which insist on being taken 
more seriously^ 

Further, it is impossible to determine the absolute motion of any 
body — ^that is, in this theory, its motion relative to the aether — 
and therefore we cannot know its correct normal mass or even its 
normal dimensions , and when two bodies are in relative motion we 
have the curious paradox that each is contracted when viewed 
from a frame of reference on the other We must not however 
pretend to be capable of getting outside of our own scheme of these 
things in order to view them from an independent angle. All 
observations of physical theory, and more particularly our descrip- 
tions of them, are made in terms of ordinary matter with which we 
are all now famihar, and our theories — that is our correlations of 
facts — necessarily have this relative sigmficance, and they can have 
no other. As necessity demands we extend and shift our frame of 
reference and alter our measuring instruments, but they remain 
in essence material It is in fact quite impossible for us to attempt 
to examine space, for example, apart from its material content, 
fox we have no sense which is capable of perceiving it. We may 
fit on to any distribution of matter any theoretically possible kind 
of space, be it curved or flat, that we may hke, but we must not 
pretend that it is anything more than a mere fiction of the imagina- 
tion And so it IS with our aether. All that we really recogmse in 
this and in other theories are the different related performances of 
pieces of matter, and we can only describe them in relation to a 
material framework (real or imaginary) plotted out with material 
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rulers. Wliat happens in the space between (space is that something 
which can be occupied by matter) we do not and cannot know. 
But in order to simplify our description of the observed relations 
it is convenient and helpful to imagine the aether existing through- 
out our framework and behaving in the requisite manner, and our 
description is to a certain extent saved by the fact, which we have 
frequently emphasised, that no special constitution is essential for 
the development of the ideas. 

If a stage is reached in our mental development when we can all 
think clearly in terms of four-dimensional tensors and the complex 
differential equations associated with them, we may be in a position 
to dispense with our present material aids to description; but we 
shall merely replace them by others which we shall then consider 
more suitable and appropriate. 
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ON THE MECHANISM OF MAGNETIC INDUCTION 

313 Paramagnetism and diamagnetism. The theory of 
induced magnetism developed above is based largely on a linear 
relation between the induced polarisation intensity I and the 
mducing magnetic force B which in isotropic media is of the form 

1 = = fM)B 

If the susceptibihty /x' is positive then the permeabihty /x < 1 and 
the magnetisation has the same sign as the magnetising force, that 
IS, it IS m the same direction If however fi' is negative the per- 
meabihty IS greater than umty and the two are in opposite direc- 
tions. In practice both cases occur Those substances for which 
/x' is positive are called 'paramagnetic substances, whilst those for 
which p! is negative are called diamagnetic substances. 

In all diamagnetic substances p is very small it is largest in 
Bismuth where however it only amounts to 2 5 x 10~^ In para- 
magnetic substances it is always equally small except in the sub- 
stances of the iron group, which form a special magnetic group of 
their own known as fenomagnetic substances, the typical ones 
bemg Iron, Nickel and Cobalt 

In general then we may say that the above theory with the linear 
relation is apphcable under aU circumstances except when ferro- 
magnetic substances are present in the field. 

The distinction between paramagnetic and diamagnetic mag- 
netism is fundamental in this theory, because the two phenomena 
wherever they occur vary m quite a different manner with changing 
physical conditions of the body. The diamagnetic coefficient is 
apparently nearly independent of the temperature and of changes 
m the chemical state of the material. On the other hand in all 
feebly paramagnetic bodies the coefficient \i! of magnetisation 
vanes inversely as the absolute temperature (^) with a degree of 
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accuracy which tends to perfection at high temperatures This 
simple law, first formulated by Curie, may be written in the symbohc 


form 


= const , 


and its accuracy has been confirmed by recent investigation for 
certain substances down to the lowest attainable temperatures. 
There are however certain substances whose behaviour does not 
conform to the rule, some of these appear to obey a law of the form 


fji' + k) = const , 

where k is constant. 


Curie himself drew the obvious inference from this physical 
difierence Diamagnetism is an afiair of the internal constitution 
of the molecules, having only shght relation to their bodily motions 
on which the temperature depends On the other hand paramag- 
netism IS an afiair of orientation of the molecules in space without 
change of internal conformation, so that alteration of the mean 
state of translational motion is involved in it and we should expect 
a temperature effect 


314 We can illustrate the point of view in more detail by the 
analysis for the simple case of a gaseous medium If we assume 
that the molecules of the gas are small charged particles possessing 
rotatory degrees of freedom, we can imagine that the revolving of 
the charge elements provides the current whirls which are — on 
Ampere’s hypothesis — eqmvalent to the magnetism observed, and 
then we can get the temperature effect by imagimng that the motions 
in the rotatory degrees of freedom are in thermodynamic equihbnum 
with the ordinary to and fro motions of the molecules We assume 
that the rotation of a molecule about an axis with angular momen- 
tum M IS equivalent to a magnetic moment along that axis equal 
to [JlM 

If then we assume an axis of symmetry and use the Eulerian 
coordinates (d, <j>, ijj) for the axes of principal inertia with corre- 
sponding moments A, A, 0, the kinetic energy of the rotatory 
motions, which are dynamically independent of the translatory 
motions, IS of the form 

T = J [A (<92 + sm® -{- 0 -f ^ cos Of I 
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In addition there is the magnetic potential energy whicli, if the 
applied magnetic force intensity B is along the polar axes of the 
coordinates, is 

— /xjB [^<56 sin^ d C cos d <f> cos 6)], 
the term in the square brackets representing the component of the 
resultant momentum in the direction of B. 


The difficulty of the present method is m the apphcation of the 
statistical method According to the general theory the distribu- 
tion function defimng the number of molecules with their coordi- 
nates 6, </>, ip and velocities (or momenta) 6, <p^ yjr in the usual 
differential range of these variables is of the form but the 

JE in this expression, which represents the total energy of the 
system, is not necessarily the sum of the kinetic and potential 
energies For this sum is not conserved on the colhsion or inter- 
action of the molecules To find a more suitable function which is 
properly conserved we have to proceed on more general lines* In 
dynamical theory it is shown that for a dynamical system of more 
general type defined by the coordinates qi, • in the quantity 


E = — L -\-i: q^, 

wherein L = T — F, is such a function When L involves the 
velocities q^ only as a homogeneous quadratic function this 
expression for E reduces to T -f F, but in other cases, as the present, 
where L contains terms hnear in the velocities, no such reduction 
to the ordinary energy expression is possible. In such cases it is 
usual to call E, defined as above, the energy of the system, this 
being the only expression to which defimte physical conception, 
involving conservation, is possible 

In the present case 

L = \ [A {6^ + sin^ Q<l>^) + 0 -P ^ cos 6)^] 

H- fjiB [Acj> sm^ 6 -j- 0 cos 6 {^jr + <f> cos 
from which it is easy to see that 


E==iA {8^ -h sin^ e<f>^) + ^0 (i/r -f ^ cos e)K 
The statistical distribution in its invariant form is, after Liouville, 
expressed not in terms of the velocities but of the corresponding 
* I am indebted to Prof Laimor for the correct form of this argument 
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momenta 0, T These are defined generally from the Lagrangian 
function L by the equations 


@ = = Ad, 

de 

dL 

0 = ~ = A sin^ + (7 cos 0 ^ cos 0) + fxB [A sm^ <9 + 0 cos^ 6] 

dtp 

Y = G {yjr + (f) cos d) + fjiBO cos 9, 
o^fr 


and in terms of them E can be written in the form 


,-,_02 (d) - T cos ^ sin2 6>)2 , {W - jjlBC cos 9)^ 

2A 2A sin2 9 ‘ 20 

The statistical theory now tells us that the number of elements per 
umt volume for which the variables 0, d), T, 6, <j>, ij; he within the 
small difierential range dQ is 

-E- 

dn = ae dO., 

where dQ. = sm 9 d9dcf>di/jd@ d0 d^“ 

The constant a has to be determined from the fact that the total 
number n of the molecules per unit volume is specified so that 

f+eo 

n = a i e ^dQ 
J -00 

Now each of the molecules in dn contributes the same amount to 
the magnetisation along the direction of B, viz 

ju {Act> sm® 0 + 0 cos ^ (^ + ^ cos ^)], 
so that on the whole we have 

f+QO _ E 

I =: afji \ [Acl> sin® 9 + 0 cos 9{'yjr + (/> cos 9)] e ^ dQ 

I —CO 

r+00 -E~ 

= afjL I [d) — yiB (A sm® 9 + C cos® 9)] e ^ dO. 

If the hmits for d> and T* are both from — oo to + oo the result of 
the integration for I is obviously zero If the range of variation of 
the motion in the rotatory coordinates is unrestricted the resultant 
efiect of the magnetic field will be zero, no resultant polarity either 
of diamagnetic or paramagnetic character will be induced To get 
a finite result we must therefore restrict the variation in one of 
the rotatory coordinates Let us examine for example the 
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special case wlien ^ is restricted to a single constant value, the 
same for all molecules, and let us for simplicity also take ^ = 0 
We get then m effect 

I = afi \ x(^ — x) e dx, 

Jo 

where we have written 

X = ^ — [jlBC cos 9 

The polarisation is therefore in part diamagnetic and in part para- 
magnetic, the latter ansing from the permanent angular momentum 
Tin the molecules and the former from the induced angular momen- 
tum ixBC cos 9 That depending on T is mainly a matter of thermal 
agitation of the molecules, but the other part is a purely internal 
molecular phenomenon 

315 In the special case examined by Langevin, who was the 
jSrst to develop this mode of attack, C = 0 and /x = oo , but m such 
a way that ^ ^ 

is a finite constant It is then found that the magnetisation is 
entirely paramagnetic and its intensity is 

J=nm 

Thus Z, the intensity of magnetisation induced, is a function of 
{Bj^) Moreover for small values of the inducing force the func- 
tional relation becomes a mere proportionahty or 

j m^nB 

so that the susceptibihty is 

, _ nni^ 

and it varies inversely as the absolute temperature in accordance 
with Curie’s law 

In the more general case the two types of magnetism will be 
present and superposed so that circumstances will always be more 
complex than those examined in Langevin’s case In certain cir- 
cumstances the two types may even just balance one another when 
the medium is apparently non-magnetic. 
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316 The relation between paramagnetism and temperature is 
so simple that it must be the expression of a theoretical principle 
The following considerations in fact derive it from Carnot’s prin- 
ciple on the assumption that the internal energy associated with 
the magnetisation is purely thermal in character Consider then a 
mass of paramagnetic material, moved up at temperature ^ -f 
from a place where the intensity of the field is J5 to a place where 
it IS jB -f BB and then moved back again at a temperature ^ The 
aggregate per umt volume of the internal energy of the medium is 
increased by — (-BSZ) in the move up and decreased by the same 
amount in the move back Thus lili-j- dh is the thermal energy per 
umt volume which it must receive from without at the higher 
temperature, and h that which it must return at the lower, in order 

0Z 

to perform the amount of external work which is then 


by Carnot’s principle 



h 


but by assumption h = — BBI so that 




BSI 


' 

or 

dl 

Bdl 



whence 

I=, 



f being some arbitrary function When the magnetising force B 
is very small or the temperature ^ very large this relation is 
approximately equivalent to 





which IS again Curie’s law. 


Thus if the magnetisation arises from the effort of the magnetic 
field to orientate the molecules which are spinmng about as the 
result of gaseous encounters, and if therefore the whole of the 
internal energy of the medium associated with its magnetisation 
IS to be regarded as added thermal energy of these rotations and 
not as internal energy of any regular elastic type, then Curie’s law 
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IS a natural result. If only tlie proportion of the internal 

energy is converted into heat then we should derive the modified 

4- a:) = const , 

and in any case we may regard any such deviation from Curie’s 
law as indicating an incomplete conversion of the internal energy 
into heat 

317, Ferromagnetism. The ferromagnetic substances, which 
with their compounds are the only substances to show large mag- 
netic effects, are not only exceptional in respect to the magnitude 
of these efiects, but also as to the manner in which they vary The 
hnear relation between the polarisation induced and the polarising 
force IS far from being valid except perhaps when the inducing 
force IS small, in which case it is necessarily sufficient, and even 
for a given field strength the variation of the susceptibility which 
is stiU defined by the relation 

/ = I IB 

with temperature does not even approximately obey Curie’s law. 

In the absence of adequate analytical means of expressing it the 
general relation between I and B is usually represented graphically 



Pig 45 

and the type of curve obtained is always similar to that exhibited 
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in Fig 45, where the ordinates represent the values of J, the 
polarisation, and the abscissa the values of B, the force For small 
values of B the curve is straight, mdicating that the susceptibihty 
IS independent of the force Beyond the point where B — 02 
unit the curve begins to rise more rapidly and the value of ja' 
quickly approaches its constant value umty which it maintains for 
a considerable range Eventually however it begins to decrease 
to the value zero which it has for large fields This means that the 
intensity does not further increase as the force increases — ^the 
substance is saturated For a specimen of soft iron Ewing found that 
saturation was practically obtained when B = 16000 umts, for 
steel even larger forces are reqmred 

If the apphed field is gradually removed from a saturated piece 
of iron it will retain a considerable portion of its magnetisation — 
the property of magnetic retentiveness exhibited in particular by 
permanent magnets If the process is further continued and a field 
of increasing strength in the opposite direction is apphed, the mag- 
netisation IS gradually destroyed and then created in the opposite 
direction and ultimately to its full saturation value again If at 
this stage the field is again gradually reduced and replaced slowly 
by the original one, a similar set of changes in the magnetisation 
occur but in the reverse order The result is the famihar magnetic 
cycle figure already referred to 

318. Various more or less successful attempts have been made 
to account for this special complexity in the magnetic properties 
of the ferromagnetic substances The matter is of the utmost 
importance from the techmcal point of view and has consequently 
received a good deal of attention in theoretical discussions, but it is 
only during the last few years that any substantial progress has 
been made The mere fact that the ferromagnetic substances are 
exceptions to Curie’s law suggests that their magnetism is a con- 
stitutional phenomena involved with the elastic and therefore 
structural properties of the media Structurally these substances 
consist of an immense number of minute and irregular crystals 
— ^they all belong to the cubic system — whose axes are umformly 
distributed m aU directions In each of these crystals we may 
imagine that the molecular magnets are arranged in a regular 
space lattice, and if an external field act on the substance all the 
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elementary magnets in each, crystal will tend to turn with, their 
axes in the direction of the field they are either wholly or partially 
prevented from so doing by the action of the mutual magnetic or 
other forces tending to hold them in their original stable configura- 
tion With the increase of the field the molecules will turn more 
and more in the direction of the field and consequently the inten-sity 
of magnetisation becomes greater, tending however to its maxi- 
mum or saturation value when all the magnets are in line with the 
field 

Detailed numerical calculations from this point of view have 
been made by Ewing and more extensively recently by K Honda 
and his pupils. The latter in particular has had good success in 
fitting the actual results into a detailed theory In any case, 
however, the ideas seem of too general a nature to be offered as 
a complete solution of the constitution problem. 

319. More relevant information towards a solution is provided 
by the behaviour of one or two of the crystals containing iron 
Pyrhotite for example, which is a sulphide of iron, has specially 
simple magnetic properties This substance possesses three mutually 
perpendicular planes of magnetic symmetry and is much more 
easily magnetised in a direction perpendicular to one of these 
planes than in any other direction Moreover if an attempt is made 
to magnetise the crystal in this one direction it is found that it 
remains unmagnetised until the magnetic force reaches the defimte 
critical value Bg when the intensity of magnetisation assumes its 
saturation value Ig, which it wiU retain perfectly constant until 
the magnetic force reaches the value — Bg when the magnetisation 
itself suddenly reverses to the value — Ig and so on The hysteresis 
curve showing the relation between I and B is thus a parallelogram 
(Pig 46) Obviously in a substance of this type the molecular 
magnets have only two positions of equihbrium which are stable 
under the action of the internal constitutive forces, viz the two 
positions m which they are perpendicular to the one principal 
plane. Moreover it appears that either of these positions ceases to 
be a position of stable eqmhbnum as soon as the opposmg magnetic 
force reaches its critical value This explanation is still further 
supported by the fact that the magnetic behaviour of the substance 
in any direction other than along its one principal axis is perfectly 
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continuoxis and in complete accord witli tlie theoretical conse- 
quences of such a view. 

Broadly speaking the other ferromagnetic crystalhne minerals 
exhibit the same general features there are important differences 
in detail, but they all possess difierent magnetic properties along 
the different axes of symmetry and usually one axis of conspicu- 
ously easy magnetisation Moreover the similarity in the general 
shape of the induction curves in all cases with that obtained for 
say iron shows that probably the only difference between iron and 
its crystals is that iron itself is probably constituted of an irregular 
conglomeration of small crystals of the simpler type This view is 
supported by the fact that carefully prepared specimens of iron 
can be obtained which give an almost exact parallelogram curve of 
induction 




/ 1 

/ 

/ ^ 

/ ® 




Fig 46 


320 A bold attempt has been made by Weiss at a detailed 
analytical theory of the ferromagnetic phenomena Regarding the 
non-apphcabihty of Curie’s law as indicating the at least partial 
control by other than thermal agitations of the orientation processes 
induced by the field, he starts by assuming in a general manner that 
when the medium is distorted, that is when the molecules are so 
orientated that the intensity of magnetisation is Z, then the elastic 
forces acting on the magnetic molecules are the equivalent of a 
magnetic force al in the direction of I and acting on the magnetic 
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elemeat m the molecule* We can, if we like, regard this force as 
a local force of magnetic origin, but this is not necessary for the 
argument and probably only represents the partial truth in any 
case. 


On this idea we may regard the molecular magnets as in the 
gaseous case but orientated under the action of a complete force 
If we take the simple case given by Langevin this gives, 
as the equation for /, 

I =mn j^coth {B + aZ) | ^ ^ , 

or in terms of Is = mn the saturation value of I, 


Is {B + al) 
nB^ 


nR^ 

Is (B Hh al) 


This formula accounts for the phenomena of permanent magnetisa- 
tion, for if JB = 0 we have 





and under ideal circumstances n and a are both independent of ^ 
and /, and there is therefore a solution for I which is different from 
zero. Moreover this non-zero solution when it exists represents the 
stable condition of the medium, because the magnetic potential 
energy m it is a mimmum. The zero solution corresponds to a maxi- 
mum value of the potential energy and is therefore in general 
unstable. 


321. As the temperature rises the permanent magnetisation 
intensity gradually decreases, and at a certain temperature 6s it 
vanishes altogether. Beyond this temperature the only possible 
real solution of the equation for I is the zero one The temperature 
Bs obtained from the equation may therefore be interpreted as the 
temperature at which the ferromagnetic quality disappears, that is 
the so-called critical temperature. In the neighbourhood of this 
temperature the magnetisation is always small, so that using 

nl^’ 


a IS a constitutive constant of the medium. 
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we have approziinately 
Idl d 


Is dx dx 


coth a; — - = 1 — cosech^ a; + = i 

x} ^ 


But 


^ __ nR^ 
dx ~ als ’ 
so that at the actual critical temperature 

Is _ nR^s 

■3 


or 




als 

als^ 

3nR 


If now we introduce this temperature into the relation deter- 
mimng the intensity of permanent magnetisation it assumes the 

so that the ratio I /Is is a function of and the function is the 
same for all substances 


Thus if we express the intensity of permanent magnetisation in 
terms of the maximum possible intensity Is and the absolute tem- 
perature 0 in terms of the absolute critical temperature, we obtain 
a characteristic equation for the mtensity of permanent magnetisa- 
tion at a given temperature, which is identical for all ferromagnetic 
substances. This relation has been tested by Weiss* in the case of 
magnetite and he finds that it is satisfied with great accuracy 
except at very low temperatures (— 79° C ) and m the neighbour- 
hood of the critical temperature, where however the deviations are 
not large. When it is observed that there are no disposable con- 
stants m the formula this agreement between the observed facts 
and what at first sight appears to be merely a provisory theory can 
only be regarded as remarkable. 


322 The theory proves equally successful in explaimng the 
observed facts of the phenomenon of induced magnetisation Of 
course, as we have already noticed, any simple theory of the present 
type is hardly hkely to be directly apphoable to the ferromagnetic 
metals, the magnetic behaviour of which is comphcated by various 
secondary causes It is however found that the simple phenomena 
* Jour dePhys yi p 665 (1907) 

L 36 
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accompanying the magnetisation of the various crystalline ferro- 
magnetic minerals when placed m a field parallel to their principal 
magnetic axis fit in admirably with the theoretical conclusions to 
be drawn from the theory 

The general relation between I and B is expressed by the equation 

..To \IAB + aI)] nm 1 

l-I, poth I ^ I 

This requires that in general 1 should be a continuous function of 
B when 6 is maintained constant, which is ]ust the opposite to 
what was actually found to be the case, the magnetisation being 
practically independent of the magnetic field and equal to its 
saturation value at the given temperature This could be the case 
only when the internal local field of intensity al far exceeds in 
actual magnitude any field that we can experimentally produce 
Now this actually appears to be the case, as we shall soon see, so 
that under all circumstances except when I is very small, that is 
in the neighbourhood of the critical temperature, the intensity of 
magnetisation is determined by 




and is equal to the saturation intensity in all fields. 

In the neighbourhood of the critical temperature, when I is small, 
the previous argument is mvahd But then the general relation 
may be simphfied by approximation, and for all practical purposes 
it is equivalent to j J (E ^ al) 

Is ’ 

or introducmg the critical temperature 

tv 

m which form it has been satisfactorily verified in numerous cases, 
even with non This latter agreement is not surprising because in 
the neighbourhood of the critical temperature the constitutional 
irregularities are becoming very unstable. 


In all cases where the last relation is experimentally verified, a 
determination of the constant a may be made, and hence an 
estimate of the strength of the local magnetic fields. From measure- 
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ments of this kind Weiss finds that th.e intensity of the local field 
al in iron is 6*56 . 10® absolute units and it is of a similar order of 
magnitude in other substances. This is very much greater than the 
strongest magnetic field (5 . 10^ units) which can be produced in 
the laboratory, so that the pecuhar result that the intensity of 
induced magnetisation Ig does not, under the simplest circumstances, 
appreciably alter with the external field is satisfactorily accounted 
for. 



APPENDIX II 

ON THE MECHANISM OF METALLIC CONDUCTION 

323. Many attempts have been made to develop into further 
detail the idea of the electnc current as a process of diffusion, but 
before the introduction of the electron theory these attempts could 
hardly be described as very successful. The difliculty arises in the 
absence of any sign of transport of matter or of any chemical 
change accompanying the transport of electricity. Every current 
circuit must consist of two or more portions composed of different 
materials which may contain no element in common and we must 
suppose either that the particles which carry the current can pass 
from one material to the other or that they cannot. Either sup- 
position lands us m enormous difficulties If the particles cannot 
cross the boundary between the different metallic conductors they 
must remain piled up at these boundaries, even if they are identical 
with the atoms of the metal in which they move, and this pihng up 
must alter the distribution of the mass in the conductor, while, 
if they are composed of some substance different from that of the 
rest of the material, some sort of chemical separation should occur. 
But the most careful experiments on pure metals and alloys have 
failed to show the shghtest change in any properties of a metallic 
conductor induced by the passage of a current through it On the 
other hand if we suppose that the particles can pass freely from one 
material to another new difficulties arise We know that the atoms 
and groups of atoms of different elements differ markedly in their 
properties, and we could certainly detect the presence in one sub- 
stance of atoms derived from a foreign element Since the properties 
of the materials forming a non-uniform circuit are unchanged by 
the passage of the current, if the electricity is conveyed at all by 
diffusmg particles, these particles must be of a nature common to 
all elements, or at least to aU elements forming metalhc conductors. 
Previous to the discovery of the electron however no such electrical 
elements were know to exist. 

The discovery of the electron and the consequent formulation 
of the so-called ‘electron theory* removed in one stroke all the 
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diffictilties tlius inherent in the earlier theories. According to this 
theory*** there are in every metal a very large number of (negative) 
electrons freely movable in the spaces between the atoms, and it is 
the difiusion of these electrons through the metal under the action 
of the electric force in the external field that is the essence of a 
conduction current. If there is no external field the velocities of 
these free electrons will be distributed equally in all directions, 
there will be no tendency for them to move in one direction rather 
than m any other, but if the metal is placed in an electric field the 
electrons are subject to a force in a defimte direction (that of the 
force in the field) in virtue of their charge, and those moving in 
this one direction will have their velocities increased whilst those 
moving in the opposite direction will have theirs decreased, there 
will thus be a shght drift of the electrons in a defimte direction and 
this constitutes a current of electricity the velocity of drift is 
however kept in check by the continued encounters of the electrons 
with the metal molecules and with one another when additional 
forces come into play tending to deflect the electrons from their 
forward motion the essential conditions for a difiusion flux are 
thus satisfied 

324. Problems relating to the motion of the innumerable number 
of electrons in a piece of metal are best treated by the statistical 
method which Maxwell introduced into the kinetic theory of gases, 
and which may be represented in a simple geometrical form so long 
as we are concerned only with the motion of translation of the 
electrons Indeed it is clear that, if we construct a diagram in 
which the velocity of each electron is represented in direction and 
magmtude by a vector OF drawn from a fixed point 0, the dis- 
tribution of the ends of these vectors, the velocity points as we shall 
say, will give us an image of the state of the motion of the electrons 

If the positions of the velocity points are referred to axes of 
coordinates parallel to those that have been chosen in the metal 
itself, the coordinates of a velocity point are equal to the com- 
ponents 7^, ^ of the velocity of the correspondmg electron. 

* Cf the ongmal papers by Riecke, Wied Ann 66 (1898), pp 353, 645, 1199; 
Drude, Ann der Phys (1900), 1, p 566, 3, p. 369, Thomson, Rapports de Congris 
de Physique (Pans, 1900), 3, p 318. The treatment here given follows that given by 
Lorentz, The Theory of Electrons, p 266, or Proc Amsterdam Academy, 7 (1905), 
pp 438, 585 
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Let dv be an element of volume in the diagram, situated at the 
pomt (1, 77, V) so small that we may neglect the changes of (^, rj, 
from one of its points to another, but yet so large that it contains 
a great number of velocity points. Then this number may be 
reckoned to be proportional to dv representing it by 

/ 0 

per unit volume of the metal, we may say that, from a statistical 
pomt of view, / determines completely the motion of the swarm of 
electrons. 

It is clear that the integral 

|/(f> v> 1) 

extended over the whole space of the diagram, gives the total 
number of electrons per unit of volume. In like manner 

f if a, v> 0 

represents the stream of electrons through a plane perpendicular 
to Ox 1 e. the excess of the number passing through the plane 
towards the positive side over the number of those which go in 
the opposite direction, both numbers being referred to umt of area 
and umt of time This is seen by considering first a group of 
electrons having their velocity points in an element dv , these may 
be regarded as moving with equal velocities, and those of them which 
pass through an element dfoi area in the said direction between the 
moments t and t dt have been situated at the beginning of this 
interval in a certain cyhnder havmg df for its base and the height 
idt The number of these particles is found if one multiplies the 
volume of the cylinder by the number per unit volume 

Hence if | means an mtegration over the part of the diagram 
j + r 

on the positive side of the 77-^ plane, and I an integration over 

the part on the opposite side, the number of the electrons which 
go to one side is r 

dfdt \^^f{S,ri,t)dv, 

and that of the particles going the opposite way 
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The expression given above is the diSerence between these values 
divided by dfdt. 

If all the electrons have equal charges e, the excess of the charge 
that IS carried towards the positive side over that which is trans- 
ported in the opposite direction is given by 

and it IS easily seen that if we use 

2^2 = ^2 _j_ ^2 _j_ ^2 

for the square of the absolute velocity of an electron, then 
H = ^mj ^u^fdv 

IS the expression for the difference between the amounts of energy 
that are earned through the plane in the opposite direction 

The function / is to be determined by an equation that is to be 
regarded as the fundamental equation of the theory, and which 
we now proceed to estabhsh on the assumption that the electrons 
are subject to a force giving them an acceleration F equal for all 
the electrons in one of the groups considered 

325 Let us fix our attention on the electrons lying at the time 
t in an element of volume dv of the metal and having their velocity 
points in the element dv of the diagram If there were no en- 
counters of the electrons, neither with other electrons nor with 
the metalhc atoms, these electrons would be found, at the time 
t -h dt, m an element dv' equal to dv and lying at the point 
{x •+• idt, y -h 7 ]dt, z -1- Idt) At the same time their velocity points 
would have been displaced to an element dv equal to dv and 
situated at the point H- F^di, ^ + F^^d^). We should 

have therefore 

y (^ + FaJd^, 7 ] -h Fydt, J -[- ^gdt, X 4- ^dt, y Tjdi, z 4- ^dt, 

t 4- dt) dv'dv' = / (^, 77, X, y, z, t) dvdv. 

The encounters or impacts which take place during the interval 
of time considered require us to modify this equation. The number 
of electrons constituting at the time t 4- d^, the group specified by 
dv'dv\ IS no longer equal to the number of those which at the time 
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^belonged to the group dvdv,tl[ie latter number having to be dimin- 
ished bj the number of impacts which the group of electrons under 
consideration undergoes during the time dt and increased by the 
number of impacts by which an electron, originally not belonging 
to the group, is made to enter it. Writing advdvdt and hdvdvdt 
for these two numbers we have, after division by dvdv = dv'dv\ 

f (i 7] + ^ydt^ $ + Y^dt, X + ^dt, y + ridt, z -f- l^dt, t -1- dt) 

y, t) + (b- a), 

or what is practically the same thing 




This IS the general equation of which we have spoken. It remains 
to calculate a and h or at least the difference {a — h) and here the 
difficulties begin- we can however simphfy the problem if we neg- 
lect the mutual encounters of the electrons, considering only their 
impacts against the metallic atoms, whose masses are so great that 
they may be regarded as immovable* 


Now in the absence of any extraneous forces a steady state of 
perfectly chaotic motion will soon be established among the 
electrons and one in which 


f{$, V’ 0 =/o (I. % y, 2 , t), 

and on the assumptions just made it seems reasonable to suppose 
that this distnbution will be similar to that which exists under 
similar circumstances in gas theory and is specified by MaxwelFs 
law so that we may take 

/ = /o = 

where S = 

where N denotes the number of free electrons per umt volume and 
the mean square of their velocities This is the perfectly chaotic 
distribution of motions and any departure from it arises as a result 
of the external forces or condition gradients tending to orgamse 
the perfect irregularity which this law specifies. 

Now since the velocity of any electron after a collision is inde- 
pendent of that before coUision, it follows that the distribution of 
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velocities among any set of electrons when taken each just after 
its next colhsion succeeding the instant t will be wholly inde- 
pendent of the distribution at the time t and wiH in general be 
different from it unless indeed this latter distribution is that 
specified by Maxwell’s law which is specially defined so as to 
remain unaltered by collision. It follows therefore also that the 
distribution of velocities among any set of electrons, each taken 
immediately after its next colhsion after the instant t, will in fact 
be precisely that specified by Maxwell’s law and is therefore the 
same independently of the state of motion that may exist at the 
instant t in other words the coUisions completely obhterate any 
regularity which existed in the electromc motions before collision. 
Thus the number (bdvdt) of electrons which enter the specified 
group during the small time dt is precisely the same as the number 
which would enter the same group if Maxwell’s law specified the 
distribution both before and after the colhsion and it might be 
calculated on this basis The number advdt of electrons leaving the 
group in the same time would then be exactly the same as hdt if 
there were no external forces or condition gradients to modify the 
distribution estabhshed by the coUisions. In the more general case 
it IS however at once obvious that the number 

(a — h) dvdt 

can be calculated as the number of electrons removed by colhsion 
during the time dt from among the partial group of electrons con- 
tained in the specified group at the instant t, which is the excess 
of the number in this group over and above the number required 
by Maxwell’s law that is the number 

if -fo) dvdt. 

We thus want to find the number of colhsions which the electrons 
of this group undergo in the small time dt As will be seen later 
however we are only deahng with small variations from the dis- 
tribution specified by Maxwell’s law and therefore the number of 
electrons removed from the group under consideration will be pro- 
portional to the small excess of the number in this group over the 
number according to Maxwell’s law, or in other words 

f-fo 


b— a = — 
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327 The factor is a constant for the group under considera- 
tion but will in all probabilitj vary from group to group It will 
be a function of the resultant velocity of the electrons in the group 
and of the law of their interaction with the molecules on collision 
Our Ignorance of the precise nature of the action between a molecule 
and an electron precludes our probing the nature of this constant 
any further, but in a tentative theory we might assume that 

This is in fact the type of law that has been derived by various 
writers on certain simple assumptions as to the nature of the col- 
hsion. When it is as between hard elastic spheres Lorentz finds that 
p == — 1, and if it is due to an inverse nth power-law repulsion 
4 

p = ~ 1 These values are however all difficult to reconcile 

^ n— 1 

with the experimental results, which seem to req[uire that p = — 2 
or some higher negative power The value p = — 2 makes the mean 
time m a free path inversely proportional to the energy of the 
electron, a result which is probably not without its physical 
sigmficance, it seems to indicate however that the atomic nuclei 
have a much greater scattering power than they would possess if 
they were simple force centres, especially as regards the more 
rapidly moving electrons 


328. It follows therefore that the equation for the function /, 
in the most general possible case of the present type, is 

Now the diSerence between the functions / and/o may be shown to 
be extremely small in any real case, at least compared with /q 
itself, and we may therefore use/ = /Q on the left-hand side of this 
equation so that we get 

f-f -r fp + F + r -4- 4- r ^^0 4- 

where of course /, has the value quoted above on inserting this 
we find that 

/ . [l + (fP. + ,F. + £F,) - 5 + , ^ + 4 



411 


327-329] THE STATISTICAi THEORY 

or in vector notation, using u as tlie vector velocity of the electron 
/ = Ae-<‘'^ 1 + 2gr^ (uF) - ^ (uV) A + (uV) g J 
Tile density of the electric flux is then determined by its 


components 


(G,,, G„. G,) = e OfmvdL 


whilst the flux of kinetic energy is determined by the vector with 
components 

(H„ H„, H,) = [f [^“ I w* a, r,, OMdrjdC 

The integrals in each of these cases can be directly evaluated by 
the spherical polar transformation 

^ = u cos 9, 7] = u sm 6 cos ^ = u sin 9 sin 
and it is in this way found that 

^ inAe r « 1 A . -.1 


whilst H = 

O 


(2qV — 2 grad + ig grad q , 
ig (2qF - 2 grad A'j + ^8 grad q , 


wherein we have used 

^5 = J r^u^e-^^^du 
When = fjLU^ we have 

t, = fi 


—ff: r 

*±£±i 


and with these values we have 


and H = 


277 fieAT 

33 + 5 " 

Zq 2 
TTiJimAV 


(2gP- 


+ 1 








329. We now consider the conduction of electricity in a homo- 
geneous bar of the metal which is kept at the same temperature 
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in all its parts: let this metal he acted on by an electric force B 
in the direction of its length which, we may take to be directed 
along the cc-axis The force acting on each electron will then be 
eE so that 

Y —— F=F=0 

and since the physical conditions of the metal are the same through- 
out its mass, the quantities A and q which depend on these will be 
constants so that g^ad ^ = grad 2 = 0. 

We have thus in this case a current of electricity defined by its 
flow per unit area across a section of the bar 

^ = iTT ^ 

Zmq 2 

from which we may conclude that the conductivity of the metal 
under the specified conditions is 

4^f/,e^Ar 

«= ^ — • 

Zmq 2 

This formula was first given by Lorentz for the case whenp = — 1. 
In the simplest cases it appears that the conductivity at ordinary 
or room temperatures varies inversely as the absolute temperature. 
But on the Maxwell-Boltzmann theory q also vanes inversely as 
the temperature and so to secure agreement in these cases we must 
assume that k varies as q. Now 


In this 


and therefore as mentioned above we must take p = 
case the conductivity is simply 

aem aeW 1 
3m S'- 6JS 


This simple result is obtained on the assumption that the applied 
electric field is the only effective driving field for the current. If 
there were local fields in the metal, either intrinsic or induced, this 
value of K would have to be modified, it is therefore not difficult 
to see why the result is not generally venfied m practice. 



329, 330] 


THE THEEMAE CON-DUOTIVITY 


413 


330. In order however to exhibit all the beauties of this theory 
it IS necessary to consider the question of the conduction of heat in 
the metal. A bar of metal whose ends are mamtamed at different 
temperatures may be hkened to a column of gas, placed for example 
in a vertical position and having a higher temperature at its top 
than at its base. The process by which the gas conducts heat con- 
sists in a kmd of diffusion between the upper part of the column 
in which we find larger, and the lower one m which we find smaller, 
molecular velocities , the amount of this diffusion and the mtensity 
of the flow of heat that results from it depend on the mean distance 
over which a molecule travels between two successive encounters. 
Now in the present theory of metals it seems at least plausible to 
assume that the conduction of heat goes on m a way that is exactly 
similar to that just described, only the carriers by which the heat 
IS transformed from the hotter towards the colder parts of the body 
are now the free electrons, and the length of their free path is 
hmited, not, as in the case of a gas by mutual encounters, but by 
the impacts against the metalhc atoms, which we have supposed 
to remain at rest on account of their comparatively large mass 
Of course this idea seems to imply that some sort of thermo- 
dynamical equihbrium exists between the metal molecules and the 
electrons, so that the latter are partaking of a real heat motion. 
It IS usual to assume that this eqmhbrium is of the simple type that 
exists between different kmds of molecules in a compound gas, so 
that the mean kinetic energy of the electron expressed in the above 
notation by 3^ 

^ 

is determined by the simple law of the equahty of mean energies. 
This means that if R is the universal gas constant and 9 the absolute 
temperature of the metal we may write 



and then the relation ^ 


determines the dependence of g on the temperature. Such a simple 
relation however seems to be satisfactory only at ordinary or very 
high temperatures; in order to bring the theory of specific heats 
of sohds into hne with the experimental data obtained at low 
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temperatures it has m fact become necessary to use a more complex 
relation The theoretical basis of the modification need not here 
detain us however as our results are independent of any special 
theory All we need to notice is that 

Q = 

_ 3iVm 

is the total heat contained by the electrons in the body at the speci- 
fied temperature. 


331. In the general case it is not possible to determine a defimte 
value for the quantity of energy of the irregular or chaotic part of 
the electromc motions which is transferred during their average 
fins:, because the energy of each separate electron being in part 
kinetic energy and in part potential energy relative to the metal 
molecules and the external field is known only to an additive con- 
stant. In one special case however when the aggregate fiux of the 
electrons vanishes, so that there is no flow of electricity, wiU this 
indefimteness disappear and the flux of energy through the metal 
IS completely determined by the vector H given above As in this 
case the electric current is zero we must have the condition 

2n7f^mAr (^4^) 

and thus H — — ^ Vgr 

We have however from above 


.V2 = 


ZNm 


v<3 = - 


ZNm dd 


V0, 


so that 


H = 




P+5 

q 2 


VQ 

dd 


V6», 


and the conductivity for heat, as usually defined, is therefore in 
this case given by 


y = 


(^) 


P + 5 


dNq 2 


dQ 

dd 



p+2 

9q 2 7r 




de^ 



330-332] the WIEDEJMCANN-ERAHZ LAW 415 

and it depends only on tlie nature and physical conditions at the 
point in the metal under consideration. 

Since Q is the total heat content of the electrons in the metal, 

no 

^ IS what we may call, after Thomson, the specific heat of the 

electricity in the metal In the particular case when p = ^ 2 the 
coefficient y is proportional to this specific heat, a result which 
without a great stretch of imagmation may he regarded as sub- 
stantiated by the fact that m a large number of cases the thermal 
conductivity varies with the temperature just as does the specific 
heat of the metal as a whole, even at every low temperatures where 
the specific heat becomes somewhat irregular 

Of course, at ordinary temperatures Q is proportional to the 
absolute temperature ^ and then y is a constant (li p = — 2) 
independent of the temperature. 


332 


The ratio of the conductivities of heat and electricity is 

y ip n^Q 

^ dS’ 


and at ordinary temperatures where 


tins reduces to 


iq 

P + 5R\ 


and IS therefore the same in all metals at the same temperature 
This IS the well-known Wiedemann-Franz law which has been 
successfully verified in numerous cases*, a few typical ones are 
exhibited below 


Alumimum 
Copper 
Silver . 
Iron 


•T06 . 10-1® 
•738 . lO-io 
•760 . 10-10 
•890 . 10-10 


and seeing that the specific electrical resistances of these substances 
range from 3 . 10“^ to 64 . 10-^ the agreement is remarkable. 

* Pull details of the expenmeutal results to 1911 are given by E Baedeker, Die 
elehtnschen JErscMenuTigm %n metalUscher Leitern (Braunschweig, 1911). Cf also 
L L Campbell, Galvanomagnetic and thermomagnetic effects (Longmans, 1923) 
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The ratio of the two conductivities varies on any form of the 
theory as the absolute temperature, a law empirically formulated 
by Lorenz the temperature coefficients of the ratio in the four 
cases q[uoted are respectively 4*37, 3 95, 3*77, 4 32. 

But not only are these general quahtative results satisfactorily 
verified by our theory the agreement is quantitative as well * in 
fact it IS known from gas theory that 

= 8 26 X 

where e is the electrostatic charge on the electron, and thus 

or taking an absolute temperature of 300° (i.e. 27° C ) this gives 

which is of the same order of magnitude as those quoted above, 
especially in the case when = 1 or some number of this order of 
magnitude 

This agreement between the theory and experiment, first noticed 
by Drude, is one of the most beautiful results of this theory and 
points distinctly to the conclusion that the assumptions that both 
electricity and heat are carried through the metal by the electrons, 
and that these electrons are in a simple mechamcal heat equilibrium 
with the metal molecules, are completely justified 

At low temperatures where Q is no longer proportional to the 
temperature the two simple laws just mentioned no longer hold 
as our formula would mdicate That there are discrepancies at 
ordinary temperatures is due to the uncertainty in the electrical 
coefficient already referred to 

333. In the preceding paragraphs we have considered two special 
cases of the transfer of heat and electricty in a homogeneous piece 
of metal. We shall finally consider briefly the more general case 
which leads to an explanation of the full circumstances in the 
thermoelectric phenomena discussed above. For the sake of gene- 
rahty we shall introduce the notion of molecular forces of one kind 
or another exerted by the atoms of the metal on the electrons and 
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producing for eacli electron a resulting force along the direction 
in which the metal is not homogeneous, this is the mam point of 
the idea of Helmholtz’s assumption that each substance has a 
specific affinity for electricity which varies with the temperature 
these forces will be assumed to be such that the typical electron 
will on the average have a potential energy e/jL under the standard 
conditions relative to the metal molecules surroundmg it Thus if 
we now assume that the impressed field is derived from a potential 
<f> we shall have 

F ^grad(^ + /i), 

SO that we have the currents of electricity and heat 

C! = - j^grad (^ + m) + ^ grad A + E grad 0 J , 

and H==2-^iJdG-y grade. 


From the first of these expressions we may deduce expressions for 
the rate of fall of potential at each point and for the difference of 
potential between the ends of the bar exanuned in the previous 
paragraph. It is however more interesting to make the calculations 
for a more general case We therefore consider a circuit consisting 
of a thin curved wire, the dimensions of the normal section at any 
point of which are small compared with the radius of curvature of 
the curve of the wire at the point. We may then assume that the 
nature and temperature of the metal are very nearly the same at 
all points of a single cross section and we shall therefore only be 
concerned with the component fluxes tangentially along the wire, 
the other component being neghgibly small. If we use s to denote 
a coordinate of distance along the wire, the equations for these 


fluxes are 


n r ^ -u X , , p + 5 ^ 


and 





We now examine special cases of these equations. 


(1) In an open circuit in which no current is flowing there 
IS a potential difference between the ends which may be regarded 

L 27 
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as a measure of the electromotive force existing m the circuit when 
closed In this case we have 

dcf) _ + 5 ^ M 

ds ds Ae ds 2e ds^ 

so that on integration along the circuit from the point 5^ to the 
point §2 

/ j / . It d dA j 

4>i- <!>%-- ilH- 2e 

If the temperature is umform along the circuit this gives 
9i-92 = - if^i “ W “ 7 log 

This eq[uation shows at once that the potential difierence between 
any two points of the circuit will depend only on the nature of the 
metal at these two points and will be zero if these metals are the 
same, for then [jl^ == fji^ and Ai = A 29 these two quantities depending 
essentially on the character and conditions of the metal and 
nothing else The explanation of the volta potential differences and 
the laws which it obeys is now obvious, the difference m the 
potential between the ends of a compound circuit may be due 
either to a difference m the ‘^affimty’’ potential ju, of the electron 
in the metals at the ends or to a difference in the concentration of 
the electrons at these ends 

(2) We now consider an open circuit consisting of one kind of 
metal only but in which the temperature is not umform In this 
case A and /a will be functions of the temperature only so that the 
expression for will be an exact differential with respect to d* 
again the potential difference between two points of the circmt will 
only be dependent on the temperature of these points and will be 
zero if these are the same. 


^ ^R 6 dA jp + 6 j^dO 

ds ds Ae ds 2e ds’ 


— <^2 = “ 


dfji R 6 dA 

dS'^Tede 


2 e 



334. We finally consider the more general case of a non-homo- 
geneous circmt in which the temperature varies. We shall confine 
ourselves to the consideration of a circmt such as that described 
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above in tbe text in wbicb three pieces of metal are joined up in a 
circuit 5 the first and third pieces being however of the same material 
so that if they were joined up the circuit would m reahty consist 
of only two pieces of metal The junctions are Pj and Pg and we 
shall suppose that they are at temperatures 6-^ and and also that 
the temperatures at the two ends of the circmt are both 9q Still 
retaimng the coordinates % and $2 for these ends we have 



/diJb R6 dA ^ + 5P dB\ , 
Ws Ae ds 2e ds) ^ 


9 log A --JjogA^^, 


and the integrated term vamshes because the metal and tempera- 
ture at the ends 1 and 2 are the same thus 


— <^2 = 


/d/x Rd dA p + 6R dO 
Ae ds 2e ds 


p 4- 5R \ dQ j 


[-5log4 + a+“j 




and the first integral now refers to the one type of metal and the 
second to the other so that the integrands are proper functions of 
the temperature Using suffices a, h to denote quantities referrmg 
to the difierent metals we see that 

JL IL JL _ ^ 


^12 -<I>1 <f>2- 


R . Ac, 

7'°^ A. 


The potential difierence between the ends of the circmt depends 
therefore merely on the temperatures at the junctions of the two 
difierent metals and vamshes if these are equal. 


27-2 
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335. Let us now examine the development of heat which takes 
place in the same circuit when the current is allowed to flow round 
it. To do this we shall assume that the conditions at each point of 
the circuit are stationary, the temperature being suitably main- 
tained constant by conduction (if the circuit consists of a thin wire 
this may be done without appreciably altering the conditions 
under which we are treating these questions) 

We now consider a small element of the circuit between the cross- 
sections at distances s and s + ds from the origin on the circuit 
and we And the quantity of heat dH which must be extracted from 
such an element to maintain its temperature constant. This quantity 
will of course be equal to the difference between the amount of 
energy supplied to the electrons m the element on account of the 
extraneous forces and the amount which is brought into the 
element as a result of the electrons diffusing into it from other parts 
of the circuit. The state of the flow being assumed to be stationary 
the same number of electrons will flow into the element on one 
side as will flow out at the other and the amount of heat can be 
calculated from the expression for which determines the amount 
of electronic energy, consistmg in part of kinetic energy and in 
part of potential energy, which is transferred through umt area 
of a normal section of the circuit per umt time If we take the 
area of the cross-section at s to be/, then we shall have 


or introducing the total current flow J determined by 

J=fC,= -fK^, 

weget + + 

The first term in this expression, which is proportional to the square 
of the current strength, indicates of course the Joule's heat de- 
veloped in the element. The last term, which is independent of the 
current, indicates the heat supply to the element on account of 
true thermal conduction in the circuit. The middle term is the 
important one: it denotes a development of heat in the circuit 
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wHcli is proportional to tlie strength of the current and which 
therefore changes sign when the direction of the current is reversed. 
It IS this term which contains the expression of the Peltier and 
Thomson ejects, as we see hy examining two simple cases. 

We first consider a part of the circuit in which the temperature 
is constant and in which a transition from the metal a to the metal 
b takes place, this transition is assumed to be gradual and on inte- 
gration of the expression for dJS' across it we find the corresponding 
amount of heat developed per umt of time by the passage of the 
current across the junction is equal to 

so that the Peltier effect as defined in the text is 


Now consider a portion of the circmt within which the metal is 
the same but in which the temperature varies. We then find in a 
similar manner that the amount of heat developed per umt of time 
in a small part of the circmt m which the temperature changes 
uniformly from 9 to 9 -h dO will be 


J 


Rd dA dp, 
Ae dS^ 


d9, 


so that the Thomson effect as defined is 
__ fR9 dA dp,\ 

~\Ae'^'^T9)' 

The expressions thus found for the quantities denoting the potential 
in a circuit of the type under consideration and the Peltier and 
Thomson effects are fully consistent with the relations between 
these quantities deduced by Kelvin from thermodynamical con- 
siderations and given above in the text. 

This theory moreover effectively accounts for many features of 
the phenomena which it is rather difiGLcult to explain on any other 
basis and in particular the phenomena associated with the Thomson 
effect, which on the present basis becomes almost self-evident. 

It IS however rather astonishing to find that in fact the order of 
magnitude of this effect is much smaller than the above argument 
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and result would suggest. It is concluded therefore that the main 
part of the expression determining this effect must be zero or to 
a first approximation it is necessary that 

dA dfjb_ 


which means that 


log ^ + j ^ = const. 


If jji is neglected then A (= Nqlir-^ itself must be constant, a 
result which is often interpreted as implying that N varies as 
but it is doubtful whether the assumption /x = 0 can be satisfac- 
torily justified and therefore the order of magnitude of this effect 
cannot be used as an argument in favour of any particular relation 
between N and 
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Abraham’s electron, 354 
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transmission of, 52, Faraday-Max- 
■well theory of transmission of 
electromagnetic, 62, 89-97 
Action and Reaction, Newton’s pnnciple 
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97-102, conception of, as a earner 
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Availabihty of energy m electrostatic 
fields, 80-86, in magnetic fields, 184 

Biot and Savart, law of, in eleotiomag- 
netio theory, 192 

Boundary problems, conditions for, m 
electrostatics, 24, 37, m dieleotno 
theory, 72, m magnetic theory, 
175-177, involving electromagnetic 
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tubes of force, 380 

Carnot’s cycle, 40, apphcation of, m 
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voltaic phenomena, 140, m thermo- 
magnetic problems, 395 
Cathode, 135, 149 

Cathode rays, 150, constitution of, 150, 
charge and mass of particles m, 161 
Circuitality of electric displacement flux, 
101, of total current flux, 220-223, 
of magnetic mduction, 166-218 
Condenser, discharge of, 290 
Conduction of electricity, by metals, 
110-117, electron theory of, m 
metals, 404^22, by gases and air 
under the action of Roentgen rays, 
141-144, by hquids and electrolytes, 
134-141 


Conduction of heat, by metals, explamed 
on electron theory, 411-416 

Conductors, general properties of the 
static field of a system of, 33-37, 
onderomotive forces actmg on and 
etween, 46-50, piopagation of 
electnc waves m, 267, reflection of 
waves by, 288, general relations of 
charged, m uniform motion, 334 

Convection, field due to, of electrostatic 
system, 335, current due to, of 
charged and polansed media, 214 

Convection potential, due to moving 
system, 335, characteristic equations 
for, 337, due to uniformly movmg 
ellipsoidal shell, 339, due to spherical 
shell, 331, due to Lorentz's ellip- 
soidal shell, 342 

Coulomb, the practical unit of capacity 
defined in terms of the theoretical 
units, 224, law of force m electro 
statics due to, 5, law of force m 
magnetostatics due to, 154 

Crystals, analysis of structure by X 
rays, 303, p 3 n^o- and piezo-electne 
properties of, 105, magnetic pro- 
perties of, 398 

Curie’s law, m thermomagnetic effects, 
391, its thermodjTiamio bearing, 395 

D’Alembert's prmciple, m dynamics, its 
sigmficance, 15 

Dark space, Faraday’s, 149, Crooke’s, 
149 

Diamagnetism, 390 

Dielectric constant, 53, 56, its relation 
to density, 102-105 

Dielectrics, on Faraday-Maxv ell theory, 
5^-59, the effect of, on capacity of a 
dondenser, 53, the polar theory of, 
60-64, specification of the field of 
polansed, 61-65, vahdity of ex- 
pressions for the field functions in 
the theory of, 66-69, Poisson’s 
transformation of the potential of 
polansed, 67, composition of the 
displacement current m the theory 
of polansed, 75, charactenstic pro- 
perties of the field with dielectnes, 
70, the law of mduction of polansa- 
tion m, 56, energy relations of, 78- 
85, mtnnsic energy of, 82; energy 
restnctions on the law of mduction 
in, 83; complete expression for the 
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energy in the field of polansed, 85, 
mechanical relations of polansed, 87, 
88, force and couple on the elements 
of, 87, the stress in polansed, 91, 
effect of, on the propagation of 
electno waves, 268 

Dimensions, doctnne of, 223, of mag- 
mtudes in electno theory, 223-225 

Discharge tube, phenomena m, 149 

Displacement, see Electric displacement 

Eichenwald^s experiment on movmg 
polansed dielectnca, 332 

Electric currents, ongin of, 102, general 
defimtion of, 112, special defimtion 
of, 113, resistance to flow of, 114, 
115, hydrostatic analogy for, 117, 
energy relations of, 120-128; dis- 
tnbution of steady, in a network of 
conductors, 127, law of nummum 
dissipation for the flow of, 128, the 
thermal relations of, 128-134, thenno- 
d3niaimc discussion of these relations, 
133, m liquids, 134-138, m gases, 
141-152, magnetic field due to, 
147-160, dimensions of, 224, com- 
plete expression for, on Maxwell’s 
theoiy, 213, 214, 330, due to oon- 
vexion of charged and polansed 
media, 214, 330, electromo aspects 
of the, m Maxwell’s theory, 215, 216, 
statistical analysis of in metallic con- 
ductors, 404-422, circuital property 
of, 220, 221 , induction of, by varymg 
magnetic fields, 195-197, mutual 
mechamcal relations of linear con- 
ductors canymg, 199-208, mter- 
aotion between magnets and circuits 
canymg, 191-194, energy in the 
field of Imear conductors carrymg, 
182, dynamical theory of the mter- 
aotion of Imear conductors carrymg, 
199-208, m a dischargmg condenser, 
290, m a network of conductors, 207, 
oscillatmg, m a conductor of fini te 
croas-section, 274, m the 4-di- 
mMisional equations of the theory. 

Electric displacement, 55; tube of, 66, 
charactenstic properties of, 56-59, 
circmtal property of, 57, 98-102, 
physical significance of, 60, 61, on 
the theory of polansed dieleotncs, 
60, 61, currents of, 70-76, 98-102, 
significance of, m the theory of 
electno waves, 265-269 

Electricity, 1-4; constitution of, 3; 
atomic structure of, 3, 136, specific 
heat of, 132-134, 415; dissipation of 
charge of, hy conduction, 267 


Electro-caloric effects, 105-109 
Electrodynamic potential, 205 
Electrodynamics of linear circuits carry- 
mg currents, 199-208, Maxwell’s 
general theory of, 244-261, of the 
smgle electron, 249, 382 
Electrolysis, 134-140, Faraday’s laws 
of, 136, electrolytic dissociation, 
139, velocity of ions m, 139, thermo- 
dynamic relations of, 140 
Electromagnetic field. Ampere’s circuital 
equation for, 163-166, Faraday’s 
circuital equation for, 195-197, de- 
finition of, in terms of scalar and 
vector potentials, 226, Maxwell’s 
general theory of, 329, of the Hertz- 
ian oscillator, 293-296, of a given 
distnbution of currents, 231, of 
given movmg charges, 233-244, 335, 
343, in radiation, plane waves, 284- 
289, distribution and flux of energy 
ML, 236-244, distribution of force 
and momentum m, 258, Loren tz’s 
transformation of the equations for, 
372-375, the 4-dimensioual form of 
the equations for, 378-390 
Electromagnetic induction, Faraday’s 
law of, 195, its connexion with the 
energy prmciple, 195 
Electromagnetic momentum, in the 
general electromagnetic field, 258, m 
the field of a number of point charges, 
259-263, of a smgle electron, 263; 
alternative expressions for, 263, of 
a general electrostatic system in 
motion, 346-359, of the general 
system, its connexion with the 
Lagrangian function, 351, of a 
movmg elhpsoid, 353, 354, in the 
4- dimensional analysis, 385 
Electromagnetic potentials, see also 
Scalar potential and Vector potential; 
general definition of, 226, charao- 
tenstic equations for, 227, the m- 
stantaneous, 227, the retarded, 228; 
m the 4-dimen8ional analysis, 38 1 , 382 
Electromagnetic waves, characteristic 
equations for the field m, 275-284, 
m conductors, 267, m dielectncs, 
268, propagated along the surface 
of a conductor, 269, from an in- 
candescent body, 258, from a group 
of electrons, 299-302, m Roentgen 
or X-rays, 302, mechamsm of the 

g neration of, 289-304, from a 
ertzian oscillator, 295; boundary 
conditions at the wave front of, 305, 
energy earned by, 314-316, radia- 
tion pressure due to, 320-328, m 
movmg media, 369-372 
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Electromoftive force, definition of etatio, 
7, connexion with the potential, 8, 
37—40, complete exipression for, on 
moving charge, 249, 329, m 4- 
dimensional analysis, 382 
Electron, 3, mass of, 3, 151, charge on, 
3, 147, electromotive force on, 249, 
329, field of a moving, 231-236, 
momentum of, m quasi-stationary 
motion, 263, 362-355, mass of, m 
quasi-stationary motion, 354, Abra- 
ham’s, 354, Lorentz’s, 355, 366, dis- 
cnmmation of type by experiment, 
357, relation between energy and 
mass of, m relativity meohamcs, 383 
Electrostatic field, definition of, 6, 7, of 
a pomt charge, 7, of a system of 
charges, 8, of continuous charge 
distributions, 9-18, surroundmg 
charged conductors, 33-37, dis- 
tribution of energy m, 40-46, trans- 
mission of force though, 47-50, 88- 
96, Green’s analysis of, 18-26, 
Gauss’ analysis of, 26 
Electrostriction, 109 
Energy, conservation of, 37-40, of 
electrostatic system, 40-46, dis- 
tribution of, m the electrostatio 
field, 70-86, of the magneto-static 
system, 179-182, distribution of, m 
the magnetic field, 182-187, relations 
of an electric current, 124-128, of a 
voltaic ceU, 140, 141, distmction 
between kmetio and potential, 187, 
general conception of, m the electro- 
magnetic field, 236, flux of, m the 
electromagnetic field, 238-244, flux 
of, m radiation fields, 313-320, of an 
electron m relation to its mass, 383, 
relations of Lorentz electron, 355, 356 
Eqmlibnum m the static distribution of 
charge, 43 

Kqt'uilibrium theories m dynamics, their 
significance, 208 
Eqm-potential surfaces, 31 

Farad, 224 

Faraday-Maxwell theory, of the electro- 
static field, 61-109, of the electro- 
magnetic field, 212-264, of the field 
of radiation, 265-269, general dy- 
namical formulation of, 244-251 
Faraday’s law of electromagnetic In- 
duction, 195, its differential form, 
198, for circuits m general, 330, 
general relation of, to dynamical 
theory, 244-251 

Ferromagnetism, 390-396, Weiss’ theory 
of, 399-403 

Fitzgerald-X^orentz contraction, 371 


Force, hnes of, m electrostatic field, 53, 
54, m4-dimensional analysis, 380, 381 

Gases, conduction of electncity m, 
140-152 

Gauss’ normal Induction, theorem, 26; 

m Faraday-MaxweU theory, 57 
Gauss* reciprocal energy theorem, 44 
Green’s analysis, of the electrostatic 
field, 18-24 

Green’s theorem, 18; 4-dimensional 
form equivalent to Maxwell’s equa- 
tions, 380 

Henry, 226 

Hertz’s oscillator, 292, field of, 293-295 
Huygen’s prmciple, 276, Larmor’s dis- 
cussion of, 276-283 

Hysteresis, curve of, m iron, 396, loss of 
energy due to, m magnetic cycles, 
186 

Ideal, electno distribution equivalent to 
dielectne polarisation, 68, magnetic 
distribution equivalent to magnetic 
polarisation, 156 
Ignoration of coordinates, 187 
Induced polarisation m dieleotncs, 60, 
in magnetism, 172-176, 390 
Induction, electromagnetic, Faraday’s 
law of, 195, coefficients of self and 
mutual, for Imear eirouits, 177, 182, 
general dynamical theory of, as 
regards Imear currents, 198-208 
Induction, electrostatic, electrification 
by, 2 

Induction, magnetic, vector of, as dis- 
tmguished from the magnetic force, 
157 

Inverse square law, 4, 154 
Joule, 224 

Joule effect, m magnetism, 210 

Kinetic energy, as distmct from potential 
energy, 187, m relativity mechames, 
383, m radiation fields, 288, 313-320, 
384 

Kurchhoff’s equations for the flow of 
currents m a network of conductors, 
127 

Lagrange’s equations for current cir 
cults, 198-208 

Lagrange’s function, for current circuits, 
205, for the general electrodynamic 
system, 247, for the uniformly con- 
vected electrical system, 350, for the 
movmg electron, m relativity me- 
chames, 387 



426 


mDBX 


Laplace’s equation m electrostatics, 24 
Larmor-Lorentz transformation of the 
electromagnetic equations, 372-378 
Least-action, principle of, 246, applica- 
tion in electromagnetic theory, 246- 
248, 4-dimensional form of, 387 
Level surfaces, .seeEqui-potential surfaces 
Leyden jar, discharge of, 290 
Lmes of force, m electrostatic field, 29, 
m 4-dimensional analysis, 380, 381 

Magnet, poles of a long thin, 153, axis 
of a, 152, field of a fimte, 156 
Magnetic field, 162-166, reason for 
special choice of force at mteinal 
pomts, 157, mathematical relations 
of the, 165, boundary conditions m, 
167, of the bi-pole, 155, of a fimte 
magnet, 156, of a magnetic filament, 
157, of a magnetic shell, 159, of a 
Imear circmt current, 160-163, 
vector potential of, 168-175, bound- 
ary conditions in, in terms of the 
vector potential, 176, energy rela- 
tions of, 174-187, energy of polarisa- 
tions in, 179, energy of currents m, 
180, degradation of energy in, by 
hysteiesis, 186, forces on polarisa- 
tion m, 189-191, forces on currents 
m, 191-194 
Magnetic force, 157 

Magnetic mduction, new defimtion of, 
as mechamcally efiective force, 157, 
its connection with the magnetic 
potential, 157, 165 
Magnetic matter, Poisson’s ideal, 156 
Magnetic shell, potential m field of, 159, 
equivalence of, and a Imear current, 
160-163, vectoi potential of, 171 
Magnetic stress, 257 

Magnetisation, specification of, m a 
magnet, 155, solenoidal, 160, lamel- 
lar, 160, Ampere’s view of ongm of, 
165, law of mduction of, 173, per- 
manent, 172j hysteresis curve for, 
396, energy of, 179, loss of energy 
of, due to hysteresis, 187, Cune’s 
law of dependence of, on tempera- 
ture, 391 , thermodynamical relations 
of, 395 

Magnetism, 153-177, umt of, 154, law 
of force m, 154, permanent and m 
duced, 172, law of mduction m, 172, 
Ampere’s theory of, 165, Langevm’s 
theory of, 391-394; constitutional 
theories of, 397-399 
Magnetostriction, 209 
Mass, of cathode particle, 147, of 
electron, 3, of Abraham’s electron, 
356, 366, Kaufmann’s experiments 


on, of electron, 357, electromagnetic, 
of a moving electrical system, 353, 
relation between, and kinetic eneigy, 
383 

Maxwell’s equations, 330, 4-dimensional 
foim of, 379, 380 

Maxwell’s stress in electrostatic field, 91, 
in electromagnetic field, 257, m the 
4-dimensional lelations, 385 
Maxwell’s theory of the electrostatic 
field, 51-109, of the electromagnetic 
field, 212-223, the vectors covered 
m, 213, the constitutional relations 
m, 219, dynamical aspects of, 244- 
251 

Michelson-Morley experiment, 371 
Momentum, electromagnetic, 6ee Electro- 
magnetic momentum 
Mutual mduction, 177 

Ohm’s Law, 114 

Paramagnetism, 390 
Peltier effect, 131, 421 
Piezo-electricity, 105 
Poisson’s equation, 24 
Polarisation, dielectiic, 60-64, field of, 
64, 65-71, contiibution to displace- 
ment, 75, law of mduction of, 56; 
energy relations of, 78-85, mechamcal 
relations of, 87-91 

Polarisation, magnetic, field of, 155, law 
of induction of, 173, 390-399, eneigy 
relations of, 179-183, 391-391’ 

mechamcal lelations of, 189-191, 25 . 
Potential, convection, in moving clec- 
tiical systems, 335 

Potential, electromotive, Volta’s dif- 
ference of, for substances in contact, 
117-122, electron theory of contact, 
418-422 

Potential, electrostatic, defimtion of, 8, 
of point charge, 8, of continuous 
charge distributions, 9-18, physical 
nature of, 37-40, of polansed media, 
61-65 

Potential, magnetostatic, of magnetic 
bi-pole, 155, of fimte magnets, 156, 
of a solenoid, 157, of a magnetic 
shell, 169, of a linear current, 160- 
163 

Potential, scalar, ^ee Scalar potential 
Potential, vector, se Vector potential 
Potential energy, sec Energy 
Poyntmg’s vector, for flux of energy, 
241, relative to a moving frame- 
work, 367, position of, m the 4- 
dimensional analysis, 385 
Pressure of radiation, 320-328, on mov- 
mg conductor, 363-365 
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Pyro-electricity, 105 

Quasi-stationary motions, sigodcance of 
concept of, 347 

Radiation, mechamsm of, from a group 
of electrons, 298-304, plane fields 
of, 284-289, from a Hertzian oscil- 
lator, 292-298, pressure of, on any 
absorbmg medium, 322, pressure of, 
on a mirror, 322, reaction from, on 
the source, 323, pressure of, on 
mirror in motion, 326, propagation 
of, m a movmg medium, 359-362 
Reaction, prmciple of action and, 194, 
Kelvm^s kmetio, 206 
Reflexion of electric waves by con- 
ductors, 288 

Relativity, theory of, 368-378 
Resistance of metals to flow of elec- 
tricity, 114-117, mechamsm of, m 
metals, 40^14 

Retarded potentials, see Scalar potential 
and Vector potential 
Roentgen rays, 302 

Roentgen-Rowland experiment on mov- 
ing polarised media, 332 

Scalar potential, 198, in expression for 
electric force, 198, 226, 227, in- 
stantaneous, 226, retarded, 227, 
retarded, m field of given current 
distribution, 229, due to specified 
moving charges, 231-233, as multi- 
plier m the variational form of 
Maxwell’s theory, 247, in the 4- 
dimensional analysis, 381-382 
Self-mduction, 177, 182 
Specific heat of electricity, 133, 134, 415- 
421 


Stress, Maxwell’s dielectric, 91; mag- 
netic, 257, electromagnetic, 265, 
258, in the4-dimensional analysis, 385 
Stress-energy tensor, 385 
Surface distribution of charge, density of, 
16, effect on contmmty of force and 
potential, 24, 37 

Thomson thermoelectnc effect, 132 
Tubes of force m electrostatic field, 30, 
m 4-dimensional field, 381 

Vector potential of magnetic fields, 168- 
172, boundary conditions m terms 
of, 176, m expression for the electric 
force, 198, as a general electro- 
magnetic potential, 226-228, m* 
stantaneous, 226, retarded, 227, 
retarded, in field of given current 
distnbution, 231, due to specified 
moving charges, 231-233, as multi- 
pher m the vanational form of 
Maxwell’s theory, 247, m the 4- 
dimensional analysis, 381 
Velocity of propagation of electro* 
magnetic waves, 208, 268, of pro- 
pagation of electric waves m moving 
dielectiic, 361, of electron and its 
mass, 354-357 

ViUari effect in magnetisation of iron, 210 
Volta potential difference, 117-119 
Voltaic cell, 138-141 

Wave equation, significance of solution 
of, 275-284 

Waves, electric, see Electromagnetic 
waves 

Wiedemann effect m magnetisation, 210 
Wiedemann-Franz law of metalhc con- 
duction, 415 



CAMBRIDGfB 
Pmtd h/ W LEWIS, M A 

at th Vnwmty Pusfi 




